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Preface

There are many excellent books for students introducing them to classical complex
analysis of one variable, but only a few that cover several complex variables. Thus
we were motivated to write such a book, intended as a textbook for beginning
graduate students and as a source book for lectures and seminars. We have developed
the main ideas of several complex variables in the context of, but without entering
into too many technical details of, a very simple geometry, known as Reinhardt
domains. Though many students may know little about this topic, we think it is a
good start for beginners in several complex variables. Using this as a base, we add
to all topics a selection of remarks and hints relating the discussion to the general
theory. Some of the chapters or sections, those marked with a star (*), are more
developed than others and can be skipped in a first reading. Moreover, we present
some topics that have never appeared in a textbook or are new findings. We hope
that these new ideas will motivate the student studying this book to become more
deeply involved in the use of several complex variables. Further toward that end,
we include in the Bibliography both direct references and a list of monographs and
textbooks in complex analysis, thus providing a source for expansion on topics in
our book and extensions to new studies.

The book contains many exercises that the reader is asked to work on when
encountered, before proceeding with further topics. There are also many points
in the proofs that we have marked EXERCISE. By this we mean that the reader
should write out the argument in more detail than we have done, to assure mastery
of those details in preparation for what is to come. We believe that the study and
understanding of mathematics requires continuous interaction between the reader
and the text, and this cannot be achieved by passive reading. From time to time we
pose open problems (marked by | ?].. [2]) that to the best of our knowledge have
not yet been solved. We encourage the reader to try to solve them and would be
most grateful to hear about such attempts, both successes and interesting failures.

Note that at many places, in order to simplify formulations, some obvious as-
sumptions that guarantee that the considered objects are non-empty are not stated.
For example, if we write “Let D C C” be a Reinhardt domain...”, then we always
automatically assume that D # @&. We think that the reader will easily be able
to complete the missing assumptions. In the interest of consistency of form and
notation, we sometimes send the reader to [Jar-Pfl 1993] or [Jar-Pfl 2000] instead of
quoting the original research paper. We nevertheless encourage the reader to seek
out those original works in their further studies.

During the process of proofreading we detected some gaps and misprints. Our
thanks go especially to Dr. P. Zapatowski who helped us during that process. Nev-
ertheless, according to our experience with former books, we are sure that a number
of errors remain about which we would be happy to be informed.
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We would be pleased if the reader would send any comments or remarks to one
of the following e-mail addresses

e Marek.Jarnicki@im.uj.edu.pl

e pflug@mathematik.uni-oldenburg.de

We thank the following institutions:

— Committee of Scientific Research (KBN), Warsaw (No. 1IPO3A 005 28) and
Deutsche Forschungsgemeinschaft (No. 227/8-1,2) for their financial support with-
out that this project would have been not possible,

—the RiP-programm at Oberwolfach for the excellent working atmosphere there,

— our universities for their continuous support.

We deeply thank Dr. M. Karbe for having encouraged us to write this book and
for all his support during the recent years.

Krakéw and Oldenburg, February 2008 Marek Jarnicki
Peter Pflug
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Chapter 1
Reinhardt domains

1.1 Introduction

The notion of a holomorphic function of one complex variable can be based on
the notion of a power series — a function f: 2 — C (where £2 C C is open)
is holomorphic (f € O(£2)) if for every a € £2 there exist a power series
Z?:o cx(z — a)¥ centered at ¢ and a neighborhood U, C §2 of a such that

f(z) = ch(z—a)k, zeU,.!
k=0

It is well known that the domain of convergence of an arbitrary power series

> bz —a)f
k=0

isthedisc K(a, R) := {z € C : |z—a| < R} withtheradius (radius of convergence)

€ [0, +o0]

1
R=—
lim sup ¥/|bx|

k—+o00

(where K(a,0) = @, K(a, +00) = C). Moreover, if R > 0, then the function
o0
f@ =) bi(z-a)f, zeK@R),
k=0

is holomorphic.

If f e O@R) and f(z) = Y52, ck(z —a)k, z € U, C £2, then the radius
of convergence of the series Z;‘;O cx(z — a)* is not smaller than the Euclidean
distance dg (a) of the pointa to 382 (dc (a) := +oo)and f(2) = Y ey Ck (z—a),
z € K(a,dg(a)).

The most elementary is the case where 2 = K(a, r), which, of course, may
be reduced to the case £2 = D = the unit disc. Recall the following well-known

'Equivalently: f is differentiable in the complex sense at every point a € £2, i.e. the function f
has at every a € §2 the complex derivative

f/(a) = f(a+h)_f(a)

C\{0}5h—0 h



2 Chapter 1. Reinhardt domains

issues, whose analogues will be considered in the sequel in a much more general
context:

e The structure of the group Aut(D) of holomorphic automorphisms of D. It is
well known that

Aut(D) = {n)az.—>§z__a

eD:.eT, ae[D},

1—az
where T := 0D. In particular (cf. Exercise 2.1.5 (b)), Aut(D) acts transitively
on D.

e The holomorphic geometry of D. In particular, the theory of holomorphically
invariant distances, i.e. those distances d : D x D — R, for which

d(f(z), f(w)) <d(z,w), z,weD, feO(,D), (1.1.1)

where O (D, D) denotes the set of all holomorphic functions f: D — D. The
above condition means in particular that any f € Aut(D) is an isometry of the
metric space (D, d). Typical examples are:

m(z,w) = ‘ £ w_ (Mobius distance),
1—zw
1 1+m(iz,w

p(z,w) := <= log M (Poincaré distance);

2 1—m(z,w)
cf. [Jar-Pfl 1993], Chapter 1.

Exercise 1.1.1. (a) Check (1.1.1) for d € {m, p}.
(b) Prove that m and p are distances on D.
(c) Prove that p(0,b) = p(0,a) + p(a,b),0 <a <b < 1.

In the next step we substitute power series by Laurent series

i bie(z —a)*

k=—00

and, consequently, discs K (a, r) by annuli

Aa,r=,rT)i={zeC:r <|z—a|<rt}, —oco<r <rt <+o0, rt>0.
Note that if r— < 0, then

A(a,r=,rT) = K(a,r*) and A(a,0,r%) = K(a,r")\ {a} =: Ki(a,r™).

A Laurent series with b_; = 0, k = 1,2,..., will be always identified with the
power series Y poq bi(z — a)¥. The domain of convergence of a Laurent series is
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an annulus A(a, R~, RT) with

limsup {/|h_g| if Igen: b_x #0,

1
R+ = R R =<2 k—>+x
llim sup %/|b| —0 if Vien: b_x =0,
—+00

(1.1.2)

provided that R~ < R™. The function

o
f@)= ) bez—a)f. zeA@R.RY),
k=—00
is holomorphic. Moreover, for every compact K C A(a, R™, R+) there exist
C > 0,0 € (0,1) such that |br (z —a)¥| < CO¥l,z e K, k € Z.
Conversely, every function f holomorphic in an annulus A(a,r~,r%) has a

unique representation by a Laurent series. We may always assume that a = 0.
Notice that for A := A(0,1/R, R) (R > 1) we have

Aut(A) ={A>5zlzeA:(eTjU{d>2z—(/zec A: T}

In particular, the group Aut(A) does not act transitively; cf. Exercise 2.1.5 (c). The
holomorphic geometry of an annulus is much more complicated than the one of D;
cf. [Jar-Pfl 1993], Chapter 5.
Notice that for domains (a subset D of a topological space X is said to be a
domain if D is open and connected) D C C the following three notions coincide:
e D is a domain of convergence of a Laurent series centered at 0;

o D is a domain invariant under rotations, i.e. forany z € D and A € T the point
Az also belongs to D;

e D is a disc or an annulus centered at 0.

The notion of a power series generalizes in a natural way to the case of several
complex variables. By an (n-fold) power series (centered at 0 € C") we mean any

series of the form
Z agz® (z € Ch),
aeZ’
where (da)eezy C C, 7% :={a € Z" :a > 0}, 2% := ZP e zpm (00 := 1); see
§ 1.3. The domain of convergence D of a power series (Definition 1.3.3) has the
following important properties:

e Foranya = (ay,...,a,) € D, the closed polydisc
{(z1,... zn) € C" tzj| <aj|, j =1,....n}

is contained in D, i.e. D is a complete Reinhardt (n-circled) domain (Defini-
tion 1.3.8).
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e The set

logD := {(log|z1|,...,log|zx|) : (z1,...,2n) € D, z1---z, # 0}

is convex in the geometric sense, i.e. D is logarithmically convex (Defini-
tion 1.5.5, Proposition 1.5.16).

The series is locally geometrically summable in D, i.e. for any compact K C D
there exist C > 0, 6 € (0, 1) such that |aqz%| < C0®l, z € K, o € Z", where
la| := oy + -+ + &, (Remark 1.3.5 (f)).

In the case n = 1 the only complete Reinhardt domains are discs K(r) and they
are always logarithmically convex. In the case n > 2 the situation is more com-
plicated. There are infinitely many types of complete Reinhardt domains which
are not biholomorphically equivalent (e.g. Euclidean balls B(7) and polydiscs
P(r); cf. Theorem 2.1.17). Moreover, there are complete Reinhardt domains
D c C" (n = 2) which are not logarithmically convex, e.g.

D :={(z1,22) € D? : min{|zy]|, |z2|} < r} (r €(0,1)).

The function f(z) := Zaezi agz%, z € D, is holomorphic. Conversely, ev-

ery function f holomorphic in a complete Reinhardt domain D C C” has a
“global” expansion into a power series f(z) = Zae21 aqz%,z € D (cf. Propo-

sition 1.7.15 (c), (d)).

The notion of a Laurent series extends to the notion of an (n-fold) Laurent series

(centered at 0)

E agz%;

aeZ"

see § 1.6. The domain of convergence D of a Laurent series (Definition 1.6.1) has
the following properties:

e Foranya = (ay,...,a,) € D, the torus

{z1,....20) € C" 2 |zj| = |aj|, j =1,...,n}

is contained in D, i.e. D is a Reinhardt (n-circled) domain (Definition 1.5.2).

e D is logarithmically convex (Proposition 1.6.5 (d)).
e Forevery j € {1,...,n},if DNV, # @,> where

Vii={(z1,...,z0) € C" 1 z; =0},
then for every a = (a1,...,a,) € D, the disc
{(ar,....,aj-1,zj,aj41.....a,) t|zj| < lajl}

is contained in D (Proposition 1.6.5 (¢)).

2QObserve that in the case of a power series we have 0 € D and, consequently, D NV, # &

for any j.
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e The Laurent series is locally geometrically summable in D, i.e. for any compact
set K C D there exist C > 0, 6 € (0, 1) such that |agz%| < coll ;e K,
a € 7", where |a| := || + - -+ + |y | (Proposition 1.6.5 (a), Lemma 1.6.3).

In the case n = 1 the only Reinhardt domains are discs K(r) and annuli
A(r~,rT);3 they are always logarithmically convex.

Every function given by a Laurent series is holomorphic. Conversely, every
function f holomorphic in a Reinhardt domain D C C”" has a “global” expansion
into a Laurent series f(z) = ) ,czn daz%, z € D (Proposition 1.7.15 (c)).

As always, from the point of view of the theory of holomorphic functions, most
important are domains of holomorphy, i.e. those domains D which are “maximal”
in the sense that all holomorphic functions in D cannot be simultaneously extended
through a boundary point of D (Definition 1.11.1); let us mention that for n > 2
there are even pairs of domains D ~>D C C" such that every function f € (D)
extends holomorphically to D. It turns out that in the category of Reinhardt domains
the following conditions are equivalent (Theorem 1.11.13):

e D is a domain of holomorphy;

e D is logarithmically convex and relatively complete, that is, for every j €
{1,....,n},ift DNV; # @, then for every a = (ai,...,a,) € D, the disc

(a1, ... aj-1,zj,aj41, ... an) @ |z;| < ajl}

is contained in D;
e D =D*\ M, where

D* :=int m D(X,Cs M = U VJ"

(at,c)ER™ XR: je{1,...,n}:
DCDy ¢ DNV, =3
Dy :={(z1,.-.,zn) : |21|%" - |zn]|*" < €}

D, . is called an elementary Reinhardt domain.

In particular, the domain of convergence of a Laurent series is always a domain of
holomorphy. Such a simple geometric characterization of domains of holomorphy
does not occur in any other category of domains.

The notion of a domain of holomorphy extends in a natural way to an ¥ -domain
of holomorphy, when we are only interested in the extendibility of functions from
afamily ¥ C O (D) (Definition 1.11.1). If D is not an ¥ -domain of holomorphy,
then one can ask whether there exists the maximal domain D C C” (the ¥ -envelope
of holomorphy of D) such that every function f € ¥ extends holomorphically
to D. The answer is negative in general, even for ¥ = @ (D) — the ¥ -envelope of
holomorphy of D may be non-univalent, i.e. it is a non-univalent Riemann domain

A, rt) = A, r—,r ).
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spread over C". In the category of Reinhardt domains the situation is simpler,
namely: For an arbitrary Reinhardt domain D C C” and an arbitrary rotation-
invariant family of functions ¥ C @ (D), the ¥ -envelope of holomorphy of D is
again a Reinhardt domain (Theorem 1.12.4).

The above results permit us to reduce many problems concerning Reinhardt
domains of holomorphy to the case of elementary Reinhardt domains. We will
see that many holomorphic properties of D are encoded in geometric properties
of log D. In particular, we will discuss the following problem. Given a Reinhardt
domain of holomorphy D C C" and afamily ¥ O (D), find geometric conditions
under which D is a domain of holomorphy with respect to the family . For
example, we consider as ¥ the following spaces:

e J°°(D) = the space of bounded holomorphic functions,
° L}IZ (D) = the space of p-integrable holomorphic functions,

o AX(D) = the space of all functions f* € O (D) whose derivatives D*f extend
continuously to D for all || < k.

Various geometric characterizations of domains of holomorphy with respect to
special families of functions will be presented in Chapter 3.

Chapter 2 is devoted to a presentation of different aspects of the problem of
biholomorphic equivalence of Reinhardt domains.

Finally, Chapter 4 presents a thorough study of the theory of holomorphically
invariant functions and pseudometrics on Reinhardt domains.

1.2 Summable families

The aim of this auxiliary section is to recall some basic notions related to summable
families (cf. for instance [Sch 1967] or [Hér 1982]).

Let us fix an arbitrary set @ # Z C C”" and let I # O be an arbitrary set of
indices. Let (1) be the set of all non-empty finite subsets of /. Consider a family
f = (fi)ier of functions f;: Z — C.

For example (cf. §§ 1.3, 1.6): I C Z", fo(2) :i=aqz% z€ Z CC* a e l,
where (ay)qe; C C and the set Z is such that all the powers z%, o € I, are defined
on Z.

In the case where Z = {a}, instead of a family of functions, we rather should
think of a family of complex numbers ( f;(a));er-

For A € F(I)put f4:=> ,c4 fi- Let, moreover, fg := 0.

Definition 1.2.1. We say that the family f is uniformly summable on Z (equiva-
lently: the series ) ;c; fi is uniformly summable on Z) if there exists a function
1. Z — C such that

Ves0 AS(e)=SLe)eX (1) YAeX(I): Se)ca Yzez | fa(z) — f1(2)| <& (1.2.1)
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Notice that the case where [ is finite is trivial (we take S(/,¢) := [ for any
e > 0).

In the case where #Z = 1 we simply say that the family f (considered as a
family of complex numbers) is summable or that the series ) ;; fi is summable.

It is clear (EXERCISE) that the function f; is uniquely determined. We write
f1 =) ;e; fi and we say that f7 is the sum of the family f.

LetS(1, C?) bethe setof all families f = (f;);e; that are uniformly summable
on Z. More generally, for T C C, let 8(I, T%) be the set of all uniformly
summable families f = (f;)ier with f;: Z — T,i € I.

Exercise 1.2.2. Let (fi)ken € S(N,C%). Prove that the series Y pe; fok) is
uniformly convergent in the classical sense for every bijection o: N — N.

Exercise 1.2.3. Let / := N. Find a convergent (in the classical sense) series
Zzozl fr of real numbers such that the family ( fx)xen is not summable in the
sense of Definition 1.2.1 (cf. Theorem 1.2.12).

Remark 1.2.4. (a) (EXErCISE) If f = (fi)ier, & = (gi)ier € 8(I,C%), a,B €

C.thenaf +Bg := (af; +Bgi)ier € SUI.C%)and (o f +Bg)r = afr1+pBgr.
In particular, 8(1, C#) is a complex vector space and the mapping

S(I.C%) > f— freC?

is C-linear.

(b) (EXERCISE) A family f is uniformly summable iff the families Re f :=
(Re fi)ier andIm f := (Im f;);es are uniformly summable. Moreover, Re( f7) =
(Re f)r and Im(f7) = (Im f);.

(c)If f € 8(I,C%) and all the mappings f;: Z — C are bounded, then the
family of functions { f4: A € &} is uniformly bounded.

Indeed, let S := S(/1,1) € F(I) be associated to ¢ = 1 according to (1.2.1). It
suffices to prove that the set { f4 : A € F(I \ S)} is uniformly bounded. Fix an
A e FI\S). Thenwehave | fu| = | faus—fs| < | faus—f1|+|fs—f1] = 2.

() If f € 8(I,C%), then the set {i € I : f; # 0} is at most countable.
Consequently, the most important is the case where [ is countable.

Indeed, it suffices to show that for every ¢ > 0,

{i €l :3;ez:|fi(2)| >2e} C S(e),
where S(¢) is chosen according to (1.2.1). Fixe > O0andi € I \ S(¢). Then
|fil = [ fuyuse — Fse| = | fiyuse — f1l+ [ fse — f1l < 2e.
Proposition 1.2.5 (Cauchy criterion).

f €8(1,C%) < VYeo0 Ac)ez) Vacg(\Ce)) : | fa] < & (1.2.2)
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Notice that the Cauchy condition (1.2.2) permits us to verify the summability
of f without determining f7.

Proof. (=): Let f € 8(I,C#). Take an & > 0 and let S(/, £/2) be associated to
&/2 according to (1.2.1). Put C(g) := S(I,&/2). Then for any A € F( \ C(¢))
we have

| fal = | fauce) — fee| < | favce — f1l + 1 fce — f1l < e

(<): Suppose that (1.2.2) is fulfilled. Let C, := C(1/v), F, := fc,,v € N.
Then we have

1
|FV+k_FU|:|fcv+k\Cp_fCU\Cu+k|§;+ v,k €N.

v+ Kk’

Consequently, (£,)52; satisfies the uniform Cauchy condition on Z and, therefore,
there exists a function Fy: Z — C such that F,, — Fy uniformly on Z. If
k — +00, the above inequality implies that

1
|Fv_F0|§—, v e N.
%

Now, let A € F(I), C, C A. Then we get

| fa—Fol < |fa— fc,| + |Fu— Fol < [fac,| +

=

)

S|~
SN

which shows that f is uniformly summable and f; = Fj. |

Corollary 1.2.6. If ( f;)icr € 8(I, C?), then for any non-empty set J C I we have
(f)ies € 8(J,C?). In particular, we may define fj = YiesJu@#J CI

Theorem 1.2.7. Let I = J;c; 1(j), 1(j) # @ and 1(j) N I(k) = @ for j # k.
If(f,'),'e[ € S([,Q:Z), then (f](j))je_] € S(J,Q:Z) and

S fin=r1ie (X H) =25
JjeJ JjeJ i€l(j) iel

Notice that the converse theorem is not true: take for instance #Z = 1, [ =
J =N, I(j) :=1{2j — 1,2/}, fi := (=1)". Then f7(;) = 0, j € N, but the
family ( f;)ien is not summable.

Proof. Takeane > 0,let S := S(/, &/2) be taken as in (1.2.1), and let
T:={jedJ:I(j)ynS # a}.

Observe that T € §(J). We are going to show that T = S(J, ) (with respect to
the family (f7(;))jes). Take a B € &(J) with T C B. Put N := #B. For any
Jj€JletS; :=S((j),5y) Wemayassume that S N I(j) C S;, j € J.
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Let A := {J;ep Sj € &(I). Observe that S C A. Hence, | fa — f1| < /2
and, finally, we get

’ﬁ—XﬁMﬂﬂﬁ—Xﬂ@+z]thMﬂﬂﬁ—hHwﬂ§&
JjEB JjE€B

JEB

|

Definition 1.2.8. (a) We say that f is absolutely uniformly summable on Z if the
family | £ | := (| fi|)ier is uniformly summable on Z, i.e. | f| € 8(1,R%). In the
case where #Z = 1, then we simply say that f is an absolutely summable family.

(b) We say that f is normally summable on Z if all the functions f; are bounded
on Z and the family of numbers (supy, | fi|)ies is summable.

(c) We say that f is locally uniformly summable (resp. locally normally sum-
mable) on Z if every pointa € Z has an open neighborhood U such that the family
(filznw)ier is uniformly summable (resp. normally summable) on Z N U.

In any of the above cases, instead of the family f, we can say that the series
Y ieq [i is absolutely uniformly summable, normally summable, etc.

Remark 1.2.9 (EXERCISE). (a) Observe that if | fi| < gi, i € I, and (g;)ie; €
81, [Ri), then, by the Cauchy criterion, f € 8(I,C#%). In particular, if | f| €
8(1, [Rf),thenfe 8(1,C%). Moreover, | f1]| < | flr.ie. | Y er fil <Xier 1 fil-

We will see in Theorem 1.2.12 that the converse implication is also true, i.e. if
f €8(,C%),then | f| € 8(I,R%).

(b) Using the Cauchy criterion, we conclude that every normally summable
family is absolutely uniformly summable. The converse implication is not true as
the following standard example shows.

Let Z :=1[0,1],1 := N, gx: [0,1] = R,

|ii

1
11—z . if0 < x =< =57,
— 1 1 1 1 1
gr(x) =13 —¢g+5x ifgmg<x=<g,
1 e 1
1 -3¢ ifg=x=1I

fr = gk — gk—1, k € N, with gog := 0. Then the family ( fx)xen is uniformly
summable but is not normally summable (EXERCISE).

Proposition 1.2.10. For every family f = (fi)ier C C the following conditions
are equivalent:
(i) f €8(,QC), ie. f issummable;
(ii) the set{fy :J € F(I)} C C is bounded;
(i) (| fil)ier € 8, Ry), i.e. f is absolutely summable.

Proof. The implication (i) = (ii) follows from Remark 1.2.4 (c).
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(i) = (iii): Taking Re f and Im f instead of f, we may assume that the
numbers f; are real. In the case where f; > 0,i € [, one can easily prove that the
number f7 :=sup{ fs : J € F(I)} satisfies condition (1.2.1), which implies that
f is (absolutely) summable. In the general case put

it fizo {0 iffi=o,

fit= 0 if f; <O, fit= —fi if fi <0,

and observe that {fJ+ S e Dy UL=f; T e Uy C {fs :J €

&(1)}. Consequently, (f;")ier € 8(I,Ry) and (f;")ier € S(I,Ry). Since

|fil = £t + f7.i € I, we conclude that the family (| f;|);es is also summable.
The implication (iii) = (i) is obvious. O

Theorem 1.2.11. If (f;)ies € 8(I,C%), (g))jes € 8(J,C%) and all the functions
fiiZ - C, g;: Z — C are bounded, then

(fig))ijperxs €SI xJ.C?) and Y fig; = f181.
(i,j)elxJ

Proof. Recall that (|gj|)jes € 8(J, [Ri) (Theorem 1.2.12) and all the functions
fa, A € &), |g|lB, B € &(J), are uniformly bounded (Remark 1.2.4 (c)). Let
M > 0 be such that |f4] < M, A € F(), and |g|p < M, B € F(J). In
particular, | f7| < M and |g|; < M.

Fixane > 0. Let S(¢) = S(I,¢) € F(I) be such that for any A € F(/) with
S(e) C Awehave | f4 — fr| < e. The Cauchy criterion implies that there exists a
C(e) = C(J,¢) € F(J)suchthatforevery B € F(J\C(e)) wehave |g|p < . Let
K € §(IxJ)besuchthat S(e)xC(e) C K. Define K(j):={i el :(i,J) € K},
j € J. Observe that S(g) C K(j) for j € C(g). We have

( >, figj) — f1e5 =Y _(fx() — fDg;-

@,/)eK jeJ
Hence
(% figj)_f’g"f X ko= fillgil+ X 1k = f1llg)]
@,/)eK jeC(e) 7¢C(e)
<e) lgil+2M ) |gi| <3Me. O
jeJ JEC(e)

Theorem 1.2.12 ([Sie 1910]). Assume that I is (infinite) countable. For every
family f = (f;)ier € CZ the following conditions are equivalent:

(i) f €8(1,C%);
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(ii) forevery bijectiono: N — I, the series Y o, Jo(v) is uniformly convergent

on Z (and f1 = Z:OZI Jow))s
i) | f] € 8, R%).*

Notice that (ii) may be used as an alternative definition of the uniform summa-
bility.

Proof. (i) = (ii): Fix a bijectiono: N — [ and ¢ > 0. Let Ny € N be such that
S(e) C {o(1),...,0(Ny)}, where S(e) = S(I, ¢) is chosen according to (1.2.1).
Then, for every N > Ny, we have S(¢) C {o(1),...,0(N)}, which implies that
|20 foy — f1l e

(i) = (iii)): We may assume that f;: Z — R, i € I. Suppose that for
some g9 > 0 the family (| f;|)ier does not satisfy the Cauchy condition. Fix an
ip € I. The set C(gg) := {ip} does not satisfy (1.2.2). Hence, there exists a set
G(1) € F(I \ {ip}) such that

sup Y |fi(2)] > eo.
Z€Z ieG(1)

Letz1 € Z be such that } ;1) | fi (z1)] > €0. The set G(1) may be divided into
two disjoint parts

Gr():={ieG(): fiz1) =0}, G~ (1):=G)\G*(1).

Obviously, | fg+1)(z1)| > €0/2 or | fe—(1)(z1)| > €0/2. Suppose that the first
case holds and put F(1) := GT(1). Then | fr(1)(z1)| > €0/2.

The set F(1) also is not good. Repeating the above argument, we find a set
F(2) € §(I \ F(1)) such that sup,.7 | fr(2)(2)] > £0/2.

Now, we take F (1) U F(2) and we find F(3) € F( \ (F(1) U F(2))) such that
sup,ez | fF@3)(2)] > €0/2.

Finally, we find a sequence (F(k))72, C &), F(k) = {ix,1,---»ikn@)}> of
pairwise disjoint sets such that sup, 7 | frx)(z)| > €0/2, k € N.

Put F(0) := I \ Uz, F(k). If F(0) is finite, F(0) = {io,1,--..ion0)} (f
F(0) = @, then we put n(0) := 0), we define a bijection 6: N — [ via the
following sequence:

10,15+ +»10,n(0)s 11,10+ -+ > L1,n(1) 12,15 -+ -5 E2,0(2) 5 - + -

“Let us mention the following general Dvoretzky—Rogers theorem [Dvo-Rog 1950].

Theorem. Let (E, || ||) be a Banach space. Then the following conditions are equivalent:

(i) for every sequence (fx)7>, C E the following two notions are equivalent:

o 322 1Skl < 400 (ie. the series Y gy fi is absolutely convergent),

® for every permutation 0: N — N, the series Z,‘:ozl Jowk) is convergent (i.e. the series
> %=1 f« is unconditionally convergent);

(i) dim E < oo.
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Let Sy := >y _; fowk)> v € N. We get

Sn©)+-+ntk) = Sn©)+-+nk-1) = fFKx), k € N.

Consequently, the sequence (S,)52 ; does not satisfy the uniform Cauchy condition,
which contradicts (ii).

If F(0) isinfinite, F(0) = {io,1,i0,2, - . - }, then we define a bijectiono: N — [
via the following sequence:

10,1, 11,15 -+ L1,0(1)> 10,2, 12,15 -+ 12 0(2) s+ - -

In this case we get

Sn(W)+-+n)+k — Sn()+-+nk-1+k = fFE), k €N,

which also contradicts (ii).
The implication (iii) = (i) is obvious. O

Corollary 1.2.13. Assume that I is countable and let f = (f;)ie; € 8(I, C%).
(a) Let z° € Z be fixed. If each f; is continuous at z°, then f7 is continuous
at z°.
(b) If Z is Lebesgue measurable, Ay,(Z) < +00,> and each f; is Lebesgue
integrable on Z, then ([, fidAzn)ier € 8(1,C), f1 is Lebesgue integrable on Z,

and
/ fI dAZn =Z/ ﬁ dAZn'
Z iel Z
Proof. EXERCISE. O

Using induction and Theorem 1.2.11 one gets the following corollary (EXER-
CISE).

Corollary 1.2.14. (a) The geometric series

z¢% Z1\%1 zn)an n (Zj)k
re Z(rl) (rn _HZ ri/
ez’ ez’ j=1k=0
where r = (ry,...,r,) € [R’;O,6 is locally normally summable in P(r)” to the
Sfunction
z 1
P 5(z1,...,2y) _
(2 Gz = [

J=1

5 A denotes the Lebesgue measure in R¥.

6A4-0 :={a € A : a > 0}. To simplify notation we write R, instead of (R>0)".

"P(a,r) := K(a1,r1)X---xK(an,r,),K(a,r):={z € C:|z—a| <r},P@) :=P(0,r),
K(r) := K(,r).
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(b) The series
g | ot | k|
DS )

wherer = (r1,...,1,) € RL, islocally normally summable in P(r) to the function

P(r) > (z1,...,2n) HM

1.3 Domains of convergence of power series

Definition 1.3.1. Any series of the form

Y au(z—a)* (zeC"),

n
an+

where (aa)aezi C C,a € C" (w* := wi'---wy"), is called an (n-fold) power
series with center at a.

Fix a power series (centered at 0):

Remark 1.3.2 (Abel’s lemma). Assume that
laglr® < C, aeZl,
where r € RZ ;. Then for every 0 < 6 < 1 we have
lagz®| < CO®!,  z e P(Or), a € 7", (EXERCISE).
In particular, the series Zaez’jr aqz® is locally normally summable in P (7).

Definition 1.3.3. Given a power series S, put

B = Bg = {Z e C": sup |aqz%| < +oo},

an’_’i_
C=0Cs:= {Z € C" : the series Z agz® is summable},
aeZ’}
D =Dg :=intC.

Clearly D C € C B. The set D is traditionally called the domain of convergence
of the power series S.
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Exercise 1.3.4. Determine By, Cg, and Dy for the following power series:

@ X ez, K171 223

®) Xz, 7172

© Yz, 7173

) Xpvez, M21 255

© 2 ez, (2122)";

) Ypven 57123

© Ypven Gt 21z,
Remark 1.3.5. (a)Ifn = 1 and @ # D # C, then B = € = D = K(R), where
R is the radius of convergence of S.

(b)IfS := ZM€Z+ w!zi z2, then € = (C x{0}) U({0} xC) = Vpand D = @.

In particular, for n > 2 we may have € ¢ D.
(c) For every point a = (ay,...,a,) € B (resp. €C) the closed polydisc

P((larl.-...lanD) = {G1.vvnza) €Ttz < Mgyl j = Lo...om)

is contained in B (resp. €).

(d) D = int B = int B. In particular, D is fat. (An open set 2 C R¥ is said
to be fat if 2 = int Q2.)

Indeed, fix ana = (ay, ...,a,) € int B. Observe that for small & > 0 the point

b= (by....,by), with

b = aj(l+e) ifa; #0. . _,
€ ifaj =0,
also belongs to intB. Lete = (c1,...,¢n) € B be such that

i ifa; #0 .
i —b; lajle i a; ’ =1,...,n.
lei =bil < %e ifa; =0, / 5

Consequently,

laj|(1 + &) —lajle ifa; #0

rj = lejl = 1bjl = lej = bjl > %8 = lajl,

€ ifa; =0
j=1,...,n.
Thus a € P(r). Now, by Abel’s lemma, we conclude that a € P(r) C D.
(e) In view of (d), P((|a1],...,|an|)) C D forevery a = (ay,...,a,) € D.

Observe that any closed polydisc P((|a1], ..., |ax|)) is obviously connected. In
particular, D is connected and so, D is really a domain.
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(f) For every compact K C D there exist C > 0 and 0 < 6 < 1 such that
lagz®| < coll. zeK, ac VA

Consequently, the series S is locally normally summable in D. In particular, the
function f(z) := Zan’jr agz%, z € D, is continuous (Corollary 1.2.13 (a)).

Indeed, take a pointa € D andletr € RZ, N B and 0 < 6 < 1 be such that
a € P(6r). Next use Abel’s lemma (EXERCISE).

Exercise 1.3.6. Let
f(z) = Z agz%, z € Dyg.

n
a€Z+

Prove that for every P(a, r) C Dy there exists a power series Zyer”_ by(z —a)
centered at a such that

f(z) = Z by(z—a)’, zelP(a,r)

yez”,
(cf. Step 3 of the proof of Proposition 1.3.12).
Exercise 1.3.7. Check whether there exists a power series .S such that
Ds ={(z1,22) € D? : either |z1| < rypor|za| < ra}
with 0 < ry,rp, < 1 (cf. Fig. 1.5.2).
We are led to the very important notion of a complete Reinhardt set.

Definition 1.3.8. We say thata set A C C" is complete Reinhardt (n-circled) if for
every pointa = (ay,...,a,) € A and forevery A = (41, ...,4,) € D", the point
A-a = (May,...,Ayay,) belongs to A; equivalently,

A= | PWal....ladl).
a=(ay,....an)€A

Exercise 1.3.9. (a) The domain of convergence of a power series is a complete
Reinhardt domain.

(b) If A C C”" is complete Reinhardt, then A is arcwise connected.

(c) If A C C" is complete Reinhardt, then 4 and int 4 are complete Reinhardt.

Exercise 1.3.10. Let S = Zan’jr agz®, T = Zﬂezi bgz? be arbitrary power
series. Using Theorem 1.2.7, prove that

Z aabgz‘”ﬂ = Z cyz?’, zeDsNDr,
a,ﬂeZ’_’i_ yeZ’j_
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where
Cy = Z agby—o, yeZ’.
aEZf’F: a<y

The power series on the right-hand side is called the Cauchy product of the series
Sand T.

We are going to study the function f(z) := Zaezi agz%, z € Dg, defined by
the series S. First we need some notation.

Let £2 C C" beopen. We say thatafunction g: §2 — Cis Fréchet differentiable
in the complex (resp. real) sense at a point a € §2 if one of the following two
equivalent conditions is satisfied (details are left to the reader as an EXERCISE):

(i) there exists a C-linear (resp. R-linear) mapping L: C" — C such that
gla+h)=g(a)+ L) +o(|k]) whenh — O;

(i) there exist a C-linear (resp. R-linear) mapping L: C* — C and functions
g1,.-.,8n: 2 —a — C, continuous at 0, with g1(0) = --- = g,(0) = 0,
such that

gla+hy=g@)+ L)+ gMhj. h=(hy.... h)eR—a?b

Jj=1

Obviously, the above operator L is uniquely determined; we write g’(a) =
gc(a) := L (resp. gg(a) := L) and we say that g (a) (resp. gg(a)) is the complex
(resp. real) Fréchet differential of g at a.

Exercise 1.3.11. Find a function g: C — C such that g (0) exists, but g¢(0) does
not exist.

It is clear that if g¢-(a) exists, then g (a) exists and gp(a) = g¢(a). If gp(a)
exists, then g is continuous at a. If gi-(a) (resp. g (a)) exists, then g has at a all
complex (resp. real) partial derivatives

;)_g(a) i = lim g(a—i—he;lj)—g(a), ’
Zj «d2h—0
dg . gla+he)—ga)
(resp. 8)(/ @:= R*lalzn—m h '
g . gla+ihe;)—gla) )
—_— = 1 =1,...
dy; (@ Ro 550 h ). J vt

8The implication (ii) = (i) is elementary. If (i) is satisfied, then we put
W
gj(h) = W(g(a + h) — g(a) — L(h)).

%I A C CK, then A4 := A\ {0}.
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where (eq, ..., ey) is the canonical basis of C". Moreover,

n
ag
ge(@)(h) = == (@h;
— 0Zj
j=1
(resp. gg(a)(h) = ; 3, @O +; 5, @) = (. ) € €7
where
g ‘_l(ag . dg ) dg '_I(E)g . dg )
oz, (@):= 5 o, (a) —i 3y (a) ). oz, (@)= 3 o, (a) +1i 3y, (a)
denote the formal partial derivatives of g at a.'"° If g (a) exists, then the following
conditions are equivalent (EXERCISE):

() gg(a) exists;
(ii) gg(a) is C-linear;

ey 9 .
(iii) ang(a) =0,j=1,...,m;
(iv) the complex partial derivatives ;’T‘i(a), j=1,...,n,exist.

The above result frequently permits us to transport theorems from real analysis
to the complex case.

The notion of the Fréchet differentiability extends in a standard way (compo-
nentwise) to mappings g: §2 — C™. Then the complex Fréchet differential of g
at a is a C-linear mapping g’(a): C" — C™, which may be identified with an
m x n-dimensional matrix. In view of the above identification, one can define k-th
complex Fréchet differentials g% (a) and k-th order complex partial derivatives

kg @ - ( ak—lg )(a) 1 <ji1,...,jk <n,
0zj, ...0z;,  ~ 0zj, \zj,_, ...0z}, T k=23,....

One can prove that if g®) () exists, then g has at a all complex partial derivatives
of order k, the derivatives are independent of the order of differentiation, and

k!
sV@m= Y D@kt hecC" !
an’j_: le|l=k
where ) ]
aq Qpn
D(Zg(a) g (8—21) Oesss 0O (87) g(a)‘

10The reader should always decipher from the context whether 337% (a) denotes the complex or formal
partial derivative!

Ugl:=ay! -a,!,a=(ar,...,a,) € Z’j_;noticethatformallyg(k)(a)isak—linearsymmetric
mapping (C”)X — C, which is, as always, identified with the homogeneous polynomial C” — C of

degree k.



18 Chapter 1. Reinhardt domains

If g®)(a) exists for every k € N, then we define the Taylor series of g at a as the
power series

Tige) = Y D@~ a)

aeZ’
The number
d(T,g) := sup{r > 0 : T,g is uniformly summable in P(a, )} € [0, +00]

is called the radius of convergence of T, g. Observe that

o0

1
Tag(2) = Y 18P @)z ~a).
k=0 "

Proposition 1.3.12. Assume that Ds # @ and let
f(z) = Z agz®, z € Dg.

n
otezJr

For B € 7% let DAS denote the power series

Z (g)ﬂ! aq 24P 12

"‘EZ’JI-: a>p
Then f has all complex Fréchet differentials in Dg,> Dg C D pés, and

DPfey=" Y (§)Blasz*F, zeDs, pez]. (1.3.1)

an’_’._: a>p
In particular, f(z) = Ty f(2), z € Dg.

Notice the following difference between one and several variables. Forn = 1
the radius of convergence of S is equal to the radius of convergence of the series of
derivatives. This is no longer true for n > 2, for instance if S is the power series

[o¢] o0

v v
Do+ 2
v=0 v=0

then Dg = D x D, but@[as =DxC."

EES

) = (4 ()= @1seees @) B = (i Bu) €Z. B <.
13Tn fact, f is holomorphic — cf. Theorem 1.7.19.

1408 _ 0o v—1
o= Yoo vzyTh
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Proof. Step 1. First observe that, for every j € {1,...,n}, the series
aS e

n. )
aEZ+.azej

is locally normally summable in Dg. Itis sufficient to prove thatif R € RZ ;N By,
then the series gTi is locally normally summable in P(R). Let C > 0 be such that
lag|R* < C,a € Z" . Then for any 0 < 6 < 1 we have

C
sup |ojag z%7% | < — oy@'"‘l,
2 s fajda TP

an’_’i_:azej an’fi_:azej
which gives the normal summability in P(6R).
In particular, the function F; defined by the series gz—si is continuous on Dy,
j =1,...,n (Corollary 1.2.13 (a)). ‘
Step 2. We have

f) = fO)+> ae;h; + Y fi(hj. h=(hi.....h,) € Dy,
j=1 ji=1

where
L= 3" ach®®, fhyi= Y agh®, .,
le|>2, a=>e; le|>2, a>en
a1=0
Somt) = Y agh® T fulhy = Y aght T
l|>2, a=e,—1 le|>2, a=ep
o) ==0,—2=0 o) =-=0,—1=0

Observe that all the above series are normally summable in a neighborhood U of 0

(EXERCISE). In particular, the functions fi,..., f, are continuous in U. Note
. E]

that /1(0) = --- = f,(0) = 0. Thus f’(0) exists and %(O) = a,;, = F;(0),

j=1,...,n.

Step 3. If P(a,r) € Dg, then the series

Z dy (;'f)(z —a)’a*?

o,yeZ’
azy

is normally summable in P(a, r).
Indeed, let R € Bg N RZ, and 6 € (0, 1) be such that |a;| + r; < OR;,
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j=1,....nandlet |ay|R* < C,a € Z' . Then

D laal($) up |(z—a>y V< Y |ag| sup 1‘[<|z, aj| + la; )%
a,yeZ’J_ zeP(a an" zeP(a, j
o=y

< > laal(R)* <C Y 6 < oo,

n n
()IEZ+ a€Z+

Step 4. Fix P(a,r) € Dgs. By Step 3 and Theorem 1.2.7, we have

f(z) = Z ag(z +a—a)® = Z aaZ(‘;)(z—a)”a"‘_”

an" an" y=a
Z (Zaa a“” 1’)(z—a)”z Z by(z—a)’, zelP(a,r).
yeZ" azy yeZ"

Hence, by Step 2, the function P(r) > z s f(a + z) is Fréchet differentiable
at 0 and a—g,(O) = be;, j = 1,...,n. Consequently, f is differentiable at @ and

32/(a) Zgj(O)zbe_/.=F_,~(a),j=1,...,n
Step 5. lIterating the above procedure shows that f has all complex Fréchet
differentials and (1.3.1) holds for arbitrary 8 (EXERCISE). O

Exercise* 1.3.13. Assume that Dg # &,

f(z) = Z aqz®, z € Dyg,

n
a€Z+

and f(0) = ag # 0. Find a power series ZﬂeZ'jr bg 2 such that

for z in a neighborhood of 0.

1.4 Maximal affine subspace of a convex set I

As we have already mentioned in the Introduction, the logarithmic image X :=
log D C R” of a Reinhardt domain D C C” will play an important role in various
characterizations of the structure of holomorphic functions on D. In all essential
cases the domain X will be convex. For the convenience of the reader we collect
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below some basic properties of convex domains in R” which will be used in the
sequel.

Recall that a set X C R” is said to be convex if for every a, b € X, the segment
[a,b] :=={(1 —t)a +tb :t € [0, 1]} is contained in X.

Remark 1.4.1 (Properties of convex sets; the reader is asked to complete details).
(a) For any family (X;)ie; C R" of convex sets, the set ();¢; X; is convex.
In particular, for any set A C R”, there exists the smallest convex set conv A
containing A.
(b)If A, B C R” are convex, then

conv(AUB)={(1—-t)a+th:ac A, be B, te]01]}=:X.

(c) If X C R” is convex, then X is convex.

(d) If X C R" is convex, then int X is convex. In particular, for any family
(Xi)ier C R" of convex sets, the set int ();; X; is a convex domain.

(e) For every a € (R")4, ¢ € R, the open halfspace

Hy. ={xelR": (x,a) <c},

where (x, y) 1= Z}’zl x;y; is the standard scalar product in R”, is convex. More-
over, we put Hy . := { g’ gg z 8 Notice that H . is fat.
) If
@# X :=int (| Hye. AC(R).xR,
(a,c)eA

then we may always assume that the representation of X is minimal in the following
sense: for every (a,c) € A we have 90X N 0H, . # @, ie. Hy . = HZ for some
a € dX, where

H :={xeR":(x—a,a) <0}

Indeed, we proceed in two steps:
— Define
B :=prga(A4),° c(a) :=sup{(x,a):x € X}, @ € B.

We have got a function ¢: B — R. Observe that ¢(«) < inf{c : (o, c) € A}. Then
X =int(Vyep Hoc)-
—LetBy:={d € B:0XN 8%,0(0‘) # @}. Then X = int maeBo H, ¢ ().
We only need to show that if &g € B \ By, then

X=int () Hye@ = Xo.

aeB\{ao}

Bpry: X xY — X, pry (x, y) := x. Notice that the same notation will be also used in the case
where a vector space V' is a direct sum of subspaces X and Y,V = X + Y, and thenpry: V — X,
pry (x 4+ ¥) := x. In the sequel, the context will indicate which of the above cases occurs.
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Suppose that xo € Xo \ X, i.e. xo € Xo \ Hy)c(ap)- Take a yo € X and let
20 € [X0, o] N 0Hy, c(a)- Let U C Xg be a convex neighborhood of zo. Then
U N Hy, c(ap) C X and, therefore, zg € 0X N 0 Hy, ¢(ay): a contradiction.

(g) If X ~»R" is a convex domain, then for every a € dX there exists an @ €
(R™)4 such that X C HZ. In particular, there exists a mapping ©: X — (R")«
such that X' = int (,epx Hg (-

(h) If X = int();c; Xi, where each X; is a fat domain, then X is fat. In
particular, any convex domain is fat.

(1) If X is a closed convex set, int X # @, then forany a € int X and b € X
we have [a,b) ;= {(1 —t)a+th:t €[0,1)} Cint X. Inparticular, X = int X.

For any set A C R”, we define its orthogonal complement A+ by the formula
At = {x € R" : Ve : (x,a) =0}

For any vector subspace F of R” letprr : R” — F denote the orthogonal projection
onto F. For A C R”, let [A] or span A denote the vector subspace of R” spanned
by A.

The rest of this section is based on [Jar-Pfl 1985] and [Jar-Pfl 1987].

Remark 1.4.2. Let X ~>R” be a convex domain and let /' C R” be a vector space.
Then the following conditions are equivalent:
O X+F=X;

(i) there exists a point x° € X such that x° + F C X;

(i) X + F = X;

(iv) (0X) + F = 0X;

(v) X = F+Y,whereY isaconvex domainin F- (observethatY = prrL(X)).

In fact, it is trivial that (i) = (ii). To prove that (ii) = (iii), observe that

(I1-Px+(°+ky)——>x+y, xeX, yeF.
k——+o0

To prove that (iii) = (i), observe that by Remark 1.4.1 (i), for every y € F we
get
X+y=int(X +y) CintX = X.

Now it is clear that (i) + (iii) = (iv). Obviously (iv) = (ii). The implication
(v) = (i) is obvious. To prove the converse implication, define ¥ := prp.(X).
Obviously, X € F +7Y. Take y € F and x” = prp.(x) with x € X. Let
x'i=prp(x). Theny +x" =(y —x)+xe€e F+ X =X.Thus F+Y C X.

Definition 1.4.3. A vector subspace F of R” is of rational type, if F is generated
by F N Q", i.e. F = [F N Q"]. Otherwise, we say that F' is of irrational type.
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Remark 1.4.4. Let F C R” be a vector space, d := dim F.
(a) F is of rational type iff F = [F N Z"].
(b)Let L € GIL(n, Q).'® Then F is of rational type iff L(F) is of rational type.
(c) The following conditions are equivalent:
(i) F is of rational type;
(ii) F* is of rational type;
(iii) there exist !, ... ,a" 4 ¢ 7" such that F = {al, ... ,oz”_d}J-;
(iv) there exists a family B C Q" such that F = B+;
(v) dim(Ft N Q")+ = dim F;
(vi) there exists a non-singular matrix L € M(n X n,Z) such that F =
L(R? x {0}"~?) and F* = L({0}¢ x R"~9).

Indeed, to see that (i) < (ii), let !, ... ,a? € Q" be a basis of F. Then
FL+ ={a',..., a?}L. To simplify notation, suppose that

.....

Then, using Cramer’s formulas, we conclude that the space F~ is spanned by the
rational vectors

vk = (A kA, ... Agr/A0,....0, —1 ,0,...,0),
k-th place (1.4.1)

k=d+1,...,n,

where
1 1 1 1 1
o ... g O iy ... Oy
Aj g = det : o, 142)
d d d d d B
af .ooofy g ofyy o

j=1,....d, k=d+1,....n.

The implications (ii) = (iii) = (iv) = (i) are obvious.

(ii) < (v): Observe that always we have (F+ N Q")+ D F. Hence it holds
that dim(Ft NQ")* =dimF & (F1nQ")t =F & [Ff-nQ"] = FL.

(i) = (vi): We only need to take

1 n
[0 2T 2
1 n
o N 0
2 2
L= E
1 n
a, ... oy

YGL(n,F):={L € M(n xn;F):detL # 0}, F € {Q, R, C}.
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where !, ....a? € Z" isabasis of F and a?*t!,... a" € Z" is a basis of FL.
The implication (vi) = (i) is obvious.
(dLet F ={a',..., 0%}, wherea!,...,a% € (R")4 and

d :rank[ozl,...,ad] (1<d<n-1).

Assume that A := det[aj"-],-,jzl,“_,d # 0. Then F is of rational type iff A; /A € Q
(where Ajrisasin(1.42),j =1,....d, k=d +1,...,n.

Indeed, we already know that by Cramer’s formulas, the vectors vd+1, )
(asin (1.4.1)) form a basis of F. Thus, if all the numbers A, x /A are rational, then
v+l v"is abasis of F N Q". Conversely, if F is of rational type, then there
exists a non-singular matrix L = [L; ;] € M((n — d) x (n — d), R) such that the
vectors L; jv@t! 4+ L;,_gv™, i =1,...,n —d, give abasis of F N Q". In
particular,

n

—Lij-a=Liav? ALy gvf €Q. i=1....n—d. j=d+1.....n.

Hence L € M((n —d) x (n — d), Q) and, consequently, v4*! ... v" € Q".

(e)If F = (;¢; Fi, where F; is of rational type, then F is of rational type. In
particular, for every subspace F C R” there exists the smallest subspace of rational
type K (F) with F C K(F).

Indeed, we only need to use (c)(iv).

Definition 1.4.5. Let @ # X C R” be a convex domain. We denote by E (X) a
vector subspace of R” such that:

@QX+EX) =X,

(b) for any vector subspace F C R” with X + F = X we have dim F <
dim E (X)."

The definition extends in an obvious way to the case where X is a convex domain
of a vector subspace H C R” and we are interested in the maximal vector space
F C H suchthat X + F = X —in this case we write Eg (X).

Exercise 1.4.6. Prove that E (X) = {0} < X does not contain an affine line.

Remark 1.4.7. Let X C R” be a convex domain.

(a) If F1, F, C R” are vector subspaces such that X + F; = X + F, = X,
then X + (F; + F>) = X. In particular,

e the space E (X) is uniquely determined,

e if F is a vector subspace of R” such that X + F = X, then F C E(X).

(b) If X C Y (Y is another convex domain), then E(X) C E(Y). For any
y% € R” we have E (X + y°) = E(X). If L: R — R” is a linear isomorphism,
then E (L(X)) = L(E (X)).

17Below, in Remark 1.4.7 (a), we will see that E (X) is uniquely determined.
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(©) E (Hy,) = o™

(d)dim E(X) = niff X = R".

(e) If X = int();¢; Xi, where each X; is a convex domain, then E(X) =
(Nier E(X;). In particular, if X = int(), )4 Ho,co Where A C R" x R, then
E(X) = B+, where B := prga(A).

Indeed, the inclusion E (X) C ();c; E (Xi) =: F is obvious. We have

X+Fc(NX)+FcX+F) =X

iel iel iel

Since the set X + F is open, we get X + F C int();,c; X; = X, which proves
that F C E (X).
(f) X = E(X) + Y, where Y := prg x).(X) is a convex domain in E(X)*
In particular, there exists an L € GL (n, R) such that

L(E(X)) =R x {0y 4, L(E(XX)Y) ={0}¢ xR ¢, L(X)=R¢xY,
where d := dim E (X) and Y C R"~¢ is a convex domain with E(Y) = {0}.

Definition 1.4.8. A convex domain X C R” is of rational (resp. irrational) type if
E (X) is of rational (resp. irrational) type.

Exercise 1.4.9. Let
X :={(x1,x2) € R?:c+ux; <xa<d+px1} (c.d,pueR).
Decide when X is of rational type.

Remark 1.4.10. If X = int();c; X;, where each X is a convex domain of rational
type, then X is of rational type. In particular, for every convex domain X C R”
there exists the smallest convex domain of rational type K (X) with X C K (X).

Lemma 1.4.11. Assume that X ~R" n > 2, is a convex domain. Then the
following conditions are equivalent:
(1) E (X) is of rational type;
(ii) there exists anon-singularmatrix L € M(nxn, Z) suchthat X = L(R¢xY),
whered := dim E(X)andY C R*¢ isa convex domainwith E (Y) = {0};
(iii) for every x° ¢ X there exists an open set U C E(X)* such that X C
ﬂﬂeU H;}‘O; in particular, there exists a basis o, ... a4 € E(X)+-nZ"
of E(X)* such thar X  (;—{ HX';
(iv) X =int()y cyea Ho,co where A CZ" x R.
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Proof. The implications (iii) = (iv) = (i) < (ii) are elementary. To prove that (ii)
= (iii) we may assume that E(X) = {0} (EXERcISE). Fix an x° ¢ X. We may
assume that x® = 0. Let C denote the open convex cone (with vertex at 0 € R")
generated by X (C :={tx : ¢t > 0, x € X}). Observe that E(C) = {0}.

Indeed, suppose that C + L C C, where L C R” is a real line. Consider any
two-dimensional real space P C R” with L C P and X' := X N P # &. We
have Ep(X’) = {0}. Let C’ be the open cone in P generated by X’. Obviously,
C’'=C N P.Hence C'+ L C C’ and the proof is reduced to the case n = 2. In
the case n = 2 we only need to observe that if E (X) = {0}, then there exist two
different half-planes H,1 o, H,2 o with X C H,1 o N H,2 ; a contradiction.

Consequently, there exists a % € (R")4 such that

CNi{xeR":(x,p% =0} = {0}

Indeed, we use induction on n. The case n = 2 is obvious. In the general case,
take any @ € R”, ||a|| = 1, with C C {x € R" : {x,«) < 0}. Put

P ={xelR":{(x,a) =0}

and define X' := X NP, C'":=CnNP ={x':t >0, x' € X'}. Note
that Ep(X’) = {0}. Hence, by the inductive assumption, there exists an (n — 2)-
dimensional vector subspace V of P suchthat C'NV = {0}. Fixau € PNV, with
(u,) < 0and |u|| = 1. We are going to prove that C N {x € R" : (x,a —su) =
0} = {0} for sufficiently small ¢ > 0. Suppose that for each & > 0 there exists an
x¢ e C, ||x?|| = 1, with (x®, o + eu) = 0. Write x® = v® + t,u + t,a. We have
0 = (x%,a — eu) = 1, — et,. Hence 1, = &t,. Moreover, t, = (x®,a) < 0 and
1 = ||x%]|% = ||[v¥||*> + 12(1 + &?). Take g — 0. We may assume that vé — v°
and t,, — to < 0. We have x* — v° + fou € C" and tg = —+/1 — [[v°|]2. Since
v = (V0 + tou) + (—to)u € V N C’, we conclude that fy = 0 and v° = 0 —
contradiction.

It follows that C N {x € R” : (x, B) = 0} = {0} for B from an open neighbor-
hood of B°, which directly implies (iii). Indeed, suppose that 8 — B is such that
(y”,B”) = 0forsome y* € C, y* #0,v =1,2,.... Since C is a cone, we may
assume that ||y”|| = 1, v = 1,2, ..., and next that y* — y° € C, y° # 0. Then
(y°, B%) = 0 — contradiction. O

Lemma 1.4.12. Let X C R” be a convex domain. Then the following conditions
are equivalent:

() E(X) = {0}
1

o
: i| € M x n,Z) and a vector

(ii) there exist a non-singular matrix A := [
n

o

c=(c1,...,¢n) € R" such that X C Hyr o M-+ N Hyn c,;
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(iii) there exist a matrix A € GL(n,Z) := {A € M(n xn;Z) : |det A| = 1}
and a vector ¢ € R" such that X C Hy1 o, M-+ N Hyn ¢,

Proof. By Lemma 1.4.11, we only need to prove that (ii) = (iii). Let A and ¢ be
as in (ii),

X CHy o Neo-N Hyne,, =0 H(A, C).
Suppose that | det A| > 1. Put

S(A,c) :={B € 7" . Hd:dﬁelk : H(A,c) C Hﬂ,d}-

Then S(A,c) = Z" N (Qial + -+ Qia™).

Indeed, obviously the set on the right-hand side is contained on the left-hand one.
Now take a B € S(A,c). Then there exists a d € R such that H(A,c) C Hp 4.
Write 8 = 27=1 tio/ = ((tA)1,...,(tA),), where t := (t1,...,1;). Then
t = BA7!,ie. allthet;’s are rational numbers. It remains to show that all of them
are non-negative. Observe that the linear map

L:R" - R", L(x):= ((x,al),..., (x,a"),
gives an isomorphism satisfying

{yeR':yj<c¢j, j=1,....,n} = L(H(A,¢))
CL(Hgq)={yeR":(t,y)<d}.

Hence, 1 € R”, (EXERCISE). Note that the set
0(A,0):=7"Nn(([0,) NQ)a' +---+ ([0, 1) N Q") U {a',...,a"}

is finite. Therefore,
n : .
0(A,c) = {Z&oﬂ k= 1,...,N},
j=1 Tk

where pjx € Z, q;x € N and the pairs p; x, g, are relatively prime. Then we
denote by s = 5(A4, c) the least common multiple of all denominators ¢; k.

Let x € Q" with xA € Z". Write x; = u; + v;, where u; := x; —v; €
[0,1) NQ and v; := |x;| € Z. Here |x| := max{k € Z : k < x} = the integer
part of x € R. Then vA € Z" and (x —v)A = Z_7=1(xj —vj)a’/ € O(4,c¢).
Thus, s(x —v) € Z". Hence, sx € Z".

Let r = r(A,c) be the smallest number in N such that if xA € Z”" for an
x € Q", then rx € Z". Comparing with the former paragraph it follows that
r<s.

Let @/ denote the j-th row of the inverse matrix A~! of A. Note that @/ € Q
and @/ A € Z". Therefore, r@’ € Z" andsorA~—! € M(n x n; Z). Consequently,
r"* = det(rA=') det A4, i.e. | det A| divides r.
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Observe that 1 < |det A] < r < s. Therefore there exists a vector & €
O(A,c) \ {a',...,a"}; in particular, @' € Z". So we may assume that there
existsat € R’ , 7y € (0, 1), such that & = Z?:l tja/ € S(A, c). Moreover, if A
denotes the matrix with rows @', a?,...,a", then |det A| = 7| det A| < | det A|.

If | det A | = 1, then we are done. If not, repeating the above procedure the
proof will be finished after a finite number of steps. O

Lemma 1.4.13. Let X C R" be a convex domain. Then the following conditions
are equivalent:

(i) there exists a sequence (xx)ye, C X such that the sequences (X, ;)ze;,
j=1,....,n—1, are bounded and xy , — —00;

(i) X +R_-e, = X.

Proof. The implication (ii) = (i) is trivial. Conversely, take an arbitrary xo € X
andt < 0. Puteg :=t/xg ,, k > 1. We may assume that 0 < g < 1. Obviously,
ex — 0. Since X is convex, we get yi := (1 — ex)xo + exxx € [x0,xx] C X.
Moreover, yx — x¢ +te,. Hence xo +R_-e, C X. Consequently, X + R_-¢e, C
intX = X. O

Definition 1.4.14. Let X C R” be a domain which is starlike with respect to 0,
i.e. [0,x] C X forevery x € X. Then the function /iy : R” — R defined by the
formula

hx(x) :=inf{t >0:x/t € X}, x €R",

is called the Minkowski function of X .

Remark 1.4.15. Before we continue, let us recall the following important notion
of semicontinuity.

Let X be a topological space. We say that a function u: X — R is upper
semicontinuous (u € CT (X)) if forevery t € Rthe set {x € X : u(x) <t} is open.
We say that u is lower semicontinuous (u € v (X)) if —u € CT(X).

Directly from the definition we get the following properties (EXERCISE):

u € CY(X) iff for every ¢ € R the set {x € X : u(x) > ¢} is open.

C(X,R) = CT(X) N CH(X).

ueChX), feCY,X)=uo f eCl(Y).

R-o - CT(X) = CT(X).

Ifu,v € CT(X) and u(x) + v(x) is well defined for every x € X, thenu + v €

et(x).

u,v € CN(X) = max{u,v} e T(X).

o (Ug)gea C CY(X) = inf{uy : @ € A} € CY(X). In particular, if CT(X) >
u, \ u pointwise on X, then u € CT(X).

o If €Y (X, R) 3 u, — u locally uniformly in X, then u € €1 (X).
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e If (X, p) is a metric space, then u € CT(X) & Vyey : limsup,_,u(x) =
u(a).

e (Weierstrass theorem) If (X, p) is a compact space and u € CT(X, R_y), then
there exists a point xo € X such that u(xgp) = sup u(X).

e (Baire theorem; cf. [Loj 1988]) If (X, p) is a metric space, then for every u €
CT(X), there exists a sequence ()2, C C(X, R) such that u, N\ u pointwise
on X. Moreover, ifu € CT(X, R_o), then the sequence (#v)$2; may be chosen
in C(X, R).

Exercise 1.4.16. Let X C R” be a domain which is starlike with respect to 0. Prove
the following properties of the Minkowski function:

(a) hx(tx) = thx(x),t > 0,x € R".

b) X ={xeX:hx(x) <1}

(c) hy is uniquely determined by (a) and (b).

(d) hy is upper semicontinuous.

(e) X is convex iff hy satisfies the triangle inequality:

hx(x +y) < hx(x) + hx(y), x,yeR"

(f) If X is convex, then hy is continuous.

(g) If X is convex and symmetric with respect to 0, then Ay is a seminorm, i.e. hy
is absolutely homogeneous (hx (tx) = |t|hx(x), t € R, x € R") and satisfies the
triangle inequality.

Lemma 1.4.17. Let X C R" be an unbounded convex domain which is contained
n

in 'Xl(—oo, R) for a certain number R. Then, for any point a € X, there exist a
j=
vectorv € R" \ {0} and a neighborhoodV = V(a) C X suchthatV +Riv C X.

Proof. Wemay assume thata = 0. Then the continuity of the Minkowski function /
of X (cf. Exercise 1.4.16) and the unboundedness of X lead to a vector v on the unit
sphere with 2(v) = 0. Obviously, v € R” \ {0} and R;v C X. Finally, using the
convexity of X, we see that for any open ball V' C X with center 0 the following
inclusion holds: V' 4+ Ryv C X. |

1.5 Reinhardt domains

We collect here some basic definitions related to the class of Reinhardt domains
which is a natural generalization of the class of complete Reinhardt domains from
Definition 1.3.8.

Forany A = (Aq,...,Ay) € T", let Ty : C* — C” be the n-rotation given by
the formula Ty (z) = Ty (z1,...,2n) == A -2 = (AM1Z1,..., AnZn).

Remark 1.5.1. T)\-M:TAOTM:TMOTA:TM-Av T1 = idcn, (T,{)_lz
T)—1,wherel:=(1,...,1) e T"and A1 = (A71,... A ).
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Definition 1.5.2. A set A C C” is called Reinhardt (n-circled) it T)(A) = A for
every A € T".

Let R: C" — R, R(z1,...,20) := (z1], ..., |Zn])-

Remark 1.5.3. (a) A set A C C" is Reinhardtiff A = R™1(R(A)). Consequently,
any Reinhardt set A C C” is completely determined by its absolute image R(A) =
ANRY.

(b) The mapping R: C" — R’ is open (EXERCISE). Consequently, if 2 C C"
is Reinhardt, then §2 is openin C" iff R(£2) isopenin R’} (in the induced topology).

(c) If aset B C R’ is connected, then so is R™Y(B).

Indeed, to see that A := R~!(B) is connected for connected B C R7 we
may argue as follows. Suppose that A = U U V, where U,V are open in A,
disjoint, and non-empty. Since T” is connected, we conclude that U, V' must be
Reinhardt (EXERCISE). Consequently, if we put U’ := R(U) and V' := R(V),
then B = U’ U V', U’, V' are open in B, disjoint, and non-empty; a contradiction.

(d) Let D C C” be Reinhardt. Then D is a domain in C” iff R(D) is a domain
in R% (in the induced topology). Observe that a relatively open set U C R7 is
connected iff it is arcwise connected.

(e) If A C C" is Reinhardt, then A and int A are Reinhardt.

For any Reinhardt set A C C”, let
AD =z A e {1 "' xDx{1y" 7/, ze A}, j=1,....n,
Ai={A-z:2eD", ze Ay =(...(AVy@  y©,
Obviously, A C AU c A,

Remark 1.54. (a) Let A C C” be Reinhardt. Then A is complete Reinhardt iff
A=A
(b) If D is a Reinhardt domain, then so are 13(1), ey 13(”), and D.

For every Reinhardt set A C C” put

logA:={x e R":e* € A} = {(log |z,

L. loglze]) (21, ... z) € ANCEY,

where e* := (e*1,...,e*). The setlog A is called the logarithmic image of A.
For any set B C R” let exp B be the unique Reinhardt subset of C” such that
log(exp B) = B, i.e.

exp B = {(z1,...,zn) € C§ : (log|zy

,...,log|z,]) € B}.

Observe that R(exp B) = {e¢* : x € B}. Moreover, for every Reinhardt set
A C C" we have exp(log A) = A N C7.
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Definition 1.5.5. We say that a Reinhardt set A is logarithmically convex (log-con-
vex) if the set log A is convex.

|22 log|z3|

log|z1]

t—log 2

|
|
|
|
|
|
|
1 |z

Figure 1.5.1. An example of a log-convex non-complete Reinhardt domain: D :=
{(z1.22) € D?: 3|21 < |z2| < |21/}

|z2] log |z2|

logry log |z |

logr,

1 |zl

Figure 1.5.2. An example of a complete Reinhardt domain that is not log-convex.

Define
Vi=V":={(z1,....20) €C" 1 z; =0} = C/ 7' x {0} x C"~/
forj =1,...,n,and
Ww=W =WU---U¥V,={z1,....2,) €C" 1 2y -+- 2, = O}.
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Remark 1.5.6. (All details are left as EXERCISE.) (a) Let A be a Reinhardt set.
Then 3
int(log A) = log(int A), log A = log A.

Consequently, for any set B C R”, we have

log(int exp B) = int(logexp B) = intlog(exp B) = int B.

In particular, if X C R” is a fat domain (e.g. if X is a convex domain), then
D := intexp X is a fat Reinhardt domain with log D = X. Conversely, if G is a
Reinhardt domain with log G = X, then int G=D.In fact, if logG = X, then
G\ Vp =exp X. Hence, G = exp X, and finally, int G = D.

(b) A Reinhardt set A C C” is logarithmically convex iff

iyl Ty € A (x1h e Xn), (V1,5 Yn) € ANRY,, t €0, 1].

(¢) If D C C" is a Reinhardt domain, then D \ ¥; is a domain.

Indeed, it suffices to show that for any domain D C C”, the set D \ V; is
connected, j = 1,...,n. Assume that j = n. We only need to observe that, for
everya = (ay,...,an) € DNV, if P(a,r) C D, then

P(a.r)\ Vo = K(ar,r) x -+ x K(an-1,7) x (K(an.r) \ {0})

is obviously connected (cf. the proof of Proposition 1.9.7).
(d) If £2 is an open Reinhardt set such that £2 \ V5 is connected, then §2 itself is
connected. In particular, if £2 is log-convex, then §2 is a domain.
(e) Let X C R” be a fat domain and let D := intexp X (cf. (a)). Then:
e 0 € D iff there exists an x° € X such that x° + R” C X.
e D is complete iff X + R” = X.

Fora = (ag,...,q,) € R" define
C"(a) = C(ay) x --- x C(ay),

where

C ifx=>0,

C, ifx <0O.
Note that C" («) = C"((sgnoy,...,sgnay)). Let C*(X) 1= [),ex C" (@) where
3 C R”. Observe that the function

C(x) :=

C"(@) 32 > |2 = 21| - |z € RY

is well defined (here 0° := 1). Notice that in the case where o € Z", |z%*| coincides
with the absolute value of z%. Let

Dy, ={zeC"a):|z% <e}, aeR", ceR.® (1.5.1)
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Observe that Dy . is a Reinhardt domain (EXERCISE). It is called an elementary
Reinhardt domain. We put Dy := Dy . Observe that Dy . = Dg 4 iff (8,d) =
(e, ¢) for some u > 0.

|22 |22

|21 |z1

Figure 1.5.3. D(1,1) and D1 —1).

|22 |z2]

|21 |z1

Figure 1.5.4. D(2,—1) and D(—2,1)-

Remark 1.5.7. (a) Let o = (x1,...,0,) € (R")«. Forevery j € {1,...,n} we
have: _
(Dae)™ ) = Dy <= Duc NV # @ = a; > 0.

C" ifc>0,

8Note that Dy . = & ifc<0
, ifc=<0.
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|22 |22

eC/O[z 60/012

|24 |21]

Figure 1.5.5. Elementary domains Dy with (01 = 0,2 > 0) and (1 = 0,2 < 0).

In particular, Dy, is complete iff & € RY .
(b) Suppose that @ # D = int ﬂ(a’c)eA D, ., where A C R” x R. Let

B:={aeR":3.cr: (a,c) € A}.
Then, for every j € {1,...,n}, we have:
DV =D DNV, #@ <> Vyep: aj >0.

Indeed, in view of (a), we only need to observe that if «; > O for every € B,
then DY) = D. In fact,

DD cint () Due =int (| Dyc=D.
(a,0)e4 (a,0)€A

(c) log Dy, = Hy . (cf. Remark 1.4.1 (e)).
(A Ifa e RS, x RY,® with0 < s < n. Then

Dy ={(z1,....27) € C" i |29 % -+ |z5|% < €zgqa|T0H oon [z, 7% ) 10
Consequently,
Dyc={(z1,...,2n) € C" 1 |zg|*" -+ |zg|* < €|zgr1 | ¥H oo |2, | 7%}

={zeCa):|z% <e‘}Uf{zeW:z1 25 = Zgy1---2p, = 0} (1.5.2)

(observe that if s = 0, then D, C C"(«)). In particular, Dy is fat for any
(a,c) € R* x R.

PIf s = 0,then Dy o = {(z1,...,2n) € C" : 1 < €|z |7¥ -+ |z, |7}
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Indeed, to prove (1.5.2) fix a point b = (by,...,b,) € C" with
L e Lo e L N [

We consider the following three cases:

es <n—1andbsyy---by, # 0. Puta(u) := (by,...,bs,ubsy1,...,uby),
u > 0. Then limy—qa(u) = b, a(u) € C* (@), a(u) € Dy, foru > 1, and
a(u) ¢ Dy for0 <u < 1.

e s>1land by ---by #0. Puta(t) := (tby,...,ths,bsy1,...,by),t > 0. Then
lim;qa(t) = b,a(t) € C" (@), a(t) € Dy for0 <t < 1,and a(t) ¢ Dy,
fort > 1.

e l<s<n—1landby---by = bs41---b, = 0. We may assume that by --- by #
0,bgy1=+-=bs=00<k <5—1),bs41-by #0,byy1 =---=b, =0
(s+1<f<n-—1). Put

at,u):=(by,....,bx,t,....t,bsy1,...,bg,u,...,u), t,u>0.

Then lim; o a(t,u) = b, a(t,u) € C"(a), a(t,u) € Dy, if t < u, and
a(t,u) ¢ Dy ifu < t.
(e)If D = int( (4 cyea Do,c, where A C R" x R, then
log D = int ﬂ Hy..
(a,c)eA

and D is fat. In particular, D is log-convex.
Indeed, by (c) and Remark 1.5.6 (a), we get

log D = int ﬂ log D, . = int ﬂ H, ..

(a,c)€A (a,c)€A

Moreover, by (d), we have

int D C int ﬂ Dy C int ﬂ Dy.c

(a,c)ed (a,c)eA
20 R
cint () intDye=int () Dyc=D.
(a,c)ed (a,c)eA

For any Reinhardt domain D C C” define its far hull D* as

D*:=intD =intD \ ¥ = intexplog D. (1.5.3)

Dint (N; A; C int(); int 4;).
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Remark 1.5.8. Let D C C" be a log-convex Reinhardt domain.

(a) We already know (cf. Remark 1.5.6 (a)) that D* is a fat log-convex Reinhardt
domain with log D* = log D. In particular, D* \ D C V.

(b) If log D = int ﬂ(a,c)eA H, ., where A C R" x R, then

D*=int () Due-
(a,c)eA

(©) If D* NV} # @, then (D*)") = D* (cf. Remark 1.5.7 (b)).

(d)If D NV; # @, then for every pointa = (a’,a;,a") € D C CL ™' x C x
(I:ﬁ_j, we have (a’,Aaj,a”") e D, A € D\ {0} (use (c) and (a)). Note that the result
may be not true for an arbitrary a € D — cf. Figure 1.5.6.

|z2] |z2]

11 11

N\

13 2/3 1 |z N

Figure 1.5.6. D := By \ {(z1,0) : 1/3 < |z1] < 2/3}. If D is a log-convex Reinhardt
domain, then D*\ D C V.

Remark 1.5.9. Frequently we will consider Reinhardt domains D # @ of the form
D=int [ Dec.
(a,c)eA
where A C (R")« x R. Similarly as in Remark 1.4.1, we may always find the
following minimal representation of D. Put
B :=prga(A), c¢(a) :=sup{log|z*|:z € D}, « € B.
Note that ¢(a) < inf{c : (a,c) € A}, « € B. Since each Dy, is fat (Re-
mark 1.5.7 (d)), we get
D =int [ Dye(w-

aEeB
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|z2] |z2]

1/3

13 2/3 1 |zl 1 |z

Figure 1.5.7. D := B2 \ {(z1,22) : 1/3 < |z1| £ 2/3, |z2| = 1/3}. If D is an arbitrary
Reinhardt domain, then it may happen that D* \ D ¢ V.

Put By :={a € B : 3D N 9Dy (o) N C} # &}. Then

D =int [ Dy =: Do.

a€Bg

Indeed, since D and D are fat, we only need to show that D N C} = Dy N C7,
which follows directly from Remark 1.4.1.

Definition 1.5.10. We say that a Reinhardt domain D satisfies the Fu condition
(cf. [Fu 1994)) if for every j € {1,...,n} we have

OD)NV; 0= DNV, # 0.

Remark 1.5.11. (a) D satisfies the Fu condition iff forevery j € {1,...,n}, either
DNV, #@or DN V; = @. Consequently, after a permutation of variables, we
may always assume that there exists k = F(D) € {0,...,n} with D NV, # &,
ji=1....k,DNVi=@,j=k+1,...,n.

(b) The elementary Reinhardt domain Dy . satisfies the Fu condition iff o € R}
ora € R”.

(c) The Reinhardt domain

Ty :={(z1,22) e DxD:|z1|° < |z2|}, o >0,

does not satisfy the Fu condition.
In particular, the Hartogs triangle

T = T1 = {(21,22) eDxD: |Zl| < |22|}

does not satisfy the Fu condition.
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|22 T1/2 |22 T, |22 7,
1 1 1

| | |
| | |
| | |
| | |
[ [ [
| | |
| | |
| | |
1 1 1

|z1] |z1] |z1]

Figure 1.5.8. The Reinhardt domain Ty := {(z1,22) € D2 : |z1|° < |z2]}, o > 0, does not
satisfy the Fu condition.

(c) One can prove (cf. [Fu 1994]) that the Fu condition is satisfied whenever 0D
is @1, i.e. for every a € 9D there exist a neighborhood U of a and a @' function
p: U — R such that:

e UND={zeU:p(z) <0},
e U\D={zeU:p(z) >0}
e grad p # 0 on U (cf. Definition 1.18.1).
Indeed, suppose that a € (0D) N V;, but D N V; = @&. We may assume that
j =n. Let U := P(a,r) and p be as above. Write z = (z/,z,) € C""! x C,
= P(a’,r) x K(r) = U’ x U,. Since (U’ x {0}) N D = @&, we conclude
that p(z’,0) > 0, z/ € U’. Hence, since p(a’,0) = 0, we get 5 p (a) = 0,
j=1,.. n—lThusap(a)aéO
First consider the case a—p(a) # 0, where z, = x, + iy,. We may assume
that a” (a) < 0 (Exercisg). Then p(a’,t) < 0for0 <t < to Since D is

Reinhardt, we conclude that p(a’, —t) < 0 for 0 < ¢ < ty. Fmal]y, (a 0) =0;
a contradiction.

The case where aay—p"(a) 2 0 is similar — EXERCISE.

(d) Notice that the Fu condition is not invariant under biholomorphic mappings.
For example, Dy and C \ D (EXERCISE).

1

" } € GL(n.2)*

n

Definition 1.5.12 (Algebraic mappings). For a matrix 4 = |:

anda = (a1,...,a,) € C%, let ¢

Dy 4:CHA) > C", Dga(2) = (alz"‘l,...,anz"‘n),

where C"(4) := C"(a') N---NC"(a"). We put @4 := @1 4. Any mapping of
the form @, 4 is called an algebraic mapping. We say that two Reinhardt domains

AGL(n,Z) :={AeMmn xn;Z):|det A| = 1}.
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1
are algebraically equivalent (D ~ G) if there exists an algebraic mapping @, 4
such that D C C"(A) and @, 4 maps bijectively D onto G.

Remark 1.5.13. Observe that:

(a) Forany A, B € GL(n,Z) and a,b € R", we have @, 4 o @y p = P.,c on
C%, where C := AB and ¢ := @, 4(D).

(b) Py alcn: C — C% is bijective and (Py alcn) ™' = Py 4-1|c2, where
¢a,A(b) =1

(c) Notice that in general @, 4(C"(A)) ¢ C"(A~!). Take for example A :=
[% }1] € GL(2,Z). Then CXA) = C%, 47! = [_43 _11], CHA™Y) = C2, and
¢4(C?) = C2 U {(0,0)}.

Directly from Lemma 1.4.12 we get

Lemma1.5.14. Let D C C" be alog-convex Reinhardt domain. Then the following
conditions are equivalent:

(1) E(log D) = {0} (c¢f. Definition 1.4.5);

al

(ii) there exist a non-singular matrix A = |: :

un

¢ =(c1,....cn) € R" suchthat D\ Vo C Dy o, N+~ N Dyn ¢, ;%
(iii) there exists a matrix A € GL(n, Z) such that D C C"(A) and ®4(D) is
bounded.

] € M(n x n,Z) and a vector

Lemma 1.5.15. Let D C C" = C"! x C be a log-convex Reinhardt domain.
Then the following conditions are equivalent:

() there exists a point (b',0) € D N (C"~ x {0});
(ii) for any point (a’,a,) € D N C" we have {(a’, Aay) : 0 < |A| < 1} C D.

Observe that the lemma implies Remark 1.5.8 (d).

Proof. The implication (i) = (ii) follows directly from Lemma 1.4.13. The con-
verse implication is obvious. |

We come back to characterizations of the domain of convergence of a power
series

from § 1.3. There we have defined three sets B, C, and D (Definition 1.3.3) and
observed that the sets B, €, and D are complete Reinhardt.

2In particular, D C C"(a') N --- N C"*(a").
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Proposition 1.5.16. The set ‘B is log-convex. Consequently, since
log D = logint B = int(log B),
the domain of convergence D is also log-convex.
Proof. Take x,y € BN RY,. Let C > 0 be such that |[aox*| < C, |agy*| < C,
a € 77 . Then for every ¢ € [0, 1], we have
laa (] yi ™) - (o y )] < laax® laey®|' T < C, @ € ZY,. O

Example 1.5.17. There exists a power series S such that Dg = B, C C". We
will see later in Proposition 1.11.11 that, using some Baire category argument, one
can prove that there exist many power series S with Dg = B,. Here the problem
is to find a concrete one.

Indeed, let {£1,&,,...} C 0B, be an arbitrary countable set which is dense in
0B, (EXERcISE: find such a set). Define

| £V
S = E : |l)|'£:|V|Zv
: —v! .
VE(ZI_L)*

Notice that S is obtained from the series

o0

00 n _ k (o] k! -
Yea =Y (Xha) =X Y R

k=1 k=1 j=1 k=1 VEZﬁ;:Iv\:k

To prove that B, C Dyg, observe that

v|! &
\V|Zv
v!

< (R, REN" < 21",z € By, v e (Z)s

Since Dy is fat (Remark 1.3.5(d)), we only need to show that Dg C B,.
Suppose that Dg \ B, # @. Then there exist ko and ¢ > 1 such that a := &, €
Dgs. Let C > 0 be such that

V!

Put N(k) :=#{v € Z% : |v| = k} = (*}™). Then

v|! EY
'lvla” <C, ve(Z))x

k! C
(6 bo) I = ). RE)RE) <Nk kel

vEZf’i_: lv|l=k

Hence 1 1
1 = limsup |(&, &,)| < lim (N(K)C)V*k= = - <1;
k—4o00 t t

k—+o00

a contradiction.
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Exercise* 1.5.18. Given a complex norm N: C" — Ry such that N(z) =
N(R(z)), z € C", decide whether there exists a power series S such that Dg =
{zeC":N(z) < 1}.

1.6 Domains of convergence of Laurent series

Consider an (n-fold) Laurent series

S = Z agz® (z e Ch),

aeZ"

where (aq)gezn C C. Put X(S) := {a € Z" : aq # 0}. Observe that in the case
where X (S) C Z", the series S reduces to a power series (cf. § 1.3). Similarly as
in the case of power series we introduce the following sets.

Definition 1.6.1. Given a Laurent series S, put

B = By = {z e C"(S(S)): sup |aaz®| < +oo},
aeX(S)
€=@eg:= {z cC"(EB): Y laaz®] < +oo}, 2
aeX(S)
D = Dy := int C.

Clearly D C € C B. The set D is traditionally called the domain of convergence
of the Laurent series S.>*

It is clear that Dy is an open Reinhardt set >. Put

fBl = {a e C": ElUc(I:"(E(S)) deso : ||aaZ°‘||U <C,ae E(S)},
a € U -open

C
B?:={aeC":3 yccr 3Ics0:laal < —, reRyNRU), a €Z"},
a € U -open re

B3 :={a € C" : Fycen(nsy Ic0 o : llaaz®lu < CO®, a € £(S)},

a € U - open

where ||¢|l4 := sup{|p(z)| : z € A}. Itis clear that int B D B! = B2 5 B3 C
int€C =D CintB.

2That s, sup{ZaeA lagz¥ : A C Z(S), #4 < +oo} < 4o00. Observe that, by Proposi-

tion 1.2.10, €5 := {z € C"(X) : the series ), cx(s) @uzZ® is absolutely summable}.
XIf £(S) = &, thenwe put B = @ := C”.
25Proposition 1.6.5 (d) will show that D g is connected and, therefore, D g is really a domain.



42 Chapter 1. Reinhardt domains

Lemma 1.6.2. Let K C C" be a Reinhardt compact set and let r > 0. Put
K" .= U P(a,r)
acekK

and observe that K" is also a Reinhardt compact (EXERCISE). Then there exists a
6 € (0, 1) such that for every a € R* with K C C"(«) we have

max |z%| < '* max |z%,
zekK

zeK™
where || := |ag| + -+ + |ty
Proof. Observe that if z = (z1,...,2,) € K and «j, < 0, then |z;,| > r.
Moreover, there exists 0 < 6 < 1 such that |z;|/0 < |z;|+r, j = 1,...,n, for
any z = (z1,...,2n) € K (EXERCISE). Consequently, for z € K, we have
/o2 = T /0% ] (=10
Jia; >0 Jia;<0
< T Gzil+n% ] Uzl=r% < sup |w®|. O
Jjia; >0 Jia;<0 wek ")

Lemma 1.6.3. B! = B2 = B3 =intB = D.

Proof. To prove that B! = B? = B3 we only need to show that B! C B3, Leta,
U, and C be as in the definition of B!. We may assume that U is Reinhardt. Let
V & U be a Reinhardt neighborhood of @ and let r > 0 be such that V) c U.
Now, we apply Lemma 1.6.2 with K := V).

It remains to show thatint B C B!. Fixana = (ay,...,a,) € int B and small
g€ (0,1). Foro = (01,...,0,) € {—1, 1}" define

b(o) = (b1(0),...,by(0)),
where
(14+¢)a; ifa; #0ando; =1,
bj(o):=y( —¢)a; ifa; #0ando; =—-1, j=1,...,n.
P ifa; =0,
Taking sufficiently small ¢ € (0, 1), we may assume that (o) € B for any o. Let

C > 0 be such that |ay(b(0))*| < C,a € X(S), 0 € {—1,1}". Put U(o) :=
Ui(o) x --- x Uy(0), where

K((1+ ¢&)laj|) ifa; #0ando; =1,
Uj(o) .= {C\ K(1—¢)|aj|) ifa; #0ando; =—1, j=1,...,n.
K(¢) ifa; =0,
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Observe that U := (,¢_; 13 U(0) is a neighborhood of a. We will show that

lagz®*| < C,z € U, a € X(S). Take such z and ¢ = (@y,...,a,) and let
. 1 ifa; >0

0 = (01,....0p) Withgj 1= | ifoz;- ~ - Then |aqz®| < aq(b(0))*] = C.

O

Remark 1.6.4. Notice that in contrast to the case of power series, the domain of

convergence of a Laurent series need not be fat. For example, if § = Y 72, % #,

then Dg = C,.

Proposition 1.6.5. Assume Dgs # . Then:
(a) The series S is locally normally summable in Ds. In particular, the function

fz):= Z aqz®, z € Dg,
aeZn

is well defined and continuous.*®

1 AL9)

Qi) Jagpary ¢4

where dgP(a,r) := 0K(ay,r1) X - X 0K(ay,ry), 1 :=(1,...,1) € N", and

(b) aq =

dt, aeZ", reDsgNR"

>0

/ e(O)dt = i”/ o(r - €% rie’® - re®nd A, (0).

dolP(r) [0,27]"

Hence,

I f laoPr)
rd

laa| < , aeZ" reDgNRY,.

Consequently, for any Reinhardt domain U € Dg we have the Cauchy inequalities

I fllu
re

lag| < aeZ" reUnR, (1.6.1)

© IfDs NV, # @, then £(S) C ZI0~' x Z, x Z"90 and Dg = D).
Consequently, if Ds N V; # @, j = 1,....n, then X(S) C Z" and Dg = f/D;,
i.e. Dg is a complete Reinhardt domain. In particular, if 0 € Dg, then Dy is a
complete Reinhardt domain.

(d) Dy is log-convex. In particular, Dy is connected.

Proof. (a) follows from Lemma 1.6.3.
(b) Since the series S is locally uniformly summable, we get

! f© 1 P
d¢ = dt = ay.
Qi) /ao[P(r) gett 6= 2, a Qi) [a(,[p(r); (=a

Bezn

Z5Notice that, in fact, f is holomorphic — cf. Theorem 1.7.19.
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(¢) To simplify notation assume that jo = n. Fix ana € Dg N ¥, and let
U € Dy be a Reinhardt neighborhood of a. By (1.6.1) we have

1110,

/ n
o
r/

o= 0y) €Z" ' xZ, r=(0"rn) eUNRLy CR" ! xR,

|aa| =<

Letting r, — 0, we conclude that a, = 0 if o;; < 0. Moreover,
lawz®lgm = llaez*llu, o € Z(S),

which implies that f/D\S(”) C Dgs.
(d) Take x = (x1,...,Xn), ¥y = (¥1,...,yn) € logDg. Let

a:=(e*,....e"), b:=(?,...,e")eDsNRL,

and let U,, U, € Dg N C7 be neighborhoods of a and b, respectively. By
Lemma 1.6.3, there exist C > 0and 0 < 0 < 1 such that

laez¥lu,uu, < Co®l o e7Z" (EXERCISE).
Define
U=z wil', .. e 2] T wal) :
(z1,...,zn) € Uy, (W1,...,wy) € Up, (b1,...,6,) €R", t €]0,1]} C CL.
One can easily check that U is open and
laez®v < CO®, o ez

Consequently, U C Dg. Since [x, y] C log U, we conclude that Dy is log-convex.
O

Proposition 1.6.6. Let € (R")«, ¢ € R, r € RL, be such that r* = e°. Then
the elementary Reinhardt domain D, . is the domain of convergence of the Laurent

series N
v
s=y Mo
vezZ" 4

where
Nw):=#keZ: |ka] =v}, |ka|:= (lkar],....|kay]) € Z".

Observe that:
slkal

e S is obtained by grouping terms in the series ) po TkaT-
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o C"(|ka]) = CYwa), k € Z4; in particular, X (S) = C"(«).
o If o € (R )«, then S is a power series.
o Ifa € Z" then S = Y 32, —-zFKe,

rka

Proof. We may assume that « € R%}. Moreover, using the biholomorphism C” >

(z1y...,zn) > (z1/71,...,2n/rn) wWe may reduce the proof to the case where
ri =---=r, = 1(c = 0). Notice that
ko]
lim — =«
k—>+oo k

Hence the classical Cauchy criterion implies that the series Zl?:o zlkel i absolute-
ly convergent in D,,. Using Theorem 1.2.7, we conclude that D, C intCg = Dyg.

Conversely, let U € Dy be an arbitrary Reinhardt domain. By Lemma 1.6.3,
there exist C > 0, 6 € (0, 1) such that

Nw)z’|<coV, zeuUu, vez"
Therefore,
|2k | < (N(Lka])|*ed R < (colkedh k2 e U ke N,

Letting k — 400 we get |z%| < 0%l < 1, z € U, and, consequently, U C D,.
O

Proposition 1.6.7. Let S; = Y, c7n a;{;z"‘ be a Laurent series, j = 1,...,m,
such that Dg, N---NDg, # @2 For A = (A1,..., Am) € C™, define

SA) =281+ + AmSp = Z(lla;-i-""f‘/\ma;n)zt)['
oaeZ"

Then there exists a set C C C" such that

(*) C is the union of a countable family of complex (m — 1)-dimensional vector
subspaces of C™ and

(9] ®) = .=
Dsl ﬂ---ﬂfDSm C DS(A) C lnthS1 ﬂ---ﬂlntgsm, S Cm\C.

In particular, if Ds,; is fat (e.g. S; is a power series — cf. Remark 1.3.5(d)),
j=1,....m, then

Dsizy) = Ds, N---NDg,,, AeC™\C.

?Note that:

e By Proposition 1.6.5(d), Ds, N---N Dy, is log-convex and, consequently, it is a domain.
o IfS; isapowerserieswith Ds, # &, j = 1,...,m,thenobviously0 € Dg, N---NDyg,, # .
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Proof. First observe that the inclusion (L) holds for every A € C™.
To prove that there exists a set C C C™ with (*) such that (R) is true for
A e C™\ C, it suffices to show that there exists a set C with (*) such that

Dsay NQZ" € Ds, N---NDs,,, AeC™\C,
or equivalently,
Q2" \ (Ds, N---NDs, ) C C"\ Dgry. AeC”\C.
We only need to show that for every b € C% \ (Dg, N---NDyg,, ) the vector space
V(b):={1eC":beDgu}

has dimension < m — 1. To prove that dim V(b) < m — 1, suppose that for a
b eC!\ (Ds, N---NDg,,) there exist A1, ..., 1™ € V(b) such that the matrix
P = [AIJC] is non-singular. Let U @ C} N D1y N --- N Dg(amy be a Reinhardt
neighborhood of . By Remark 1.3.5 (d), there exist C > 0, 8 € (0, 1) such that
|A7 (2)] < CH*!, where

Aj(z) = A{aéz“ 4+ —|—A{'nag’z°‘, zeU aecZ", j=1,...,m.
Hence, by the Cramer formulas, we have
alz® = q{Al(z) dod gl AM(2), j=1,...,m,
where Q = [q,{] := P~!. Consequently, there exists a C’ > 0 such that
lalz%| < col, zeU aez" j=1,....m,

which implies that b € Dg, N--- N Dy, ; a contradiction. O

From Propositions 1.6.6 and 1.6.7 one immediately obtains the following

Corollary 1.6.8. For any a’/ € (R")4 (resp. (R%)«), c; € R, j =1,...,m, there
exists a Laurent (resp. power) series whose domain of convergence coincides with
Dyt o, N++-N Dy,

Exercise 1.6.9. Find (effectively) a power series whose domain of convergence
equals

{(z1,22) € D? : 2|z12,| < 1}.
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1.7 Holomorphic functions

Definition 1.7.1. Let £2 C C” be open. A continuous mapping f: 2 — C™ is
holomorphic on 2 (f € O(2,C™)) if f is separately holomorphic, i.e. for any
pointa = (ay,...,a,) € §2 and for any k € {1,...,n}, the mapping

A = f(al’ . ’ak—l’kvak“rlr cee ,an)
is holomorphic near ag; equivalently, the complex partial derivatives

[

(Z)’ j:17'--am7k=1,...,n,
0z

exist at any point z € §2. Notice that in fact the continuity of f follows from the
separate holomorphy — cf. Theorem 1.7.13. Put O(£2) := O(£2,C) = the space
of all holomorphic functions on §2. Functions holomorphic on C” are called entire
holomorphic functions.

Exercise 1.7.2. (a) O(£2) is a complex algebra.

() Leta = (@',a") e 2 cCkxC"* Q' :={z e Ck:(z,a") € 2}. If
f €0(82),then f(-,a") € O(82).

(c) Every polynomial of n complex variables is an entire function, i.e. £ (C") C

O(C").
Proposition 1.7.3 (Cauchy integral formula). If f € O(P(a,r)) N C(P(a,r)) with

a=(ay,....ap) € C"andr = (ry,...,rp) € RL, then
1 f(é-l?"'?é‘n) ) )
= dc,)...|d
€)= Griy /aK(m,m( (/aK(an,m) Gz oz o))

o1 S () _

= Gy bt L — 7 d¢, z=(z1,...,zn) € P(a,r). (1.7.1)

Notice that for z = (z1,...,z,) € P(a, r), the function
S, 8n)

dK(ay,r) X ---x oK(ay,rp) 3 (L1,...,8n) —
e g (C1—21) ... (Cn — zn)

is continuous and, therefore, by the Fubini theorem, the above integral is indepen-
dent of the order of integration.

Proof. We apply induction on n. For n = 1 the result reduces to the classical
Cauchy integral formula (cf. [Con 1973], Chapter IV, Theorem 5.4).

n —1 ~ n: We may assume that a = 0. Fixaz = (z/,z,) € P(r') x K(ry)
(r = (r',ry)). We have

f2) = f(Z'.20) = ;/ RASED) e’ (1.7.2)

Qri)"=t Jaopery ¢ —2'
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Observe that f(¢',-) € O(K(r,)) N C(K(r,)) for any &’ € doP(r').
Indeed, fix a ' € doP(r’) and let P(r’) > ¢, — ¢’. Then

O(K(ra)) 3 f(&).+) > f(&.+)

uniformly on K(r,,). Hence, by the Weierstrass theorem (cf. [Con 1973], Ch. VII,
Theorem 2.1), f({',-) € O(K(ry)).
Consequently, by the classical Cauchy formula,

S B ()
16 =g [ g,

which together with (1.7.2) gives (1.7.1). O

Exercise 1.7.4 (Cauchy integral formula). Observe that the following slightly gen-
eralized Cauchy integral formula is true (with the same proof).

Let D; C C be abounded domain whose boundary is a finite union of piecewise
C! Jordan curves with positive orientation with respect to D;, j = 1,...,n. Put
D:=D;x---xDyandlet f € O(D)N (D). Then

| Fn. o)
= déy...deg,,
J& = Gy /3131 /aDn C—z1). . Gz o8

z=(z1,...,2p) € D.

Exercise 1.7.5. Let T be the Hartogs triangle (Remark 1.5.11(c)) and let f €

O(T)NEC(T), f(z,w) := z2/w. Prove that f is not a uniform limit of a sequence

of functions f; € O(Dy), where Dy, is a neighborhood of T, k = 1,2, .. ..
Compare this result with the theorem of Mergelyan in classical one-variable

complex analysis (cf. [Rud 1974], Chapter 20). For more information see
[Bed-For 1978].

Theorem 1.7.6. Let 2 C C" be open and let f € O(S2). Then:

e [ has all complex derivatives in §2.
e For any point a € §2 and a polydisc P(a,r) € 2 (r = (r1,...,1y)), we have

D) = & / IO e L eP@r). aczn,

Q@ri)* Joop(a,r (& —2)* 1
the Taylor series T, f is locally uniformly summable in P(a,r), and
f(@)=Taf(2), ze€Plar),
d(Ty f) = dg(a) :==sup{t >0: P(a,7) C 2}, ac€ .

e For a function g: 2 — C the following conditions are equivalent:
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(i) g € 0(£2);
(1) for every point a € §2 there exist a power series Zaezﬁ ag(z —a)* and

a polydisc P(a,r) C $2 such that the power series is locally uniformly
summable in P(a,r) and

g(z) = Z ag(z —a)®, z € P(a,r).

n
a€Z+

Proof. We may assume that @ = 0 and P(r) € £2. Observe that for ({,z) €
dolP(r) x P(r),

1 z¢
é—_zz Z ;aﬁ’

n
ocGZ+

and the series is locally normally summable. Hence, by the Cauchy integral formula
(Proposition 1.7.3), we get

o ] fQ . ( 1 £(0) )z"‘
1 <2ﬂi>”/aow<r>é—zd§ 2 (2ni)"/aou><r>ca+1 @)

n
aEZ+

z € P(r).
It remains to apply Proposition 1.3.12. O

Lemma 1.7.7. Let | € O(82) with P(a’,r") x 3oP(a”,r") C 2 (r = (r',r") €
RE, x RO, a = (a’,a”) € CK x C"%). Define

>0
o= L £E.0)

': Qmiy—k doP@’ ) §—2" b, z=(2)€eP@n. (.73

Then g € O(P(a,r)).

Proof. 1t is obvious that g is continuous. Let

/
F(z,0) = J;(Z ’i), z=(z,7") € Pa,r), L € 9oPa".1").
-z
Observe that

af (.
927 (2.9 e

aF(Z é‘): # lszl,...,k,

azi _SCED i — k]

J Tzl 71 11 +1,...,n.

In particular, the function

aF

P(a,r) x P(a”,r") > (z,0) —
az,-

(z.9)
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is continuous, j = 1,...,n. Consequently,
g 1 oF
E@ =g [ SEOdE zeB@n. j =L,
aZj (27”)n—k doP(a”,r") 8Zj

exist. |

Exercise 1.7.8. Try to generalize Lemma 1.7.7 and find “optimal” assumptions for
a continuous function f : P(a’,r’) x dgP(a”, r”") — C under which the function g
given by (1.7.3) is holomorphic on P(a, r).

Exercise 1.7.9. (a) Holomorphic functions are infinitely differentiable in the com-
plex sense.
) If f € O(82), then D*f € O(82) for arbitrary o € Z'} .

Proposition 1.7.10 (Identity principle). Let f,g € O(D), where D C C" is a
domain. Then the following conditions are equivalent:

W f=g
(i) there existsana € D suchthat T, f = T,g;
(iii) int{z € D : f(z) = g(2)} # @.
Proof. Clearly (i) = (ii) < (iii). Since D is connected, to prove the implication
(i) = (i) it is sufficient to note that the set Dy := {z € D : T, f = T,g}is
non-empty open and closed in D. O

Exercise 1.7.11. (a) Let D C C” be a domain such that D N R” # @. Show that
if f € @(D)issuchthat f =0in D N R", then f = 0.

(b) Let D C C” be a domain and let G := {Z : z € D}. Assume that
f € O(D x G)issuchthat f(z,z) = 0 for z in a neighborhood of a pointa € D.
Prove that f = 0.

Proposition 1.7.12. Let f: 2 — C. The following conditions are equivalent:
@ fe0(£2);

(i) f is differentiable in the complex sense at any point of §2;

(iii) (Osgood theorem) f is locally bounded and separately holomorphic in 2
(cf. Theorem 1.7.13).

Proof. 1tis clear that (i) < (ii) = (iii) (cf. Proposition 1.3.12 and Theorem 1.7.6).
(iii) = (ii): Suppose that | f| < C in P(a,r) € §2. Then, by the Schwarz
lemma (cf. [Con 1973], Chapter VI, Lemma 2.1), we obtain

/@) = f@| =1fGrza..z0) = flar, 2o, zn) |+
e flar, .. an—1,2z0) — flar, ..., an—1,a)|

2C
< T(|Zl —ay|+ -+ |z —an)), ze€P(ar), (1.7.4)

which shows that f is continuous. O
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The following resultillustrates the essential difference between real and complex
analysis.

Theorem* 1.7.13 (Hartogs’ theorem on separate holomorphy, cf. [Kra 1992]). Let
2 C C" be open and let [ : §2 — C be separately holomorphic, i.e. the partial
complex derivative %(z) existsforallz € Qand j = 1,...,n. Then f € O(82).

Proposition 1.7.12 (ii) implies also
Proposition 1.7.14. The composition of holomorphic mappings is holomorphic.

Proposition 1.7.15. Let D C C" be a Reinhardt domain and let f € O(D).
Define

ag(fir) = ! / J€) d¢, aeZ", reDNRL,.

—Qri) Jagpery CoHY

Then:

(a) For any o € Z", the number ay( f,r) is independent of r € D N RZ,,. In
particular, we define a, = aof; =aq(f) = aq(fir).

(b) Consequently, D C Dy, where Dy denotes the domain of convergence of
the Laurent series ), czn qz%; cf. Proposition 1.6.5 (b).

© f(@) =) auz®. zeD.

aeZn

@IDNV; #3, j =1,...,n (inparticular, if 0 € D, e.g. D is complete),
then agy = 0 for all o € 7" \ 7' (cf. Proposition 1.6.5(c)). Consequently, if
0€ D, then f(z) =Tof(z), z € D.

Proof. We apply inductiononn. Forn = 1 theresultis well known (cf. [Con 1973],
Chapter V). Assume that it is true for n — 1.

(a) Since D is connected, it suffices to show that any pointa € D has a Reinhardt
neighborhood U such that aq (f, ) is independent of r € U N RZ,.

Let U = A"(r~,r%) C D be an arbitrary annulus centered at 0?® and let r =
(r'yrn),s = (s',50) € UN(R%G xRso), @ € Z". Writez = (z/,z,) € C"" 1 xC.

BAY(r—,rt) = A(rl_,rr)x~--xA(r;,r,;~'),r_ =@ ,....ry)rt = (rl"',...,r,'}'),
—oo <17 <rf <4001} >0, AGT,r)={zeC:ry <lz|<rfLji=1,...,n
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Then, using the inductive assumption, we get

Galfis) = — / Ay

Qi)™ Jagpn(s) ¢4T1

L ( _— & Gn) dg,) d,
27i 9K (s) (27Zi)"_1 P —1(s7) é-/ou-l-l gn-l-l

1 n A&
™ 3t gy g
1 N dln ,
- E K (sy) aa/(f("é‘n)’r) flln‘i‘l - ad(f; (r ’Sn))‘

The same argument with respect to the last variable shows that

ag(f.(r' sn)) = aa(f1).

() Fix U := A"(r—,r*) C D. By the inductive assumption, using Theo-
rem 1.2.7, forevery z = (z/,z,) € U C C"! x C, we get:

f@ = Y an(fCz = Y (5 /aK( )f(—fl) )z

2mi
an€Z aneZ
1 1 o .
- a;:Z (% /f;K(rn) W(a/gr;—l aw(f(-Ln))z ) dé'n)Zn
! GG N .
= Z (%/E)K(r)a;Tan)Z = Za“(f)z ) 0
aeZn n n aezn

Corollary 1.7.16 (Cauchy inequalities). If f € O(P(a,r)) N C(P(a,r)), then

o!
|DYf(a)] < r—allfllaow(a,r), aeZ.

Similarly as in the case of one complex variable, the following results are easy
consequences of the Cauchy inequalities (EXERCISE).

Proposition 1.7.17 (Liouville theorem). Let f € O(C"), k € Zy. Then the
following conditions are equivalent:

(1) f is a polynomial of degree < k;
(i) 3c.ro>0 ¢ |f(2)] = Clz||* for |

Corollary 1.7.18. For an arbitrary compact K C §2 and a polyradius r such that
K" 2 we have

z|l = Ro.

o!
IDYfllx < r—a||f||K<r>, fel(R), aeZ",

where K := g P(a,r).
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Hence, using Proposition 1.7.12, we get

Theorem 1.7.19 (Weierstrass theorem). If O(2) > f, — f locally uniformly
on §2, then f € O(82) and D®f,, — D®f locally uniformly on §2 forany a € 7.

Proposition 1.7.20. Ler D C C" be a domain and let f € O(D), f # const.
Then f is an open mapping.

Proof. Fix an a € D. By the identity principle, there exists an X € C” such that
the function .
SaA5 fla+AX)

is not constant, where S denotes the connected component of the set
{AeC:a+AX € D}

that contains 0. Then g is an open mapping (cf. [Con 1973], Chapter IV, Theo-
rem 7.5) and, consequently, f(U) is open for any open neighborhood U of a.
O

The above proposition implies in particular the following

Proposition 1.7.21 (Maximum principle). Let D C C" be a domain and let f €
O(D), f # const. Then:

(a) | f| does not attain local maxima in D.

(b) If, moreover, D is bounded, then

| f(2)| < sup{limsup | f(z)|: ¢ € dD}, z e D.
D>z—¢

Lemma 1.7.22. Forany compact K C 2 andr = (r1, ..., rp) suchthat K C
we have

I/ lx = e S, |fldAzn, [ €0(£2).
b..

(zr?) Jko
Observe that (772) ... (wr2) = Azn(P(r)).
Proof. Fix an f € O(£2). It suffices to prove that
1

(r?) ... (wr2) Je@,n

f(a): fdAzn, aeK.

By the Cauchy integral formula, for every a € K we have

3 GGr) f(@)

1 .
(/[L,r]r A (T))((zﬁ)" /[0,2:1]” fla+z-e7)dAn ()
1

- f dAsy. O
(277)” /[;(a,r) 2
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Lemma 1.7.23. Assume that a family ¥ C O(S2) is locally uniformly bounded
in 2. Then ¥ is equicontinuous.

Proof. FixaP(a,r) € 2. Set C := supseg || f lp(a,r)- Now, using (1.7.4), we
get

@ = f@ <2z —ar| + 4 o —anl), [ E€F, 2 € Plar). D

Having Lemma 1.7.23, the reader is asked to repeat the proof of the classical
(one-dimensional) Montel theorem (cf. [Con 1973], Chapter VII, theorem 2.9) to
obtain

Theorem 1.7.24 (Montel theorem). Let ¥ C O (82) be a family locally uniformly
bounded in 2. Then for arbitrary sequence (f,)52, C ¥ there exists a subse-
quence which converges locally uniformly to a holomorphic function on 2.

Theorem 1.7.25 (Vitali theorem). Let D C C" be a domain and let a sequence
(V)52 C O(D) be locally uniformly bounded and pointwise convergent on a
non-empty open subset U C D. Then the sequence ( f,)52, is convergent locally
uniformly in D.

Proof. (The reader is asked to complete details.) Similarly as in the case of one
complex variable (cf. [Con 1973], Chapter VII), the main difficulty is to show that
the sequence ( f,,)S, is pointwise convergent in all of D. Let

Dy :={a € D : (fy);2, is pointwise convergent in a neighborhood of a}.

The set Dy is non-empty and open. It is sufficient to show that it is closed in D.
Fix an accumulation point b € D of Dg. Let P(b,r) C D. Fora € Dy N P(b,r)
and X € C", X # 0, let S, x be the connected component of

DN{a+AX :2eC}

with 0 € S, x. By the classical one-dimensional Vitali theorem, the sequence
(fv)32, is pointwise convergent in S, x and, consequently, in | Jsepynpp,r) Sa,x -
It remains to observe that the latter set is a neighborhood of b. Xe@x |
A bijective holomorphic mapping f: £2 — £2’ (where §2 and §2’ are open in
C") is called biholomorphic (f € Bih(£2, £2')) if ! is also holomorphic.
Using the classical inverse mapping theorem (in R?") and Exercise 1.3.11, we
get

Theorem 1.7.26 (Inverse mapping theorem). Let f = (f1,..., fa): 2 — C" be
a holomorphic mapping with

i

0z
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for some a € §2. Then there exists an open neighborhood U of a (U C §2) such
that f(U) is an open set and f|y: U — f(U) is biholomorphic.

Recall (cf. [Con 1973]) that in the case n = 1, for a holomorphic mapping
f: 2 — C, the following conditions are equivalent:
e f(£2)isopenand f: £2 — f(£2) is biholomorphic (conformal);
e f isinjective and f'(z) #0, z € £2;
e f isinjective.
Notice that the result remains true for n > 2 (with a much more difficult proof).

Theorem* 1.7.27 (Cf. [Nar 1971], p. 86). Let 2 C C" be open and let [ =
(fi,..., fn): 2 — C" be holomorphic. Then the following conditions are equiv-
alent:
1) f(2)isopenand f: 2 — f(82) is biholomorphic;

(ii) f isinjective and Jf(z) # 0, z € §2;

(iii) f is injective.
Theorem 1.7.28 (Hurwitz-type theorem). Let 2 C C”" be open, a € 2, and let
fi frx: 2 — C", k € N, be holomorphic mappings with fi — [ uniformly on §2.
Assume that f(a) = 0 and det f'(a) # 0. Then there exist an open neighborhood
UCSofaandaky € Nsuchthat0 e fi(U), k > k.

Proof. (The reader is asked to complete details.) First observe that the proof of the
inverse mapping theorem (in the real case) implies the following:

Let g: 2 — C" be a holomorphic mapping with det g’(a) # O and let r > 0
be such that

detg'(x) 0. [g'G)—g@] < 2 eBla.r) C Q.
27 C

a))~H|’
Then B(g(a), p) C g(B(a,r)) with
T 1
P2l @l

Using the above remark and the Weierstrass Theorem 1.7.19, we find r, s > 0, and

ko € N such that B(g(a),s) C g(B(a,r)) for g € {f. fro+1: fko+2,---}. Since
0= f(a)| <s,we may assume that || fx(a)|| < s for k > k¢, which shows that

0 € B(fx(a),s) C f(B(a,r)) for k > k. O

1.8 Balanced domains

Sometimes it is convenient to consider a wider class of domains than complete
Reinhardt ones.
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Definition 1.8.1. We say that a domain D C C" is balanced (complete circular)
if Az € D forevery z € D and A € D.

Observe that every balanced domain is starlike. Let 2p denote the Minkowski
function of D (cf. Definition 1.4.14).

Exercise 1.8.2. (a) (Cf. Exercise 1.4.16.) Let D C C" be a balanced domain and
let h: C" — R4. Then the following conditions are equivalent:

() h = hp;

(ii) & is upper semicontinuous, D = {z € C" : h(z) < 1}, and

h(Az) = |Alh(z), zeC", A eC;

(b) Let g: C" — R4 be a C-seminorm (cf. § 1.10) and let B := {z € C" :
q(z) < 1}. Then hg = q.

Lemma 1.8.3. Let D C C" be a complete Reinhardt domain.*® Then
hp(A-z) <hp(z), zeC" AeD" (1.8.1)

(in particular, hp(A - z) = hp(z), z € C", A € T") and hp is continuous.
Consequently, if h: C"* — R4 is an upper semicontinuous function such that

e h(Az) = |Alh(z), z € C", A € C,

e h(A-z) <h(z),z € C" A eD",

then h must be continuous.

Proof. The proof of (1.8.1) is left as an EXERCISE. To prove that /i p is continuous
it suffices to show that /p is lower semicontinuous at any point a € C” such that

hp(a) > 0. Fix such an a = (ay,...,a,). We may assume that a; ---as; # O,
asy1 = -+ =ay = Oforsome 1 <5 <n. Fixaz = (z1,...,2zn) € C", put
m = min{|z;/a;| : j = 1,...,s},and let \; € D be such that A;z;/a; = m,

j=1,...,s. Then

mhp(a) = hp(may,...,mas,0,...,0)
= hD(/lel, .. ,/\sZs,OZ_H_], ... ,OZn) < hD(Z).

Consequently,
min{|z;/a;|:j =1,...,8}-hp(a) <hp(z), zeC",

which implies that liminf,_,, hp(z) = hp(a). O

®In particular, D is balanced.
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Proposition 1.8.4. Let D C C” be a balanced domain and let f € O(D). Then
o
f(@)=> 0«(z). zeD, (1.8.2)
k=0

where

0= PO = Y D), zech

an’i: la|=k

observe that Qy: C" — C is a homogeneous polynomial of degree k. Moreover,
for any compact K C D there exist C > 0 and 0 € (0, 1) such that

I0kllx < CO*, kez,.
In particular, the series converges locally normally in D.
Proof. Take ana € D \ {0}. The function
K(1/hp(a)) > A 2% f(ra)™®

is holomorphic. Hence
o0 1 o0
f@ =ga() =3 =000 =} Oxla).
k=0 " k=0

Thus the formula (1.8.2) is true (and the series is pointwise convergent in D). It
remains to prove the estimate.
Take a compact K C D. Let 6 € (0, 1) be such that

L:={Az:|A|<1/0, z€ K} C D.

Then, for any a € K, by the one-dimensional Cauchy inequalities, we get

1
|0c(@) = 10 O] < llgallxarmb* < /16", ke Zy. 0

Exercise 1.8.5. Let /' € O(C") be such that f(a’,-) is a polynomial for every
a’ € C"!. Prove that f is a polynomial.

Hint. Write f(z) = Y go, Px(z),z € C", where Py isahomogeneous polynomial
of degree k. We have to show that there exists a ko such that int P, 1(0) # @ for
k > ko. Define 4} := {a’ € C"': Vysx : Py(a’,-) = 0}. Then A}, is closed
and A} /' C"~'. Hence, by Baire’s theorem,”' there exists a ko with int Ay, # 2.

NK(@1/0):=C.
3 Theorem (Baire). Let (X, p) be a complete metric space. Assume that X = UZO=1 Ag. Then
there exists a ko such that int Ag, # 9.
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1.9 Extension of holomorphic functions

We move to problems related to extendibility of holomorphic function.

Theorem 1.9.1 (Hartogs extension theorem). Let D C C”" be a domain, n > 2,
and let K C D be a compact set such that D \ K is connected. Then O(D \ K) =
O(D)|p\k, i.e. any function f € O(D \ K) extends holomorphically to D.

Notice that the above result does not hold forn = 1,e.g. f(z) :=1/z,z € C,.

Proof. First consider a special case where D = D’ x K(r). Suppose that K C

K’ x K(6yr), where K’ € D’ and 0 < 6 < 1. Fix a function f € O(D \ K) and
define

1 [0

f@) ==

27i Jakor) §—zn

d¢, z=1(2',zy) €e D' x K(Or), 0y <0 < 1.

By the Cauchy theorem (cf. [Con 1973], Chapter IV, Theorem 5.7), f (z) is inde-
pendent of 6 € (6, 1) with zn € K(6r). By Lemma 1.7.7, f € O(D). Observe
that f(z', z,) = f(z’,z,)if z/ € D'\ K'. Hence, by the identity principle, f f
inD\ K.

Sketch of the general case (details are left to the reader, cf. e.g. [Sob 2003]):
Fix an f € O(D \ K). Consider the family § of all pairs (C, £2), where

o C € prea—1(D) is a convex domain.
e 2 =G;U---UGx C C is an open subset being a finite union of domains

such that G| is a finite union of Jordan C!-curves with positive orientation with
respect to G; (cf. Remark 1.7.4), j =1,...,N,and G; N Gy = @ for j # k.

e KN(C xC)C C x K2 & D. Define
fe.a(@) = L ZACESS, g,

2ri Jye §—zn

z=(,zy) eC xR eF.

Then feo € O(C x 2) and feo = flexa if C C p(D)\ p(K). Itis
clear that | Jc g)ex € x §2 = D \ K. It remains to observe that the family
(fc,2)(c,2)ex defines one functionin D \ K. O

See [Jar-Pf12000], Theorem 2.6.6, for a different proof based on the 5—techniques.
Corollary 1.9.2. For n > 2 the zeros of holomorphic functions are not isolated.

Proof. Suppose that f € O(P(a,r)), n > 2, f(a) = 0, and f(z) # O for
z # a. Then, by Hartogs’ extension theorem, the function 1/f would extend
holomorphically onto [P(a, r); a contradiction. O
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Notice the fundamental difference between the cases n = 1 and n > 2. This
is one of the main reasons why the theory of several complex variables is not a
straightforward generalization of the one-dimensional case.

Definition 1.9.3. A set M C C” is called thin if for every point a € M there exist

a polydisc P(a, r) and a function ¢ € O(P(a,r)), ¢ # 0, suchthat M NP(a,r) C
-1

¢~ (0).

Remark 1.9.4. (a) If M is thin, then int M = @.

(b) If M isthinand N C M, then N is thin.

(c) If My, M5 are thin, then M; U M, is thin.

(d)If ¢ € O(D), ¢ # 0, where D C C" is a domain, then ¢ ~1(0) is thin. In
particular, W, W, ..., ¥, are thin.

(e) If M is thin, then M x C™ is thin.

Lemma 1.9.5. Let ¢ € O(P(r)), ¢(0) = 0, ¢ # 0. Then, after a suitable linear
change of coordinates, we have ¢(0',-) # 0.

Proof. By Theorem 1.7.6, the function ¢ may be expanded into a series of homo-
geneous polynomials

00) = Top) = 3 (X 2 D%(0)%) = 3 0,0, 2 € PO,
=0 al=j i=k

with Qy # 0 (see also Proposition 1.8.4). In particular, the set V' := Q,:l(O) is
thin. Observe that for every X ¢ V, || X || = 1, the function

K(r) 3 225 o(AX)

is not identically zero. Consequently, after a linear change of coordinates L : C" —
C" such that L(e,) = X, we have (¢ o L)(0/,z,) = ¢o(L(zpen)) = ¢(zxX) =
Px (zn). O

Exercise 1.9.6. Let ¢ € O(P(r)), ¢x(0) = 0, ¢ # 0, k € N. Then, after a
suitable linear change of coordinates, we have @i (0/,-) # 0,k € N.

Hint. Use Baire’s theorem.

Proposition 1.9.7. Let D C C”" be a domain and let M C D be a thin set. Then
the set D \ M is connected.

Proof. First observe that it suffices to prove that every point a € D has a convex
neighborhood U, C D suchthat U,\ M is arcwise connected (cf. Remark 1.5.6 (c)).

Indeed, suppose for a moment that this is true and take arbitrary two different
points a,b € D\ M. Let y: [0,1] — D be an arbitrary curve with y(0) = a,
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y(1) = b. For every t € [0, 1] the point y() has a convex neighborhood U, ;)
such that U,y \ M is connected. One can select a chain of neighborhoods
Uy(to)v--wa(tN)’O =ty <--<ty=1, U)/(ti71) N Uy(t,-) 75 g,i=1,...,N.
Fix arbitrary points ¢; € Uy, ,_,) N Uye,) \ M,i =1,..., N. Now we connect a
with ¢y in Uy, (1,) \ M. Next, we connect ¢y with ¢3 in Uy ,) \ M, etc. Finally, we
connect ¢y with b in Uyp) \ M.

Fix ana € D. We may assume that @ = 0 and that P(r) N M C ¢~ 1(0), where
P(r) € D,p € O(P(r)), ¢ # 0. Using Lemma 1.9.5, we easily reduce the situation
(EXERCISE) to the case where ¢(0/,-) # 0, ¢(0,z,) # 0for 0 < |z,| < r,, and
(', 2,) # 0for z/ € P(r'), sp < |zy| < ry for some 0 < s, < 1.

Observe that for every z' € P(r’), the function ¢(z’, -) has a finite number of
zeros in K(r,) and, consequently, the fiber F,/ := {z, € K(ry) : (z/,z,) ¢ M} is
connected. Fix { € A(s,, ).

Take two points u = (u',u,), v = (v,v,) € P(r) \ M. First we connect
u = (', uy) with (u’, ¢) in the fiber F,s. Next, we connect (u’, {) with (v/, {) by a
segment (which is obviously contained in P(r) \ M), and finally, we connect (v’, {)
with v = (v, v,) in the fiber F. O

The classical Riemann theorem on removable singularities (cf. [Con 1973],
Chapter V, Theorem 3.8) generalizes to several complex variables as follows.

Theorem 1.9.8 (Riemann removable singularities theorem). Let D be a domain in
C" and let M C D be thin and closed in D. Then every function f € O(D \ M)
which is locally bounded in D (i.e. every point a € D has a neighborhood U, such
that f is bounded in U, \ M) extends holomorphically to D.

Proof. Fixafunction f € @(D\ M) suchthat f islocally bounded on D. Observe
that the problem of continuation across M is local.

_ Infact, if every point a € D admits a convex neighborhood U, and a function
Ja € O(Uy) such that f, = f in U, \ M, then by Remark 1.9.4 (a), the function
f defined as f := f; in U, gives the required extension.

Fix ana € D. We may assume (cf. the proof of Proposition 1.9.7) thata = 0 €
M and M N P(r) C ¢~ 1(0), where P(r) € D, ¢ € O(P(r)), and (0, z,) # 0,
0 < |zp| < ry. Suppose that (0, -) has zero of order p at z, = 0 (p € N).

Let ¢ := min{|@(0/, z,)| : |z»| = r»}. Shrinking r’ (with fixed r,) we may
assume that |¢(z’, z,) — (0, z,)| < ¢ for 2/ € P(r'), |zu| = rn. Now, by the
Rouché theorem (cf. [Con 1973], Chapter V, Theorem 3.8), for every z’ € P(r’) the
function ¢(z’, - ) has exactly p zeros (counted with multiplicities) in the disc K(ry,),
say £1(z'),....&p(2"). Note that ¢(z’,z,) # 0, z, € 0K(r,). In particular, for
every z/ € P(r') the function f(z’, ) is holomorphic in K (r,) \{£1(2'), . .., £»(z")}
and locally bounded in K(r,,). Hence, by the classical (one-dimensional) Riemann
theorem on removable singularities, f(z’,-) extends holomorphically to a function

—_—

f(',-) € O(K(rp)). Let f(z’,zn) = f(Z,)(zpn), (z/,zn) € P(r). By the
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Cauchy integral formula, we have

P B B (G

. de¢, (2, zp) € P(r).
27t Jokrn) €= Zn

By Lemma 1.7.7, f € O(P(r)). Itis clear that f = finP(r)\ M. |

Corollary 1.9.9. Suppose that D C C" is a log-convex Reinhardt domain. Then
H®(D*)|p = H®(D) (c¢f. (1.5.3)), where H>°(S2) denotes the space of all
bounded holomorphic functions on $2 (it is a Banach algebra with the supremum
norm — cf. Example 1.10.7 (¢)). More precisely, the restriction mapping

HZ(D*) > [ flp € H¥(D)
is an algebraic and topological isomorphism (cf. Proposition 1.9.12).

Exercise 1.9.10. Observe that the above Riemann theorem gives an alternative
proof of Proposition 1.9.7 for the case where M is relatively closed.

The next results present a class of thin sets M C D such that every function
holomorphic in D \ M extends to D.

Proposition 1.9.11. Let D C C", n > 2, be a domain and let M C D be closed
in D. Assume that for every a € M there exist an open neighborhood U C D and
@1, 92 € OU) for which M NU C ¢~1(0) N 95 1(0) and

90

rank [ﬂ(z)] =2, zeU?™®
0Zk j=1,2,k=1,..,n

Then every function f € O(D \ M) extends holomorphically to D.

Proof. As in the Riemann theorem, it suffices to extend f locally. Fix ana € M
and let U, ¢1, @2 be as above. We may assume that a = 0 and

det [%(0)} £0.
0z jk=1,2

Consider the mapping

®
U3z (1(2),02(2),23,....2n).

Then J@(0) # 0 and, consequently, by the inverse mapping theorem (Theo-
rem 1.7.26), we may assume (shrinking U if necessary) that @: U — @(U) =: V
is biholomorphic. Put

N::{weV:w1:w2:O}, g::f0<D_1|V\N.

32For example, M C V; N Vi with j # k.
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We only need to extend g to V. The case n = 2 follows directly from the Hartogs
extension theorem (Theorem 1.9.1).

Thus we may assumethatn > 3,U = P(r) € D,¢;(z) = z;,z € U,j =1,2.
Write z = (z/,z”) € C? x C"2. For each z” € P(r"), the function f(-,z")is
holomorphic in P(r’) \ {0'}. By the Hartogs extension theorem, f(-,z") extends
to a function f(-,z") € O(P(r')). Put F(z):= f(-.2) ("), z = (.,Z") € P(r).
It remains to prove that f € O (P(r)). Observe that

Fon L (.2 o
FO = Gae | T d =@ e B
Hence, by Lemma 1.7.7, f € O(P(r)). |

Now, Corollary 1.9.9 may be extended to the following more general result.

Proposition 1.9.12. Let D C C” be a log-convex Reinhardt domain. Put M :=
D*\ D C V. Define M" to be the set of all a = (ay,...,an) € M such that
there exists exactly one j € {1,...,n} witha; = 0. Let f € O(D) be a function
of slow growth near M7, i.e. every point a € M" has an open neighborhood U,
such that U, \ Vo C D and

(dist(z, aD)N | f(2)| < C, ze U\ %>

for some constants 0 < N < 1 and C > 0, which may depend on f and a. Then
f extends holomorphically to D* (cf. Corollary 1.11.4).

Proof. Fix a € M", U,, N, and C as above. We may assume that a, = 0,
U, =U' xU, C C" ! xC,and dist(z, dD) > |z,|, z = (z', zn) € Ua, zn # 0.
Write

o0
f(Z,zy) = Z feehzk, z=(\20) €Uy = U x Uy, z, #0.

k=—00

By the Cauchy inequalities we get | /i (z')| < Clz,|"V 7%, (z'. z4) € Uy, zp # 0.
Letting z, — 0, we conclude that f; = 0 for k < 0. Thus, for every z’ € U’, the
function f(z’,-) extends holomorphically to U, = K(r,). By the Cauchy integral
formula, the extension is given by the formula
; 1 (.9
f@) ==

= — dt, z=(2',zp) €U x K(sp), 0 < s, < 1y.
271 Jok(sp) §—Zn

Using Lemma 1.7.7, we conclude that f is holomorphic in Uj,.

Consequently, f extends holomorphically to the domain D* \ M*, where
M?* := M \ M". Now, by Proposition 1.9.11, we conclude that f extends holo-
morphically to D*. O

Bdist(z, A) :=inf{||lz — || : L € A}, z € C" D A.
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Remark* 1.9.13. Proposition 1.9.11 remains true in a much more general context,
namely for analytic sets M C D withdim M <n —2.

A set M C 2 is an analytic subset of §2 if for any point a € §2 there exist
a neighborhood U, C §2 and a finite family ¥, C O(U,) such that M N U, =
MNyes, f~'(0). Note that M is closed in £2 (EXERCISE).

Apointa € M isregular (a € Reg(M)) if there exists a neighborhood U, C 2
such that M N U, is a complex manifold.>* Points from Sing(M) := M \Reg(M)
are called singular. Observe that if n = 1, then Sing(M) = @.

Obviously, the set Reg(M ) is open in M and Sing(M) is closed in §2. One can
prove that (all details may be found e.g. in [Chi 1989]):

e dim M = 0iff M is discrete.

e The set Reg(M) is dense in M and, consequently, the set Sing(M ) is nowhere
dense in M. Thus, we can define the dimension of M at a point a € M:
dimg M = limSupgee(ar)s;—q dimz M and the (global) dimension of M:
dim M := maxgepy dim, M.

e Sing(M)isan analytic subset of £2 and dim, Sing(M) <dim,; M,z € Sing(M).

Now, we come back to a generalization of Proposition 1.9.11.

Proposition* 1.9.14. Let M be an analytic subset of a domain D C C" such that
dimM <n—2. Then O(D\ M) = O(D)|p\m-

Proof. By Proposition 1.9.11 any function f € O(D\ M) extends holomorphically
to D \ Sing(M). Repeating the same procedure gives a holomorphic extension to
D \ Sing(Sing(M)). Since dim Sing(M) < dim M, the procedure leads after a
finite number of steps to a holomorphic extension to D \ N withdim N < 0. If
N # @, then N is discrete and we apply (locally) the Hartogs extension theorem
(Theorem 1.9.1). O

1.10 Natural Fréchet spaces

First, let us recall the following general definitions.

Let ¥ be a complex vector space. A mapping ¢: ¥ — R4 is a seminorm
(C-seminorm) if:
* q(0) =0,

34A relatively closed subset N of an open set U C C” is a complex manifold if:

e cither N is an open subset of U (and, consequently, N is the union of a family of connected
components of U'; in this case we putdimg N :=n,a € N),
e or every point @ € N has a neighborhood V,, C U such that N NV, = ¢~1(0), where ¢ €
O(V,,C"9) and rank [%(Z)]j=1 ,,,,, n—a = n —d,z €V, (in particular, in this case N is
: k

=1,..., n

thin; we put dim, N := d).

Moreover, we put dim & := —1.
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e q(Af) =rlq(f), 2€C, fe¥,
e q(f+8) =<q(f)+qg), fge¥.

Notice, any C-norm || ||: ¥ — R4 is obviously a C-seminorm.
Observe that for any finite family / of seminorms on ¥, the function

max [ :=max{q:q e l}
is also a seminorm. For any seminorm ¢ let

By(fo.r) :={fe€F :q(f - fo) <r}

be the open ball centered at fo € F with radius r > 0.

Given a non-empty family Q of seminorms on ¥, we introduce on ¥ a topology
generated by Q. Namely, we say that a set U C F is open if for every fo € U
there exist a finite set / C Q and an r > 0 such that

BmaxI(fO’ I’) cU.

Directly from the above definition it follows that the family 7 (Q) of all open sets
is a topology on ¥ (EXERCISE).

We say that two families of seminorms Q1, Q, on ¥ are equivalent if T (Q1) =
T(Q2).

Below we collect (in form of an exercise) some basic properties of 7 (Q)
(cf. [Sch 1970], [Tre 1967]).

Exercise 1.10.1. (a) For an arbitrary finite set I C Q, fo € ¥, and r > 0, the
open ball Buax 1( fo,7) isopenin 7 (Q).

(b) Let X be a topological space. A mapping ¢: X — ¥ is continuous at a
point xo € X iff for any ¢ € Q and ¢ > 0 there exists a neighborhood V' C X of
xo such that (V') C By (¢(x0), €).

(¢) Any seminorm ¢ € Q is continuous in the topology 7 (Q).

(d) The addition ¥ x ¥ > (f,g) — f + g € ¥ and multiplication C x ¥ >
(A, f) = Af € ¥ are continuous.

(e) Let ¥; be a complex vector space endowed with a topology 7; = T (Q;)
generated by a family Q; of seminorms on %;,i = 1,2. Let L: ¥1 — %, be a
C-linear mapping. Then L is continuous iff

Y4e0, 1co; 3cs0: go L < Cmax /.
1 finite

(f) Two families of seminorms Q1, Q, on ¥ are equivalent iff

VfIGQi E]ICQg_,- dcso: g <CmaxI, i=1,2.
I finite

(g) Any family Q of seminorms is equivalent to the family

{max [ : I C Q, I finite}.
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(h) For any countable family of seminorms there exists an equivalent countable
family of seminorms {qx : k = 1,2,...}suchthatgx < gx+1,k=1,2,....
(1) Any family Q of seminorms is equivalent to the following maximal family:

Omax := {¢ : ¢ is a continuous seminorm on ¥ in the sense of 7 (Q)}.

(j) The topology 7 (Q) is Hausdorff iff ﬂqu g~ 1(0) = {0}.
& IfQ ={gxr : k = 1,2,...} is a countable family of seminorms with
MNie1 q,:l (0) = {0}, then the topology 7 (Q) is given by the distance

I a(f—2)

_— X F. 1.10.1
FTrqf—g T8€ (10D

p(f.8) = po(fig) =)

k=1

() If Q is as in (k), then a sequence (f,)52, C ¥ is a Cauchy sequence in
(¥, p) (where p is given by (1.10.1)) iff

Ves0 Yien EIvoelN Vu,vzvo . Qk(fu - h)=Ze

In particular, (f,)$2, C ¥ remains a Cauchy sequence in (¥, p’), where p’ is the
distance corresponding to a sequence Q' = {q; : k = 1,2,...} with T7(Q) =
T(Q).

(m)* The topology 7 (Q) is metrizable iff there exists an equivalent countable
family of seminorms Q¢ such that () co o g~ 1(0) = {0}.

Definition 1.10.2. Let ¥ be acomplex vector space endowed with the topology gen-
erated by a countable family of seminorms Q = {g1,¢>, ...} with (72, ¢; ' (0) =
{0}. We say that ¥ is a Fréchet space if the metric space (¥, pg) is complete
(cf. Exercise 1.10.1 (k,£)).

Definition 1.10.3. Let ¥ be a Fréchet space with the topology 7 = 7 (Q). A set
A C F is said to be bounded if the set g(A) C Ry is bounded for any ¢ € Q.%

The following property of Fréchet spaces will play an important role in the
sequel.

Theorem 1.10.4 (Banach theorem, cf. [Gof-Ped 1965], § 5.8). Let ¥1, ¥, be Fré-
chet spaces and let L: ¥1 — F, be an injective continuous linear mapping. Then
either L is surjective (and then L™ is also continuous) or the image L(¥1) is of
the first Baire category in $,.%°

We will be only interested in special Fréchet spaces ¥ C O (§2), where 2 C C”
is open (cf. Chapter 3).

3Notice that this property is independent of the family @ with T = 7 (Q).
%A subset A of a topological space X is said to be of the first Baire category if A = Uz—; Ax,
where each set Ay is nowhere dense, i.e.int Ay = &.
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Definition 1.10.5. Let ¥ C O (£2) be a vector subspace endowed with a Fréchet
space topology 7 = T (Q). We say that & is a natural Fréchet space if for any
sequence (fx)p>,; C F and fo € ¥,

if fx — fo inthe sense of 7, then fr — fp locally uniformly in £2  (1.10.2)

(see also (1.10.4)). In the case where ¥ is a Banach (resp. Hilbert) space, we say
that ¥ is a natural Banach (resp. Hilbert) space.

Remark 1.10.6. (a) Let ¥ C O(2) be a vector subspace endowed with a Fréchet
space topology & = T(Q). Then ¥ is a natural Fréchet space iff if for any
sequence (fx)p>, C ¥ and fo € ¥,

if fr — fo in the sense of T, then f; — fo pointwise in £2. (1.10.3)

Indeed, suppose that (1.10.3) is satisfied. Let 7/ = 7°(Q’) denote the topology
generated by the family Q' := Q U Q”, where Q” stands for the family of all
seminorms of the form

Fofe=Iflk :=SIL;p|f|, K € 2;

cf. Example 1.10.7 (a). In other words, fr — fo in 7' iff f — fo in 7 and
fx — fo locally uniformly in £2. Condition (1.10.3) guarantees that (¥, 7")
is a Fréchet space. The identity operator id: (¥,T") — (¥, T) is obviously a
continuous bijection. Now, the Banach Theorem 1.10.4 implies that its inverse is
continuous, which gives (1.10.2).

(b) | 2| Surprisingly, we do not know any example of a Fréchet space (¥, 7)
with ¥ C O(£2) such that ¥ is not natural.

Many classical spaces of holomorphic functions have structures of natural
Fréchet spaces.

Example 1.10.7 (Natural Fréchet spaces). The reader is asked to complete all
details.

(a) The whole space O (£2) endowed with the topology 7 of locally uniform
convergence is a natural Fréchet space (cf. Theorem 1.7.19). More precisely, T 1=
T(Q), where Q is the following family of seminorms

0R2)> f = Ifllk = Slliplfl’ K e

Observe that Q is equivalent to every family (|| [|x;)72;, where (K;)3Z, is an
arbitrary sequence of compact subsets of £2 with K; C int K; 1, U;‘;l K; =%.
Notice that condition (1.10.2) means that the inclusion operator

(F.7) = (0(2),72) (1.10.4)

is continuous.
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(b) The space # °°(£2) of all bounded holomorphic functions on §2 endowed with
the topology of uniform convergence (i.e. the topology induced by the supremum
norm || ||) is a natural Banach space. Notice that in fact #°°(£2) is a Banach
algebra.

(c) The space L;;(Q) = O(2) N LP(L2) of all p-integrable holomorphic
functions on §2 endowed with the L?-topology (i.e. the topology induced by the
L?-norm || ||Lr(g)) is a natural Banach space, where L?(§2) is taken w.r.t. the
Lebesgue measure A, in C” (1 < p < +00). Obviously, L7°(£2) = H°(£2).

To prove that L,’l’ (£2) is a natural Banach space we only need to show that the
topology induced by L?(£2) on L;; (£2) is stronger than the topology of locally
uniform convergence. By Lemma 1.7.22, we get

1l = e [ 1A, £ €0@), K €2, 0<r < da(k)

(1.10.5)

(rr2)"

Hence, by the Holder inequality,

Az (KD)
(wr2)n

Iflx =< IflLr), feLy(2), KER, 0<r<da(K),

where 1/p + 1/qg = 1.
e If D is a Reinhardt domain, f € L2 (D), f(z) = Y yezn ad 2%, then

(2% aeX(f)} CLI(D). llalz%ILroy < I flLry. @€ Z(f),

where X(f) :={a € Z": ao{ # 0}. Indeed,

/ lal z%|1P dAzn(2)
D

Propi.7.15 n 1 f(é-)
= @ /R(D) ’(27”')” faO[P(r) o+l 4

<o [ ([ reedaa®) raae

R(D)

P
ppratl dAy(r)

Holder ineq. .
< / / £ (r )P dAu(O)r" dAn(r)
R(D) J[0,27]"
=[ 1P dAsm, @€ T(f).
D

e The space Li (£2) with the scalar product

L2(2) x LAR) 5 (f.8) > (f. 8hioga) = /9 15 dhon
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is a natural Hilbert space. Moreover, if D C C” is a Reinhardt domain, then:
—The functions {z* : « € Z", z* € L%(D)}are pairwise orthogonal in L%(D).
—1f f € L2(D), f(2) = Y yegn a4 2%, then
1172y = D laaz®l32(p):
a€X(f)

Indeed, if z%, zP € L%(D), then, using polar coordinates, we get

)y = [ 2P
D

= / re P d A (r) - e *=P0 g A, (0)
R(D) [0,27]"
if
:/ r(x+ﬂ+1dAn(r)_ 0 . 1 a#ﬂ’
R(D) Qm)* ifa=p.

Recall that the Laurent series ), c7n aO{ z% islocally uniformly summable in D.
Hence

||f||22(D) = SUPD v Z a,{&éz“fﬂd/&z”(z)
U isaRein;l@ardt domain a,BeX(S)
= sup Z a{c‘z/g f 2%ZBd Asu(2)
U isaReﬁJn}‘l@aﬁt domain a.BeX(f) v
B Uep > Nag 2Ny = 22 ad =172y
U isaReinkTardt domain @€ Z(f) a€X(f)

(d) The space A(2) := O(£2) N C(£2) with the topology generated by the
seminorms

AR2)> f=|flk. K€L,
is a natural Fréchet space.

We only need to observe that the above family of seminorms is equivalent to
every family (|| ||zn K; )72, where (K;)72, is an arbitrary sequence of compact
subsets of C" with K; C int K11, ;2 K; = C".

Observe that if §2 is bounded, then A ($2) is a natural Banach space; in fact, in
this case, #4(£2) is a closed subalgebra of #°°(£2).

(e) The space

Hioo(2) :=1{f €0(2) : Vgea : | fllkne < +oo}
endowed with the seminorms

Hie(2)> f = | flkne. K€L,

loc

is a natural Fréchet space.
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EXERCISE. H52(2) = {f € O(2) : Vy>o : | flBr)ne < +oo} and
the Fréchet topology of F#20(£2) is given by the seminorms H°(§2) > f +—
I/ leryne2s r > 0.

Observe that A(S2) is a closed subalgebra of F20(£2). Moreover, if £2 is
bounded, then H,30(£2) = H°(£2).

(f) The space
09 (2.8):={f € 0(@): |"f | < +00} (k= 0)
of all §-tempered holomorphic functions on $2 of degree < k with the norm
00 Q.83 f =118 e

is a natural Banach space, where the weight § : 2 — (0, 1] is an arbitrary continuous
function. Note that O (£2,8) = #°°(£2) and 9% (2,8) c O*)(2,8),k < k'.
From a certain point of view, the most important is the weight function § = J¢,
given by the formula

82(z) := min ype(2),

1
—, z €%,
V1i+lz|?

where po(a) := sup{r > 0 : B(a,r) C £}, a € £2, denotes the Euclidean

distance function to 02; pcn = +o00, §gn = l-lHl E =: §o. Functions from the

space OK)(2) := 0K (2, 8¢) are called holomorphic functions with polynomial
growth of degree < k. By the Liouville theorem, Proposition 1.7.17, the space
©®)(C™) coincides with the space Pk ) (C") of all complex polynomials of degree
=< LK.

(g) Let §: £2 — (0, 1] be a function such that:

o §<pq,

o 18(z)=8")| <2/ =Z"|,2" € 2,z" € B(Z, pe(z’)) (for example, § = Sg).
Then

1/p
|8%+2m/P 1115 < const(n,k,p)(/ | |78k dAzn) ,
2
k>0, p>1, fe0O().
In particular, L% (2) C OM(R,6).

Indeed, fix k, p, f,and a € 2. By (1.10.5) with K := {a} and r := 2@ <
%dg(a), we get

1/q 1/p
U@Nféﬁﬂ%uﬂ(ﬁ()Utho ,

(rr2)"
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where 1/p +1/q = 1. Observe that §(z) > 8(a) — ||z —al| > L8(a), z € P(a.r).
Consequently,

8<k+2">/1’(a)|f<a>|<(8k+2"(a)# [ s an )W
- @r2)" Jp(a,r 2

k 1 k 1r
< 2—/ 1£178 dAn)
( (2(2)D" Jean :
1/p
s(zk+2"(n/n>" / f 178 dAZn) .
2

(h) Let (¥7)ier be a countable family of natural Fréchet spaces in O (2). Let
T (Q;) denote the topology of ¥; generated by a family Q; of seminorms, i € 1.

Put
Fo=()%.
iel
Then ¥ endowed with the topology 7 (Q), where Q := | J;c; Qil#, is a natural
Fréchet space.
In particular, we introduce the following natural Fréchet spaces:

Ly):= () L.

1<p<+o0

o0
(9(0-%-)(9’5) - m (9(")([2,8) — m (9(1/1;)(9,5)’
k>0 v=1
0O (R2): = 00N (2,50).

Note that:
o Lp(2)=H>®(R)iff A2n(£2) < +o0.
o H®(R2) c OOV (2,6) and the inclusion H*°(2) — OOD(2,6) is
continuous.
(i) Let A C Z",0 € A, and let (Fy)qeca be a family of natural Fréchet spaces
in O(£2). Let 7(Q4) denote the topology of ¥, generated by a family Q, of
seminorms, ¢ € A. Define

F=F4:={f € Fo: D% € Fy, a € A}.

30Observe that L}, (£2) = L}l (£2) N FH>°(£2). In fact, if f € L}ll (£2) N H>°(8£2), then for every
1 < p < oo we get

[ |f17dAzn < ||f||§32_1[ |fld Az, < (max{[| fllL1 2, 1/ 12}
2 2
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Then ¥ endowed with the topology generated by the seminorms
F 5 fqD%). qe€Qa acA,
is a natural Fréchet space. In particular, for k € Z U {oo}, we define:
HOHK(R) 1 ={f € O(R2) : Vaoez jai<k * DU f € H™(2)},
LyE(2) 1 ={f € O(R) : Vaczry: i<k © D*f € Ly (2)},
A(R2) = {f € O(2): Vaezn wi=k : D*f € AR)},
HXE(R) =) € OR) : Vaezn jai<k - D[ € HRAR)},
Ly*(2): ={f € O(R) : Vacz:jai<k  D*f € Li(2)}.
Moreover, let

FS(2) 1= {f € O(R) : Vyes : Df € H®(RQ)}, @S CZ".

Observe that: H™K(2) = LiK(2), #°02) = #>(2), LP°(2) =
LP(£2), A%(2) = AR), H2°(2) = H2(R2), Ly (2) = LE(R2).

(j) The space § := H°k(£2) endowed with the norm

1S lls = 1 f I geoo(gy 1= 2 max{D*f |l : || < &}

is a natural Banach algebra.
Indeed, for f, g € &, using the Leibniz formula, we have:

=2k D* <2k DSl D*F
I/8lls = 2" max [ D fe)lle = |g{lleg;cﬂgi(ﬁ)ll [l D*glle

EXERCISE

1
fllfllsllglls—zk max » (3 = 1flslglls.
|°‘|5kﬂ<a

(k) Let (8, ||s) be a natural Banach algebra in O(£2). Then § C H°°(52)

and || flle < I flls. f €38.
Indeed, since the identity operator (§, || ||s) — (O(£2), 1) is continuous

(cf. (a)), for every compact K C §2 there exists a constant Cx such that

Ifllx = Ckll flls, f eS8,

Since (8, | |ls) is a Banach algebra, we get | fllx = |/*llx < Ckl/*Ils <
I/ / € 8.k € N. Consequenty, || fllx < (Ck)"*||fls, f € 8,k € N.
Letting k — 400, weconclude that || f||x < || f|ls, f € &, whichdirectly implies
the required result.
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1.11 Domains of holomorphy

We already know that there exist pairs of domains D > D C C” such that
O(D)|p = O(D) (cf. the Hartogs extension theorem) or #°(D)|p = H*(D)
(cf. Riemann Theorem 1.9.8). In the first case D is not a domain of existence with
respect to O (D), in the second — with respect to (D).

More generally, let D C C” be a domain and let @ # & C O(D). We are
interested in the characterization of those domains D which are maximal domains
of existence of functions from § (cf. [Jar-Pfl 2000], § 1.7).

Definition 1.11.1. We say that D is an &-domain of holomorphy if
dp(a) =inf{d(T,f): f €8}, aeD;®

equivalently, for any r > dp (a) there exists an f € & suchthat d(T, f) <r.

Note that the whole space C” is an §-domain of holomorphy for any @ # § C
O(C").

If 8 = {f}, then we say that D is a domain of existence of f .

If 8§ = O(D), then we say that D is a domain of holomorphy.

Suppose that we have assigned to each domain D a family ¥ (D) C O(D)
(e.g. D »> H*®(D), D — Li(D)). Then, instead of saying that D is an ¥ (D)-
domain of holomorphy, we shortly say that D is an ¥ -domain of holomorphy
(e.g. H°°-domain of holomorphy, L7 -domain of holomorphy).

Obviously, if D is an §-domain of holomorphy, then D is a 7 -domain of
holomorphy for any family 7 with & C 7 C O(D). In particular, any §-domain
of holomorphy is a domain of holomorphy.

Proposition 1.11.2. Let D C C”" be a domain and let & # 8 C O(D). Then D
is an §-domain of holomorphy iff

(*) there are no domains Dy, Dccn with & zé DoC DN D, D ¢ D, such
that for each f € 8 there exists an f € O(D) with f = f on Dy.%

Proof. Suppose that (*) is satisfied, but D is not an §-domain of holomorphy. Then
there exista € D and r > dp(a) =: ro such that d(T, f) > r forany f € §. Put
Do := P(a,ro), D := P(a,r), and f(z) := T, f(z), z € D; a contradiction.
Conversely, suppose that D is an §-domain of holomorphy, but (*) is not ful-
filled. Let Do, D be as in (*). By the identity principle (Proposition 1.7.10) we
may assume that Dy is a connected component of D N D. Then there exists an
a € Dy such that dp(a) < dp(a) (EXErcISE). Consequently, for any f € § we

getd(T, f) = d(T, f) > dp(a) > dp(a); a contradiction. |

BRecall that d(T, f) > dp(a),a € D, f € O(D) (Theorem 1.7.6).
¥Notice that if D is fat, then D ¢ D.
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Figure 1.11.1. For each f € § there exists an / € O(D) with f = f on Dy.

Remark 1.11.3. (a) Let Dy, D be as in Proposition 1.11.2 (*). First observe that f
is uniquely determined by f. Put S := {f : f € &}. Then the extension operator

89f»—>fe§

is bijective Observe that:

° (Mf) ,uf provided that f, uf € 8 (u € C),

° f+g—f+gprov1dedthatfgf+g68

° D“f Def, provided that f, D*f € § (« € Z" ).

In particular,

e if § isa vector space (resp. an algebra), then so is § and the above extension
operator is an algebraic isomorphism,

e if & is stable under differentiation (i.e. f € § = 5!1 3‘(’2]; € &), then

s0is 8.

_ (b) Let Dy, D be as in Proposition 1.11.2 (*). Observe that we do not require
7 = fonD N D butonly on Dy. It may happen that / # f on the whole of
DN D. Take forexample D := C\ (—o0, 0] and § := {Log}, where Log stands for
the principal branch of the logarithm (Log 1 = 0). Put D := {z € C : Rez < 0},
Do :={z € C : Rez < 0, Imz > 0}. Then the function Log extends to an
f € O(D) with f = Log on Dy but not on D N D (EXERCISE), which leads to a
non-univalent extension.

It is natural to ask whether such an example is possible in the case where &
contains more functions, in particular, § = O (D). Below we will see that for
n = 1 such an example with § = @ (D) is impossible. However, for n > 2 there
are such situations (cf. [Jar-Pfl 2000], p. 1).
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Theorem 1.12.4 will show that if D is a Reinhardt domain and & is invariant
under rotations of variables, then f = f on the whole of DN D. Thus, in the
category of Reinhardt domains the above phenomena do not occur.

(c) Any domain D ~»C! is an §-domain of holomorphy, where

8:={Dazr—> 'a¢D}.

z—a

(d) Any fat domain D ~>C! is an §-domain of holomorphy, where

8::{Daz»—> :ag_fﬁ}.

In particular, any fat domain D C C! is an #*°(D) N @(D)-domain of holomor-
phy-40

(e) Let D; be an &§;-domain of holomorphy, i € I, and let D be a connected
component of int ();c; D;. Then D is an §-domain of holomorphy with

8 :=J3ilp.
iel

In particular, if D; is a domain of holomorphy for every i € I, then D is a domain
of holomorphy.
Indeed,

dp(a) = inf{dp,(a) : i € I}

inf {inf{d(T,f): f €8} :iel}
inf{d(T,f): f €8}, aeD.

(f) Let D; c C'% be an &;-domain of holomorphy, j = 1,...,N. Then
D := Dy x---x Dy is an §-domain of holomorphy with

S:={foprp,: f €8, j=1....N}

where prp, Dy x---x Dy — Dj is the standard projection, j = 1,..., N. In
particular, if D; C C™/ is a domain of holomorphy, j = 1,..., N, then Dy x---x
Dy is a domain of holomorphy.

Indeed,

dp(a) =min{dp,(a;): j =1,...,N}
min{inf{d(Tajf) cfeditj= 1,...,N}
inf{d(T,, . ayf): f €8}, a= (a1, ...,an) € D.

“ORecall that O(D) := Upcpcec OWU)|p.

open
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(g) Let D be a domain of holomorphy, let f = (fi...., fx) € O(D,CV),
and let G be a connected component of the set

IOy ={zeD:|fi(z)| <1, j=1,....,N}.

Then G is a domain of holomorphy.
Indeed, take ana € G. If dg(a) = dp(a), then

dg(a) = dp(a) = inf{d(T, f) : f € O(D)}
> inf{d(To f) : f € O(G)} =z dg(a).

Ifr := dg(a) < dp(a), then there exists a pointb € dG NAP(a, r). Consequently,
there exists a j € {1,..., N} with | f;(b)| = 1. Hence the function g := 1/(f; —
J; (b)) is holomorphic in G and d(T,g) =r.

(h) Let D be a domain of holomorphy and let fo € O(D), fo # 0. Then
G := D\ f;(0) is a domain of holomorphy.*! In particular, if D C C" is a
domain of holomorphy, then D \ (¥, U---U ¥, ) is a domain of holomorphy for
any 1 <i) <.+ <ip <n.

Indeed, take an @ € G. The case dg(a) = dp(a) is the same as in (g). If
r:=dg(a) < dp(a),thenthereexistsab € f; *(0)NdP(a,r). Thus the function
g := 1/ fo is holomorphic in G and d(T,g) = r.

(i) Observe that if G := D \ F, where F # @ is a closed thin subset of D,
then, by the Riemann removable singularity theorem (Theorem 1.9.8), #*°(G) =
H>®(D)|g and, consequently, G is not an # °°(G)-domain of holomorphy.

(j) Assume that D is not a domain of holomorphy and let D be as in Proposi-
tion 1.11.2 (*) with § = @(D). Then f (D) C f(D) feO(D).

Indeed, suppose that there exists a b € f(D)\ f(D). Then the function
g :=1/(f — b) is holomorphic in D and g - (f — b) = 1. Hence, by the identity
principle, g - ( f — b) = 1; a contradiction.

(k) Assume that D is not an J¢°°-domain of holomorphy and let Do, D be as
in Proposition 1.11.2 (*) with & = #°°(D). Then || f||5 < | fllp, f € H (D)
(EXERCISE).

(1) Let D be a domain in C”. Assume that for any point @ € dD there exists
a function f; € O(D,D) with limps,—4 | fs(z)] = 1. Then D is an #°°(D)
domain of holomorphy.

Indeed, suppose that D is not an # °°-domain of holomorphy and let Do and D
be as in Proposition 1.11.2 (*). We may assume that Dy is a connected component
of DN D. Take an a € D N 3Dy and let f, be as above. Then, |fa| <1linD
(cf. (k) and | fa(a)| = limpysz-a | fa(z)| = 1. Consequently, by the maximum
principle, | f;| = 1. In particular, | f;| = 1 on Dy; a contradiction.

(m) Any convex domain D C C” is an 4 °°-domain of holomorphy.

4IRecall that, by Proposition 1.9.7, G is connected.
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Indeed, take a convex domain D ~C” and fix an a € 0D. Since D is convex,
there exists an affine function £ : C" — R such that £ < 0 on D and £(a) = 0.
Suppose that£(z) = b0+27=1(bjxj' +cjyj),z = (X1+iy1...., xXn+iy,), where
bo.....bp, c1,...,cn € R. Define L(z) := by + Z;'l=1(bj —icj)zj. Obviously
¢ =RelL. Let fy :=el. Then | fy| = eRL = ¢ < 1on D and | fy(a)| = 1. It
remains to apply (1).

(n) Suppose that & is a natural Fréchet space (cf. Definition 1.10.5). Let 7(Q)
be the topology of ¥ generated by a family Q of seminorms.

Assume that D is not an §-domain of holomorphy and let Do, D be as in
Proposition 1.11.2 (*). Let 8 .= {f f e 8 coD)). ‘We endow the space 5
with a topology 7 (Q) generated by the following family Q of seminorms:

5> fq(f). q€0.
§>f—|flg. Keb.

Notice that ﬁ, — f in the sense of T(Q) iff ]f,, — f locally uniformly on D and
Jv — f in the sense of T(Q). Observe that & is a Fréchet space.

Indeed, if fv 2 , isaCauchy sequence in 8 then ( Jv)52 is aCauchy sequence
in & and ( f,, 2, is a Cauchy sequence in (9(D) in the topology of locally uniform
convergence. Hence there exist functions fo € § and go € O(D) such that
fu = foin & and fv — go locally uniformly in D. Since § is a natural Fréchet
space, we conclude that f, — fo locally uniformly on D. In particular, fo = go
on Dgy. Thus gg = fo and, finally, f, — fopin §.

The mapping §5f—> fedis obviously continuous. Since § is a Fréchet
space, the Banach theorem (Theorem 1.10.4) implies that the above operator is
a topological isomorphism, i.e. for each compact K C D there exist a finite set
I C Q and ¢ > 0 such that

I/lg <cmaxI(f), feS8.

In particular, if § is a natural Banach space with a norm || |5, then for every
compact K C D there exists a constant ¢ > 0 such that

Iflg<cllfls. feS3.

In the special case where & is a natural Banach algebra, we get more. Namely,
I fll5 <Ilfls. f €8 (EXErcISE — cf. Example 1.10.7 (k)).

(o) Let &, Dy, D be as above. By virtue of (n), if & is a closed subspace of
O (D) (in the topology of locally uniform convergence in D), then for each compact
K C D there exist a compact K C D and a constant ¢ > 0 such that

Iflg<clfllx, feSs.
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(p) Let &, Do, D be as above. In the special case, if § is a closed subalgebra
of ©(D), then for each compact K C D there exists a compact K C D such that

Iflz <Iflk, g&€8 (EXERCISE).
Proposition 1.9.12 implies the following result.

Corollary 1.11.4. (a) If a Reinhardt domain D C C" is an H 22 (D)-domain of
holomorphy, then D is fat.

(b) If a Reinhardt domain D C C" is an O'N)-domain of holomorphy with
0 < N <1, then D is fat.

Remark 1.11.5. Let T, := {(z1,22) € Dx D : |z1|° < |z2]}, 0 = p/q € Q>y.

(a) First observe that 75 is an 4 °°-domain of holomorphy. Although it follows
from the general results (Theorem 3.4.1), here we give a direct elementary proof.

Suppose that Dy, D are as in Proposition 1.11.2(*) with D = T, and § =
H>®(Ty). Since D x D is obviously an # *°-domain of holomorphy, we conclude
that D € D x D. Let f(z) := zP/z%, z = (z1.22) € Ty. Then f € H®(Ty)
and, therefore, there exists an f € O(D) such that f~ = f on Dy and ||f||5 <
| fllr, <1 (Remark 1.11.3 (k)) Consequently, z f(z) =zl z=(z21,22) € D.
Letbh = (by,by) € 0T, N D. If by # 0, then f(Z) = z{/z] for z = (z1,22)
in an open neighborhood U C D of b. Then |zF/z2] < 1in U and, by the
maximum principle, U C Tg; a contradiction. If b = 0, then f is holomorphic
in a small polydisc P(r) C D, f(z) = Zﬁ:o aj,szzlzc, z = (z1,22) € P(r).
Consequently, ZJ > 0 @jkZl 51 = 2P (21, 2,) € P(r), which is impossible.

(b) The mapping C x Cy > (z1,22) +— (21,21/22) € C x C maps biholo-
morphically the Hartogs triangle 7 onto D x D,. Observe that D x Dy is not
an #°°-domain of holomorphy. In particular, the notion of an J#°°-domain of
holomorphy is not invariant under biholomorphic mappings.

Proposition 1.11.6. Let D = Dg # & be the domain of convergence of a Laurent

series
S = E agz”.

aeZn
Then D is a domain of holomorphy.

Proof. Suppose that D, Dy are as in Proposition 1.11.2 (*) with § = O (D).

Put fo(z) := aqz% z € D, with o € X(S)«. Observe that D C C"(Z(S))
and fy(z) = agz® z € D.

Indeed, by Remark 1.11.3 (¢), (f), C*(X(S)) is a domain of holomorphy. Ob-
viously, O(C*(2(S)))|p € O(D). Hence D C C"(X(S)).

To get a contradiction we are going to show that D C Ds = D. Suppose
that there exists ana € D \ D and let K := B(a,r) C D. By Remark 1.11.3 (p)
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with 8 = @(D), there exists a compact K C D such that ||f||lg < ||.f llx for any
f € O(D). By Lemma 1.6.3, there exist C > 0 and 6 € (0, 1) such that

laez®x < CO™, o e %(S).

Consequently,
laez¥lg < CO®, e 2(S).

Thus int K C Dg = D; a contradiction. O

Proposition 1.11.7. For any o € (R")« and ¢ € R, the elementary Reinhardt

domain
Dy ={zeC"(a):|z% <e}

is a domain of holomorphy.

Proof. Use Propositions 1.6.6 and 1.11.6. |

Remark 1.11.8. (a) Observe that it is much easier to prove that D, . is locally a
domain of holomorphy, i.e. every a = (ay, ..., an) € 0Dy, has an open neighbor-
hood U such that each connected component of U N Dy, . is adomain of holomorphy.

Indeed, if @ € C%? N 0Dy, then let U := P(a,r) C C% and let f(z) :=
S1(z1) -+ fu(zn),z = (21, ...,2,) € U,where f; € O(K(a;,r))isaholomorphic
branch of the j-power, j = 1,...,n. ThenU N Dy = {z € U : | f(2)| < €°}
and we may apply Remark 1.11.3 (g).

Ifa € N 0Dy, thenlet U := P(a,r) C C”" be arbitrary. Suppose that a
connected component D of U N Dy, ¢ is not a domain of holomorphy. Let Dy, D be
as in Proposition 1.11.2 (¥) with § = @ (D). Since U is a domain of holomorphy,
we have D C U. We may assume that Dy is a connected component of D N D.
The first part of the proof shows that Do N D C V.

Thus, it suffices to show that for any point b € ¥ N 9D, there exists a
function f € @ (Dy,) which cannot be continued through . We may assume that
a1,y >0, 05401,...,0, <0, 1 <s<n-—1,by---by = bsy1---b, =0,
by = 0 (cf. Remark 1.5.7 (d)). Consequently, one can take f(z) := 1/z,.

(b) One should mention the following general result which will follow from
Theorems 1.15.5 (viii) and 1.16.1.

Theorem* 1.11.9. Let D C C" be a domain. Then D is a domain of holomorphy
iff D is locally a domain of holomorphy, i.e. every pointa € dD has a neighborhood
U such that each connected component of U N D is a domain of holomorphy.

Lemma 1.11.10. D is an §-domain of holomorphy iff there exists a dense subset
A C D suchthat dp(a) = inf{d(T, f): f € 8},a € A.

Proof. Let a € D and let r > ro > dp(a). Suppose that d(T, f) > r for
any f € &. Then there exists an open neighborhood U C D of a such that
d(Tp f) = ro > dp(b) forall f € 8 and b € U; a contradiction. |
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Proposition 1.11.11. Let 8§ C O (D) be anatural Fréchet space (Definition 1.10.5).
Then the following conditions are equivalent:

(i) D is an 8-domain of holomorphy;
(ii) the set 8 \ N(8), where

NE) :={f €8 : D is the domain of existence of f},

is of the first Baire category in ;%
(iii) N(S) # 2.

Proof. Obviously, (ii) = (iii) = ().

(i) = (ii): Fora e Dandr > 0let8,, :={f €8 :d(T,f) = r}. Itisclear
that §, , is a vector subspace of 8. Let 7 (Q) be the topology of 8. We endow
the space &8, , with a topology T (Qg,r), where Qg , is the following family of
seminorms:

8ar > f=>q(f), q €0,
861,7‘ > f = ”Ttlf”K’ K S I])(a»r)'

One can easily verify that §,, endowed with this topology is a Fréchet space
(cf. Remark 1.11.3 (n)).

The inclusion §,,,, — & is obviously continuous. Hence, by the Banach theo-
rem (Theorem 1.10.4), either &, , = & or &, , is of the first Baire category in §.
Since D is an 8-domain of holomorphy, 8, , is of the first category if r > dp(a).

Now let A C D be countable and dense in D. Put

So:= |J Sadp@tisk-
ac€A,keN

Then & is of the first Baire category in §. Finally, by Lemma 1.11.10, we get
S\ NE) = So. O

Exercise 1.11.12. Let D; C C" be adomain of existence of afunction f; € O(D;),
j =1,..., N. Assume that G is a connected component of D1 N---N Dy # @.
ForA = (A1,....Ax) € CN let Fj := Ay filg + -+ An fnlc € O(G). Prove
that there exists a 1o € CV such that G is the domain of holomorphy of F Ao-

Hint. Let 8 := {F; : . € CN} C O(G). Observe that G is an §-domain of
holomorphy and & is a natural Fréchet space in O (G ). Nextuse Proposition 1.11.11.

The following result gives the full geometric characterization of Reinhardt do-
mains of holomorphy.

“2Roughly speaking, if D is an §-domain of holomorphy, then “almost all” functions f € § are not
holomorphically continuable beyond D.
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Theorem 1.11.13. Let D C C” be a Reinhardt domain. Then the following con-
ditions are equivalent:
(1) D is a domain of holomorphy;
(i1) D satisfies the following two geometric conditions:
(i1); log D is convex,
(ii)> D isrelatively complete, i.e. forevery j € {1,...,n}, if DNV; # &,
then DU) c D;#
(iii) D satisfies the following two geometric conditions:
(iii); log D is convex,
(iii); D is weakly relatively complete, that is, for every j € {1,...,n},
if DNV, # &, then (a’,0,a"”) € D for any (a’,aj,a”) € D C
C/7!xCxC"/;

(iv) D is log-convex and D = D* \ M, where D* was defined in (1.5.3) and

M=MD)= |]) w.*

In particular:

o If D is a Reinhardt domain of holomorphy suchthat DNV, # @, j =1,...,n
(e.g. 0 € D), then D must be a complete Reinhardt domain.

e D is a fat domain of holomorphy iff D is log-convex and D = D*.

|z2] |z2] |z2]
1 1+---- 2
)
A 1 |z1] ! 1|z 't|zq]

Figure 1.11.2. Which of the above domains are relatively complete ?

Proof. (i) = (ii): Let f € O(D), f(z) = Y yeznaaz® z € D, be such that
D is the domain of existence of f (cf. Proposition 1.11.11). Then D = Dy,

#Consequently, if D is a Reinhardt domain of holomorphy, then for any j € {1,...,n} we have:
DNV; # @ <= D) = D. Observe that condition (ii), is automatically satisfied if D C C”
or if D is complete.

4Recall that D* is log-convex and relatively complete (Remark 1.5.8).
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|z2]

2/3R N

1/31

/3 2/3 1 |z

Figure 1.11.3. The domain D := D2\ (A(1/3,2/3) x A(1/3,2/3)) is weakly relatively
complete, but not relatively complete.

where D denotes the domain of convergence of the Laurent series ), c7n daz®.
Consequently, the result follows directly from Proposition 1.6.5 (¢), (d).

The implication (ii) = (iii) is trivial.

(iii) = (iv): Since D*\ D C ¥ (Remark 1.5.8 (a)), we only need to show that
D*\M C D. Takeapointa = (ay,...,a,) € D*\ M. Since D*\ Vy = D\ W,

we may assume thata € W\ M,saya; = --- = a5 = 0, a541 -+ an 7# 0 for some
1 <s<mn.Sincea ¢ M,weconcludethat D NV; # @, j =1,...,s. Itisclear
that for sufficiently small ¢ > 0 the point b = (e, ..., &, ds+1,...,4a,) belongs to

D*\ V% = D\ V. Now, using (iii), (with respect to all j € {1,...,s}), we see
thata = (0,...,0,d5+41,....an) € D.

(iv) = (i): Since log D is convex, there exists a family A C R” x R such that
log D = int(\(y,c)ea Hae- Then D* :=int (), oy s Da,c (Remark 1.5.8 (b)). By
Proposition 1.11.7, each domain Dy . is a domain of holomorphy. Consequently,
D* is a domain of holomorphy (cf. Remark 1.11.3 (¢)). Now, we may use Re-
mark 1.11.3 (h). O

Corollary 1.11.14. If D is a Reinhardt domain of holomorphy with the Fu condition,
then D is fat (cf. Remark 1.13.11 (b)).

Note that the Hartogs triangle is a fat Reinhardt domain of holomorphy without
the Fu condition.

Corollary 1.11.15. If (D)2, is a sequence of Reinhardt domains of holomorphy
with Dy C Dy 44, then D := Uiozl Dy is a Reinhardt domain of holomorphy.



82 Chapter 1. Reinhardt domains

Corollary 1.11.16. Let D C C* x C"* be a Reinhardt domain of holomorphy.
Then:

(a) prck (D) is a Reinhardt domain of holomorphy in Ck.

(b) For any (a,b) € D C CK x C" ¥ the set D' := {z € C¥ : (z,b) € D} is
a Reinhardt domain of holomorphy.

Proof. (a) Use Theorem 1.11.13 (ii) (EXERCISE).

(b) Itis clear that D’ is k-circled and relatively complete. It remains to show that
D’ is log-convex (then D’ must be a domain). This is clear if b € C?~*. Suppose
thatb = (bgy1,...,bs,0,...,0) withk +1 <s <n —1, where by 41 ---bs # 0.
Take p = (p1,.... k), ¢ = (q1,...,qx) € D'N [R’;O and let I" be the hyperbolic
segment between p and ¢,

F={(pi7"q1 o i) 1 € 0,103,
We want to show that I" x {b} C D. Let
U, = Up1 X o x Uy x Py—s(e), Uy = Uq1 X x Uy x Py—s(e) C D
be Reinhardt neighborhoods of (p, b) and (g, b), respectively. Then
I X {(bk+1,---,b5)} X Ki(e) x -+ x Kx(g) C D.
Consequently, the relative completeness of D implies that I" x {b} C D. |

Remark 1.11.17. Notice that for a general domain of holomorphy D C C”, the
projection prex (D) need not be a domain of holomorphy — cf. e.g. [P11978],
[Kas 1980], [Shc 1982], [Joi 2000].

Proposition 1.11.18. Let D C C”" be a Reinhardt domain. Then the following
conditions are equivalent:

(1) D is a domain of holomorphy;

(ii) for any a = (ay,...,an) € R, o = (@1,...,0,) € (R")y, and B =
(B1,....Bn) €ler,....en} CZ", the set

Dgap =12, pn) € (Clar) N---NC(an)) x C:
(@A pl? . an A )Py € Dy
is a Reinhardt domain of holomorphy (provided that D, o g # D).

Notice the special role played by two-dimensional Reinhardt domains (cf. Propo-
sition 1.15.9).

Proof. Define @, 4 p: (C(ay) N---NC(ay)) x C — C",

Byap (s ) = (@r| A [l an A |l P,
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First observe that D, 4 3 = @} 8 (D) is a Reinhardt open set and

a,a
log Dgap = {(t,u) € R? :loga + ta + up € log D}.

It is clear that D is log-convex iff each D, o g is log-convex.

It remains to discuss the relative completeness. First assume that each D, 4 g is
relatively complete. We will prove that D is weakly relatively complete. Suppose
that DNV; # @. We may assume that j = n. Fixab = (b’,0) € DN(R%,!x{0}).
Take a point ¢ = (¢’,c,) € D NR%, ¢/ # b/, ¢, > 0. We want to prove that

(¢’,0) € D. We may assume that ¢’ = (0,...,0,Cs41,...,Cn—1) With cs41,...,
——
cp—1 > 0forsome 0 <s <n-—1. S
First, consider the case s = 0. Define
1 i /b;
a:= (b cp), o . log(¢;/b;) ’), j=1,....n—1,
log2

a:=(,0)eR", B:=e,.

Since @44.4(1,0) = b and @, 4 4(2,1) = ¢, we conclude that (1,0), (2,1) €
Dga.p- Thus (2,0) € D, o g and, consequently, (¢’,0) = @, 4.8(2,0) € D.
Now, let s > 0 and suppose that (¢’,0) ¢ D. Define

a=(,...,1,¢541,...,¢n), a:=(1,...,1,0,...,0), B :=ey.
N—— S——

s N

Then @,,4,4(0.1) = ¢ € D, @444(0,0) = (c’,0) ¢ D. Thus (0,1) € Dyqop
and (0,0) ¢ Dg,qp. By the first part of the proof we know that @, o g(e,0) =

(&....&Cs41,...,¢n-1,0) € Dfor0 < & < 1. So (,0) € Dggqp for 0 <
~——

£ <<S 1. Consequently, since D, 4 g is a domain of holomorphy, we conclude
(cf. Theorem 1.11.13) that (0,0) € D, o g; a contradiction.

Conversely, assume that D is relatively complete. We will prove that each
D, o p is weakly relatively complete. Suppose that (A9,0), (A1, 1) € Dgop
with i # 0. We want to show that (A1,0) € D, o g. After a permutation of
variables, we may assume that § = e,. The points

b:= @y 4p(o,0) = (a1|do|*, ..., an—1]Ao|*",0),
ci= Dy p(Ar, 1) = (@A™, ... an—1 A1 an| A" 1))

belong to D. Hence (a1|A1|*',...,an—1|A1|*"~",0) = @y 4 8(A1,0) € D, which
means that (A1,0) € D, 4 .

Now suppose that (0, 1o), (A1, 01) € Dgyqp with 11 # 0. We want to
show that (0, 1) € Dgq.p. Observe that oy,...,0, > 0. We may assume
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that oy, ..., > 0, 0541 = -+ = o, = 0,1 <5 < n. Thus the points

b= @aup(01t0) = (0,....0,a541|p0lP+, .. anlpol)
¢ = ¢a,a,ﬂ(/llvl¢bl)
= (@M P as A s P agpn | 1Pt an e P

belong to D. The relative completeness of D implies that

@uwp(0,101) = (0,...,0,a511 |1 [P+, .. an|ia|Pr) € D.
Thus (0, 1) € Dgag. O

Remark 1.11.19. In [Lan-Spi 1995] the reader may find another geometric char-
acterization of Reinhardt domains of holomorphy in C2.

1.12 Envelopes of holomorphy

As we already mentioned in § 1.11, there exist pairs of domains D ~>D C C" such
that O(D)|p = O(D) or #>°(D)|p = H>(D). So far we were concentrated
on characterization of those (Reinhardt) domains D C C" which are domains of
existence with respect to the family @ (D) of all functions holomorphic on D. Inthe
present section we make a step further and answer a more general question whether
for a given (Reinhardt) domain D C C” and afamily @ # § C @ (D) there exists a
maximal domain D C C” such that every function from & extends holomorphically
to D (cf. [Jar-Pf1 2000], § 1.7, for the general theory of holomorphic extension).

Definition 1.12.1. Let D C C" be a domain and let @ # & C O(D). We say that

adomain D C C” is an §-envelope of holomorphy if

e DC 5,

e forany f € 8 there exists an f € O(D) with f = f on D (notice that f is
unlquely determined by f),

e Disan $-domain of holomorphy with 8 := { f: f € 8} (cf. Definition 1.11.1).

In the case § = O(D) we say that D is an envelope of holomorphy.

Remark 1.12.2. (a) If D; C D, C C" are domains and D ; is an & -envelope of
holomorphy with respect to a family 8; C O(D;), j = 1,2, with 8|p, C &1,
then 51 C 52.

In particular, the -envelope of holomorphy D is uniquely determined. We
write D = &(D, 8). Let (D) := = E(D, O(D)).

Indeed, we know that D; C D and for every J; € & there exists an fj
(9(D ) with fj f; on D;. Moreover, D; is an 8 -domain of holomorphy, where

= {fj Ji € 8;}, j = 1,2. Suppose that Dy ¢ D,. Then every function
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f2 € 8, extends holomorphlcally to D, (to (f2lp)1 ) with (f2|p,)1 = f2lp, =
f2 on Dy C D1 N D2 Consequently, D2 is not an 82 domain of holomorphy; a
contradiction.

(b) In general, the §-envelope of holomorphy (in the sense of the above defini-
tion) need not exist; take, for example, D := D, § := {Log(z + 1)} (EXERCISE).

(¢c) There are also examples of domains D C C”" (n > 2) such that £(D) does
not exist (see e.g. the Shabat example in [Jar-Pfl 2000], p. 1). The interested reader
may consult also [Vla 1966] (to find relations between envelopes of holomorphy
and theoretical physics) and [Jup 2006].

(d) Let D C C” be a starlike domain (i.e. tz € D for every z € D and
t € [0,1]) and let 8 C O(D) be such that, for any f € & and ¢t € (0, 1], the
function D > z — f(¢z) belongs to §. Then E(D, &) exists and is a starlike
domain in C” (cf. [Jar-Pfl 2000], Remark 1.9.6 (a)).

(e) Let D C C”" be a balanced domain and let 8 C @ (D) be such that, for any
f € 8and A € D\ {0}, the function D 3 z > f(Az) belongs to §. Then (D, §)
exists and is a balanced domain in C” (cf. [Jar-Pfl 2000], Remark 1.9.6 (f)).

(f) There exists a circular domain D C C? (i.e. Az € D for every z € D and
A € T) such that E(D) does not exist (cf. [Cas-Tra 1991], see also [Jar-Pfl 2000],
Example 3.1.20).

Remark 1.12.3. Notice that for an arbitrary domain D C C"” and § C O(D),
the § envelope of holomorphy always exists in the category of Riemann domains —
cf. [Jar-Pfl 2000].

In the case of Reinhardt domains we have the following existence theorem.

Theorem 1.12.4. Let D C C” be a Reinhardt domain and let 8 C O (D) be such
that

{(foTy: fe8, LeT" =38. (1.12.1)

Let D := int ﬂfe s Dy, where Dy denotes the domain of convergence of the

Laurent series of [ (observe that D is a Reinhardt log-convex open set; in particular,
by Remark 1.5.6(d), D is connected). Then D = &(D.,8). If D N V, # &,
j=1,....n(e.g 0€ D), then E(D,8) is a complete Reinhardt domain.

Observe that all classical spaces of holomorphic functions (e.g. #°K(D),

AK(D), Lﬁ’k (D), O (D)) satisfy (1.12.1). In the case where § does not sat-
isfy (1.12.1), it is possible that the envelope E(D, &) exists, but is not a Reinhardt
domain,e.g. D =D, 8 := {1/(z — 1)}.

Proof. For an arbitrary function f € & consider its Laurent expansion

f(2) = Za , ze€eD

aeZ"



86 Chapter 1. Reinhardt domains

(cf. Proposition 1.7.15 (c)). Obviously, aZ °T* = a A% and =(f o T;) = Z(),
A € T". The function f(z) := Y wezn aoj;z"‘, z € Dy, gives a holomorphic
extension of f to Dy. Observe that Dy.r, = Dyrand f o Ty = fo T),AeT".
Thus, every function f € & has a holomorphic extension f |5 to D. Notice that
if DNV, # @,j =1,...,n, then each Dy is complete and, consequently, D
is a complete Reinhardt domain. It remains to show that D is an 8-domain of
holomorphy. Observe that in the case where 8 = @ (D), the result follows directly
from Proposition 1.1 1.6 and Remark 1.11.3 (e).

Suppose that @ € D is such that d(T, f) > s > dp(a) =: r forany f € §.
Define a new Reinhardt domain

G:= |J Tu(P@.s) = |J P(A-a.s).

AT AeTn

For f € & let f(z) = Taf(z), z € [P(a,s). Notice that (ﬁ) o T;l = fon
P(A - a,r). Moreover,

(f/oTA)oTZl = (m)oTﬁl on PA-a,s)NP(u-a,s), A,ueT".

Indeed, first observe that P(A-a, s) NP (w-a, s) is convex and, therefore, connected.

o IfP(A-a,r)NP(u-a,r) # 3, then the equality follows easily from the
identity principle.

o IfPA-a,s)NP(u-a,s)# abutP(A-a,r)NP(u-a,r) =, then we
proceed as follows. ‘

For each k € {1,...,n}, take C,i (j = 1,...,N) on the shorter arc of T
determined by A; and uj in such a way that é‘,l = Ag, {,ICV = U, and

60 =& M laxl <2 j=1....N~1.

Then |Ak"2””‘ ay — Z,{ak| < MWH < s and consequently,

N
A .
_;M -a € ﬂ P/ -a,s).
Jj=1
Thus, we have found 1, ..., {N € T such that

o =1V =p,
o P/ -ar)NPEtar)#2,j=1,....N—1,

o NLIPE -aus)# 2,

which permits us to apply successively the previous case and the identity principle.
Consequently, the function f : G — C defined by the formula

f2):=(FoTp)oT;'(2), ze€P(r-a,s),
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is well defined. Since f = f in P(a, r), the Laurent series of f in G coincides
with )" czn aof: z% (EXERCISE), which implies that G C D; a contradiction. O

Corollary 1.12.5. Let D C C”" be a bounded Reinhardt domain of holomorphy
and let U be any domain of holomorphy with D C U. Then there exists a Reinhardt
domain of holomorphy D’ such that D C D' C U.

In particular, if D has a neighborhood basis consisting of domains of holo-
morphy, then D has a neighborhood basis consisting of Reinhardt domains of
holomorphy.

Proof. Let 2r := dy (D) > 0. Then

G:=|]JPin

zeD

is a Reinhardt domain with D C G C U. Let D’ := &(G) be the envelope of
holomorphy of G. Then G is a Reinhardt domain of holomorphy (Theorem 1.12.4)
and D c G C D' Cc EU) = U (Remark 1.12.2 (a)). |

Proposition 1.12.6. Let D C C" be a Reinhardt domain and let 8 C O (D) satisfy
(1.12.1).
(@) If D is an 8-domain of holomorphy, then

D = int r\ ilf,
fes8

where Dy denotes the domain of convergence of the Laurent series of f .
(b) Let @ # 8 C H(D) be such that 8 = R~ - 8. If D is an 8-domain of
holomorphy, then

D = int ﬂ {ze C"(n): |a({z°‘| <1},

fe8, 1 flp=1
a€X(f)x
where
f(z) = Z agz“, zeD, X(f)={acZ" :aoj{r # 0}.
aeZ"
(©)
&(D, #*(D)) = int N {z € C"a) : laf z%| < 1}.

feH>®(D), | flp=1
a€X(f)x
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Proof. (a) follows directly from the proof of Theorem 1.12.4.
(b) By Proposition 1.6.5 (b), for every f € #°°(D), we have:

Dcint () {zeC"):lalz*l <|flp}C Dy.
a€X(f)x«

Hence, using Theorem 1.12.4, we get

Dcint () it [) {zeC'@):]alz" <1}
fe8, 1 flp=1 a€Z(f)«
C int ﬂ Dy =D (EXERCISE).
fe8, 1 flp=1

(c) The proof of Theorem 1.12.4 shows that

D:=§&D.¥#>(D)=int ()| Dy.
f€3°(D)
1£1p=1

Let f denote the holomorphic extension of f to D. Recall that || f s =1flp,
f € #°°(D) (Remark 1.11.3 (k)). Hence, by (b), we have

D = int ﬂ {z e Ca): |af 2% < 1}
fen>D), | flz=1
€D ()«
= int N {zeC"a):|afz* < 1}. O
fex>D), | fIp=1
@€ (f)x

Remark 1.12.7. Let D C C” be a log-convex Reinhardt domain. Then
&E(D) = D*\ M(D).®»

Indeed, Theorem 1.11.13 and Remark 1.11.3 (h) show that D* \ M(D) is a
domain of holomorphy containing D. Consequently, G := E(D) C D* \ M(D).
Using once again Theorem 1.11.13 (iv), we get G = G* \ M(G) D D* \ M(D).

Proposition 1.12.8. Let F: G — D be a biholomorphic mapping between two
domains D, G C C". Assume that G := E(G)and D := E(D) exist (e.g. G and D
are Reinhardt domains). Then F extends to a biholomorphic mapping F:G — D.

4Cf. Theorem 1.11.13 (iv).
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Proof. Let f G — C" denote the holomorphic extension of F'. Observe that
det F' = det et F'. In particular, by Remark 1.11.3 (j), det F'(z) # 0, z € G which
shows that Fis locally blholomorphlc We only need to show that F(G) c D
(then F oF =id5 7> Where F™ ! denotes the holomorphic extension of F~! to D
and, consequently, exchanging the roles of G and D finishes the proof). Suppose
that F(G) ¢ D and let b € G be such that F(b) ¢ D. Let 2 be the co connected
component of F~ 1(D) containing G. Then, by the identity principle, F oF =
idg. Fixana € G andlety: [0,1] — G be a curve with y(0) =a,y(l) = b. Let
to = sup{r € [0, 1] : y([0,7]) C £2}, ¢ := y(to). Observe that F(c) € dD. Since
Fis locally biholomorphic, there exists a connected open neighborhood U C G of
¢ such that F|y: U — F(U) =: V is biholomorphic. Take an arbitrary function
g€ (9(D) Then the function g o F is holomorphic on G and therefore, extends
to go o F € O(G). Observe that, by the identity pr1n01p1e go 7o F = goFong
(because we have equality on G). Define g := go o F o (Fly)™' € O(V). Then
forw = F(z) € F(UD.Q) C VﬂDweget

gw)=goF(z)=goFo(Fly) o F(z)=goF(z) =go F(z) = g(w).

Consequently, D is not a domain of holomorphy; a contradiction. |

1.13 Holomorphic convexity

The idea of holomorphic convexity has its roots in the following well-known char-
acterization of convex domains in R™, namely, an open set U C R™ is convex iff
for every compact K C U the set

{x €U :Vaeprm : (x,a) < max(y a)} ={x €U :Vppnsp: L(x) = mI?xL}

Y€ L is linear

is compact.

Definition 1.13.1. Let D C C” be a domain and let @ # & C O(D). We say that
D is 8-convex if for every compact K C D the set

={zeD:Vyes: |/ =[x}

is compact. In the case where § = O (D) we say that D is holomorphically
convex. Suppose that we have assigned to each domain D a family ¥ (D) C @ (D)
(e.g. D — H°°(D)). Then, instead of saying that D is ¥ (D)-convex, we shortly
say that D is ¥ -convex (e.g. # *°-convex).

Exercise 1.13.2. Prove the following: R R
(a)If Ky C K> € D and 81 C &, then (K1)s, C (K2)s,.
(b) The set K g is closed in D.
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©)Ifzy,...,z, €8, then fg is bounded.
(d) ||f||138 =|fllk, f € 8. Inparticular, K g if is compact, then (Kg)s = K.
(e) I?g = KAg, where § denotes the closure in @ (D) of the family

{aff:aeC, fe8, kel

() If F: D — D’ is biholomorphic, then F(K)o(py = F(Ko(p)) for any
compact K C D. In particular, D is holomorphically convex iff D’ is holomorphi-
cally convex.

Remark 1.13.3. (a) By Proposition 1.7.15 and Exercise 1.13.2 (e), if D is a Rein-
hardt domain, then K¢ (py = Kg, where

8= {f cOD): f(2)= Y alz% z € D. #Z(f) <oo},

aeZn

where £(f) :={ax € Z" : a({ # 0}. In particular, if D is a complete Reinhardt
domain, then Kg(py = Kp(cn)|,. See also Proposition 1.13.7.
(b) D is &-convex iff there exists a sequence (K,)72; of compact subsets of D

such that (7(7)3 =K, CintK,4; foranyvand D = U(f:l K,.

Indeed, the implication (<) is obvious. To prove (=), let (L j);-”;l be an
arbitrary sequence of compact sets such that L; C intL;4+; and D = U;il L;.
Put K; := (E)g. Since D = U;‘;lint L;, there exists a j, > 1 such that
K, CcintL;,. Put K5 := (Lj,)s. Now take a j3 > j, such that K, C int L, etc.

Exercise 1.13.4. Let (K;)72, be an arbitrary sequence of compact subsets of a
domain D C C" such that K; C intK;; and D = U;’;l K;. Let A C D be
an infinite set without accumulation points in D. Prove that there exist sequences
(ar)ze; C Aand (jr)gz, C N, jk < jr+1,suchthatay € Kj,  \ K,k € N.

Theorem 1.13.5 (Holomorphic convexity). Let D C C". Then the following
conditions are equivalent:
(1) D is a domain of holomorphy;
(i) D is holomorphically convex;
(iii) dD(I?(g(D)) = dp(K) for every compact set K C D, where dp(A) :=
inf{dp(z) :ze€ A}, AC D;
(iv) dp (E@(D)) > 0 for every compact set K C D;
(v) For every infinite subset A C D without accumulation points in D, there
exists a function f € O(D) such that supy | f| = +oo.

Proof. The implications (ii) < (iv), (iii) = (iv) are elementary (EXERCISE). The
implication (v) = (i) follows from Remark 1.11.3 (p) (EXERCISE).
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(ii) = (v): By Remark 1.13.3 (b) there exists a sequence (K,)52, of compact

subsets of D such that (Kv)(l)(D) = K, CintK,4+; and | J)2, K, = D. Using
Exercise 1.13.4, we may assume that there is a sequence (av)y2; C A such that

ay € Ky41\K,,v > 1. Sincea; ¢ K;and K; = (Kl)(g(D),thereex1stsafunct10n

f1 € 8 suchthat | fi(a1)| > || f1llk, - Replacing fi by (af1)" with suitable a > 0
and N € N, we may assume that | f; (a1)| > 1,and || f1|lx, < 1/2. Repeating the

above argument for the remaining a,’s, we find a sequence (f,)52, C O(D) such

that|fv(av)| > U+Z |fu(av)|and||fv||K|; = 1/2v NOWplltf Zu 1fv
The series is locally normally convergent in D. Hence f € O(D). Moreover,

| f(ay)| = v for every v (EXERCISE). R
(i) = (iii): Suppose that for some a € Kg(p) we have dp(a) < dp(K) =:r.
Let 0 < s < r. By the Cauchy inequalities we obtain

o!
IDYfllx < mllfllmo, f€0(D).

Hence we get
ol
|D%f(a)] < m”f”xm, f € O(D).

In particular, d(7, f) > s and hence d(T, ) > r, f € O(D). Finally, since D is
a domain of holomorphy, we conclude that P(a,r) C D; a contradiction. O

Exercise* 1.13.6. Let D C C” be holomorphically convex and let A C D be an
infinite set without accumulation points in D. Prove that there existsan f € O (D),
f # 0, such that sup{ord, f :a € A} = +o00, where ord, f denotes the order of
zero of f ata.

Hint. Try to find f as an infinite product.

Proposition 1.13.7. Let D C C" be a Reinhardt domain. Then for every Reinhardt
compact set K C D we have K@(D) Kg, where

= {z%p :a € Z" is such that D C C"(«)}.
Observe that if D is a complete Reinhardt domain, then 8§ = {z*|p : a € 7" }.

Proof. We already know (Remark 1.13.3 (a)) that Kg(py = Ks,, where

8o :={ Z aez%p N €N, ay #0= D C(E”(a)}.

aeZ"
le|<N
We only need to show that I?,g - I?go. To this aim, fix apointa € I?g and a function

f = gezn aa ®p € 9. The Cauchy inequalities imply that ||a({;z"‘||1< <
le|<N
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I fllx, @€ 2(f). PutC(N) :=#{o € Z" : x| < N}. Then

< C(N fa% < C(N 2% < C(N )
| f(a)] = C( )aglzag;)laaa | < C( )agza(?;)ll%z lxk <CWN)Ifllx

Putting /¥ instead of f gives
1fE@) < kM fIk. ke

Hence,
| f(@)| < (CGRN)F| flIk.

It remains to observe that (C(kN))'/¥ — 1 when k — 400 (EXERCISE). |

Exercise 1.13.8. Prove that C(N) = Y% _o (1) (V" 75).

n

Exercise 1.13.9. Let D C C” be a balanced domain (Definition 1.8.1). Using
Proposition 1.8.4 prove that for every balanced compact set K C D we have
K(t)(D) = K3, where

8§ :={Q|p:Q € P(C"), Q is ahomogeneous polynomial}.

Definition 1.13.10. We say that a Reinhardt domain D C C" satisfies the weak Fu
condition if for every j € {1,...,n} the following implication holds:

DnVvi\(JW #2=DnV, #2.
kit

Remark 1.13.11. (a) It is clear that if D satisfies the Fu condition, then D satisfies
the weak Fu condition. The domain

Ty ={(z1,22) e DX D : |z1|° < |z2]}, o >0,

satisfies the weak Fu condition but does not satisfy the Fu condition.

(b) If a Reinhardt domain of holomorphy D C C” satisfies the weak Fu condi-
tion, then D is fat (cf. Corollary 1.11.14).

Indeed, it follows from Theorem 1.11.13 that D = D* \ M, where M :=
Ujer Vi- 1 :=1{j : V; N D = &}. It remains to observe that M N D* # & &
HjeI:D*mI/j\Uk7éj‘/k#®.

Remark 1.13.12. Let D C C” be a domain and let @ # § C O(D). It is natural
to ask whether D is an §-domain of holomorphy iff D is §-convex.

Consider, for example, the case where § = H (D).

(a) If D c C is a bounded domain, then D is an #°°-domain of holomorphy
iff D is J£°°-convex (cf. [Ahe-Sch 1975], see also [Jar-Pfl 2000], Theorem 4.1.1).
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(b) Let Ty := {(z1,22) € D? : |21|° < |22]},0 = p/q € Q=y. Recall T, is an
H °°-domain of holomorphy (Remark 1.11.5 (a)). Moreover, Ty is not # *°-convex
(also for arbitrary o > 0).
Indeed, let
K :={0,23) : |z2| = 1/2} C T.

Then, using the one-dimensional Riemann theorem on removable singularities,
we get {(0,z2) : 0 < |z2] < 1/2} C Kgoo(r,) (EXERCISE), which implies that
K geoo (T, i not compact.

Observe that for any compact K C T, we have K #oo(T,) N 0Ty C {(0,0)}.

For, let f(z1,z2) := z¥/z%, f € H(T,). Suppose that there exists a
sequence Kyoo(r,) > by — b € (3T,) \ {(0,0)}. If |b| = 1, then 1 =
limg 400 [bk 2] < |lz2lk < 1; a contradiction. If |b1|° = |by| < 1, then
I =1limg 400 | f(Br)] < ||fllxk < 1; a contradiction.

(c) N. Sibony in [Sib 1975] constructed an example of a fat domain D ~D x D
such that D is #°°-convex, but H*°(D) = #H*°(D x D)|p; in particular, D is not
an J¢°°-domain of holomorphy.

(d)Let D C C" be a Reinhardt # °°-convex domain. Then D satisfies the weak
Fu condition (in particular, D is fat).

Indeed, suppose that D N V; \Ukz,; Ve # Gand DNV; = @. We may assume
that j = n. Then, by Lemma 1.5.15, for every a = (a’,a,) € D N C%, the set
{a’} x (K(¢) \ {0}) is contained in D for an ¢ > 0. Let K := {a’} x K (¢) € D.
Then (cf. (b)) {a’} x K«(g) C EJ(OO(D) € D;* a contradiction.

Proposition 1.13.13. Let D C C” be a log-convex Reinhardt domain.

@IfDis lez—convex, then D satisfies the weak Fu condition (in particular, D
is fat).

(b) IfLi(D) = {0} (in particular, if D is L%—convex), then E (log D) = {0}
(¢f. Lemma 1.5.14).

We need the following two lemmas.

Lemma 1.13.14. Let D C C" and G C C™ be arbitrary domains, and let
f e Lg(D xG) (1 < p<400). Then f(z,-) € Lﬁ(G)foreveryZ e D.

Proof. Take a zg € D and let P(zg,r) € D. Then, by Lemma 1.7.22 (with
K := {zp}) in the case where p € N, or by Proposition 1.14.14 (with u := | f'|?)
in the general case, we get

| f(zo, w)|” <

= (wr?)r
1
< m/; | f(z,w)|? dAzn(z), w € G.

46Recall that K4 (r) = K(r) \ {0}.

/ o) dAan(2)
P(zo,r)
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Consequently, by the Fubini theorem,

Lo ansm = o [ ([ 176wl @2 ) dnzm
1
B (mr2)n /DxG |f(z.w)” dAzuam)(z. W),

ie. f(zo,") € Lf(G). O
Lemma 1.13.15. Let f € Li([D*). Then f extends holomorphically to D.

Proof. Write f(z) = > pe_o arz¥, z € Dy. Then, by Example 1.10.7 (c), we get

1
27T|ak|2/ r2k+1dr = Hakzk”iZ([D*) = ”f”iz(lD*)’ k e E(f)
0

Consequently, X (f) C Z+. O

Proof of Proposition 1.13.13. (a) We argue as in Remark 1.13.12 (d). Suppose that
DN (C ! x{0}) # @and DNV, = @. By Lemma 1.5.15, for every a =
(@', a,) € D NC" there exists an ¢ > 0 so small that P(a’, £) x (K (g) \ {0}) C D.
By Lemma 1.13.14, f(a’,-) € L? (K*(s)) Put K := {a’} x 0K(¢) C D. Then,

by Lemma 1.13.15, {a’} x K« (g) C KL%(D) € D; a contradiction.
(b)Put X :=log D. Supposethat F := E(X) # {0}. Let f € Li(D), f#£0,
f(@2) =D gezn aoj;z“. By Example 1.10.7 (c), there exists an a® € X(f) such

that z*° € Lfl (D). Recall (Remark 1.4.7(f)) that X = Y + F, where Y C F=*.
Write R” 3 x = x’ + x” € F+ + F. Then, using the Fubini theorem, we obtain

0 0
12 ooy = [ 12 P2

— (27'[)” / r2a0+ldAn (r) r==€x (27_[)11 / e(x,2(¥0+2)dAn (X)
R(D) X

— (271)”/ e(x’,2a0+2)dAFL(x/)/ e(x”,2a0+2)dAF(x//)
Y F

= 2n)" / 204D g A (1) - (00) =
Y

a contradiction. O

Example 1.13.16. Let T, := {(z1,z2) € D? : |z1]° < |z2|}, 0 € Q=¢. Then
Ty is Li-convex iff 1 < p <2(1 4+ 1/0). In particular, the Hartogs triangle T is
Ly-convex iff 1 < p < 4.
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Indeed, since H°(T,) C Lf(Tg), Remark 1.13.12 (b) implies that I?L,’,’(Tg) N
0Ts C {(0,0)} for any compact K C Tyg.

To simplify notation put t := 1/0. First we will find a criterion for the function
z% (¢ € Z?) to be in the space L (T,). We have

/ 2217 d Aa(z) = (27)? / FPe G A ()
To Ts)

= (27)? / (/ pal“dr) faszrz

(pa1+2)r o
. pa
Gf poy + 1> —1) = (27)? a1—|—2r22 dry
(277)2

if (pa1 +2)t + pos +1 > —1 = .
(f (o ) p%2 ) (pay +2)t + pay + 2

Thus z* € L} (To) < a1 > —2/p, p(aq + az) > —2(1 + 7). In particular,
1/z5 € L}I;(Tg) & p < 2(1+4 7). Observe that the function 1/z, explodes at zero.
Hence Ty is L (T;)-convex forall 1 < p < 2(1 + 7).

Suppose that Ty is L2(1+T)

for every function f € Li(lﬂ) (Ty), the function £(0, -) extends holomorphically
to D. Write f(z) = ) ,cz2 @az% z € Ts. By Example 1.10.7 (¢) and the above
criterion (with p = 2(1 4 7)), we know that

convex. To get a contradiction it suffices to prove that

S(fyclaeZ? o >—1/(0+71), oy +ar > —1}
={ae€Zyx7Z:a;+ap >0}

Hence

f0.22) = Y aoazy? 7 €D,

ar€Z

which implies that the function f(0, -) extends holomorphically to D.

Remark 1.13.17. (a) Proposition 1.13.13 and Theorem 3.6.4 will show that every
Li—convex Reinhardt domain D C C" is an Li—domain of holomorphy.

(b) Notice that the following general result is true (cf. [Irg 2002], Theorem I'V.1):
Any bounded Li—convex domain D C C" is an Li—domain of holomorphy.

Proposition 1.13.18 ([Pfl 1984]). Let D C C" be an arbitrary domain and let
a € D. Put

F.(D):=1{f € O(D,D): f(a) = O}

Then the following conditions are equivalent:
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(1) for any infinite set A C D without accumulation points in D we have
sup{| ()| : f € Fa(D), b € A} =1;

(i) for any infinite set A C D without accumulation points in D, there exists a
function fo € F,(D) such that sup{| fo(b)| : b € A} = 1.

__ Observe that (ii) implies that D is J{°°-convex. Indeed, suppose that A C
K 3¢00(py has no accumulation points and let fo be as in (ii). Then sup{| fo(b)| :
b e A} < || follk < 1; a contradiction.

Proof. (i) = (ii): Take sequences (bk);;‘;l C A and (fr)g=, C Fa(D) such that
fe(*)>1—-1/2% k =1,2,.... Put

—_—

+ fk
1= fk
Then g € O(D,H™) and g (a) = 1, where HY := {1 € C : Re A > 0}. Let

21
s} g

8k =

Let
Mp(2) :=sup{| f(2)| : [ € Fa(D)}
(cf. Example 4.2.3). Observe that, by Lemma 1.7.23, Mp is continuous, and by the
Montel theorem (Theorem 1.7.24), Mp < 1. Hence, for any compact set K C D
there exists 8 = 0(K) < 1 such that || fx|lx < 6,k = 1,2,.... Consequently,
lexllx <2/(1—6),k=1,2,.... It follows that the series is convergent locally
uniformly in D and so g € @ (D, H"). Note that g(a) = 1. We have

1
1g(b")| = |Re g(b*)| = g (B¥) = 25 — +o0.

2
Now, put o g1
'_g—i—l'

Then f € F,(D) and

g®) -1 _ 21
lgF) +1 ~ 2k +1

| f()] >

Theorem 1.13.19 ([Pfl 1984], [Fu 1994]). Let D C C" be a bounded Reinhardt
domain of holomorphy satisfying the Fu condition. Then for any points a € D,
b € 3D and for any sequence D > b¥ — b, there exists a sequence ( S, C
O (D, D) such that fi(a) = 0 and | f (b¥)| — 1.

In particular, by the remark after Proposition 1.13.18, D is #°°-convex.
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Proof. We may assume that D C D". Since D satisfies the Fu condition, we may
assumethatDﬂIé * 3, ] = I,....,s,and DNV, =@,j =s+1,...,n,for
some 0 < s < n. Thus there exists an ¢ € (0, 1) such that

DCG:={zeD":|zj|>no, j=s+1,....n}.

Fixa € D, b € 0D, and a sequence D > bk — b.
First consider the case where b € C;. We may assume that b € R” ;. Let

U:={zeC}:|log|z;|| <2|logb;

, j=1,...,n}

U is an open neighborhood of b. We may assume that b¥ € U, k € N.
First observe that it suffices to prove that

(*) there exists a sequence (¢x)y—; C O(D,D) such that [¢g (b*)| — 1 and
sup{[¢r(a)| : k € N} < 1/2.

Indeed, suppose that we have found such a sequence. For ¢ € D let
A —
1—cA’
he|p is a Mobius automorphism of D with hc(c) = 0. Define fi := hy, () © ¢k-
Then, obviously, fx € @(D,D) and fi(a) = 0. To show that | f; (b¥)| — 1, take
an arbitrary convergent subsequence | f, (k)| — 1y € [0,1]. We may assume
that ¢y, (b*e¢) — ¢y € 9D, ¢k, (a) — ¢ € D. Then

bkey —
o= lim | (0] = tim | Pl =0l
{—>+o00 {—>+00|] — Vk, (a) Pk, (bké)

Since X := log D is convex and x¢ := (log|b1],...,log|b,|) € 0X, there
exists a vector & € (R™), such that X C Hg°. Put ¢ := (xo,a). Observe that
D C Dyc. Since DNV; #@,j =1,...,s, we conclude that 1, ...,a5 > 0
(EXERCISE). Wemay assume thata; = - = o; = 0,741, ...,0s > 0,0 <1 <.

Take an arbitrary ¢ > 0. By the Kronecker theorem,*’ there exist sequences
(pv,j)52,CZ,j=1,....,n,(q,)52; C N such that

he(A) := AeC\{l/c}

Co—C1

=1.

1— 51C0

Ipv,j —qvej| <&, sgnp,;j=sgnaj, j=1,....n, q — +oo.

4TThere are the following two equivalent formulations of the Kronecker theorem (cf. [Har-Wri 1979],
Theorems 442 and 444).

Theorem. Assume that &1, ...,0y,, 1 are linearly independent over Q. Let (t1,...,un € R, >0
and C > 0 be arbitrary. Then there exist P, ..., Pn,q € Z suchthatq > C and |qo; —pj — ;| <
e j=1,...,n.

In particular, the set

{(qoa1 — lga], ..., qan — lgan]) - g € N}
is dense in [0, 1]". ‘
For example, the set {27 : { € N} is dense in T whena € R\ Q.
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Put
Vew(z) 1= e7 el v s = (24,0, 2y) € T ().

Then

n n
log [Ve,» (2)] qu(_c+ IR logIZjI) + 2 (v = qvey) log|z)].

j=t+1 j=t+1
zeC' xCl™.
In particular, if z € U, then
n
log Ve (2)] > (Iv( —c+ Z a; log |zj|) —eMy,
j=t+1
where My := 2 Z}’Zt +1 |logbj| (note that M}, depends only on b). In other words,
|W€,v(z)| = (e_clzal)que_EMb, zel.

Consequently, letting D N U > z — b, we conclude that ||, |[p > e *M>. Let
Ve = Ven/|Vervlp. To estimate ¢, (a) we argue as follows. There are two

cases.
e There exists a jo € {f + 1,...,s} such that aj, = 0: Then, obviously,
(pa,v(a) =0.

® dasy1---ag #0: Thena € C' x C" " and
n
log [Yen(@| < qu( —c+ Y ojloglasl) + &My,
j=t+1
where M, := Z;l=z+1 |log|a;|| (M, depends only on a). Thus
[Vew(a)| < (e_c|aa|)qU€8M“

and hence
|‘P6,v(a)| = (e_c|aa|)qves(Ma+Mb)-

Theorem. Assume that &1, ...,Q, are linearly independent over Q. Let jL1,...,un € R, & >
0 and C > 0 be arbitrary. Then there exist p1,...,pn € Z, q € R, such that ¢ > C and
lga; — pj —ujl<e j=1,...,n

In the case 1 = --- = u, = 0, as a direct consequence one obtains the following approximation
theorem (EXERCISE).

Theorem. Letay,...,0, € R, & > 0and C > 0 be arbitrary. Then there exist p1,...,Pn,q € Z
suchthatq > C and |qaj — pj|l <& sgnp; =sgne;, j=1,...,n.
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Recall thatg,, — +o00. Consequently, we may assume that |, , (a)| < 1/2,v € N.
Now, we are going to estimate ||, ||p from above. There are two cases:
e ¢ < s: Then we have

n

log [Yrev(2)] < Z ellog|z;[| < e((s —1)|logn| + (n —s)|lognol) =: eMy,
j=t+1

z€ A, N(C' xCL™,
where
Ay :={z€GNDyc:|zj|=n, j=t+1,...,5}

and0 <n < lissosmallthat{z € G :|z;| <n, j=t+1,...,5} € Dy.. The
maximum principle implies that [ ,| < e on G N Dy D D.
e ( =ys: Then

log [e,(2)| < e(n —s)[logmol. z €D N(C xCL™).

Thus,
|Wa,v(z)| = esMO, z €D,

where M| is independent of ¢ and v. Consequently, if z € U, then
|</)8,v(2)| z (e_c|2a|)q"€_s(Mb+M0), v=1,2,....
Suppose that (*) is not true, i.e. there exists a 6 € (0, 1) such that

sup{le(b*)| : ¢ € O(D. D),

p@)]=1/2} <0, k=12,....
Then

(e C|(BF) e~ MM < g 6 >0, v, k=1,2,....
Fixing ¢ and v, and next letting k — +o00, we get

e EMp+Mo) < g o 0

a contradiction.

Now, consider the case where by ... b, = 0. Observe that the case b = 0 is ex-
cluded — then s = n and, consequently, D is complete, which gives a contradiction
(because b € dD).

We may assume that by = --- = b, = 0, byy1...b, # 0,1 < r < 5.
Let D' := {z/ e C"7" :(0,...,0,2") € D} = n(D), where 7: C" — C"7,
7(z) ;= (Zy+1,...,2n). Observe that D’ is a bounded Reinhardt domain of holo-

morphy with the Fu condition and 7 (b) € dD’. We repeat the above argument with
n(a), w(b), 7 (b¥). We get a sequence fi € O(D',D), k € N, with f/(r(a)) =0,
|fk’(n(bk))| — 1. Now we only need to define f := f/om,k € N. O
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Remark 1.13.20. Let us summarize what we have proved so far. For a Reinhardt
domain of holomorphy D C C”, consider the following conditions:

(1) D is bounded.

(2) D is fat.

(3) D satisfies the weak Fu condition.

(4) D satisfies the Fu condition.

(5) E(log D) = {0}.

(6) D is J°°-convex.

(7) D is L3-convex.

Then:

e ()+(6)= (.

e (1)=(5).

e (4= (3) = (2) (Remark 1.13.11 (b)).

e (6) = (3) (Remark 1.13.12(d)).

e (7) = (3) + (5) (Proposition 1.13.13).

e (1) + (4) = (6) (Theorem 1.13.19).

e (1) 4+ (3)+ (7) # (6) (D := T; Remark 1.13.12 (b), Example 1.13.16).

o 2] () + @)= (.[7]

1.14 Plurisubharmonic functions

Our experiences so far have shown that complex analysis has some relations to con-
vex analysis in the real sense. Convex functions of one real variable may be under-
stood as “sub-affine” functions. Affine functions of one real variable are solutions
of the equation u” = 0. This equation in the case of several real variables corre-
sponds to the Laplace equation Ay = 0. Consequently, the harmonic functions of
n real variables correspond in some sense to the affine functions of one real variable.
Thus, itis natural to introduce subharmonic functions and, finally, plurisubharmonic
functions of n complex variables (as those functions that are subharmonic on ev-
ery complex affine line) (cf. [Rad 1937], [Vla 1966], [Hay-Ken 1976], [Kli 1991],
[Ran 1995], [Jar-Pfl 2000]). We assume that the reader is familiar with basic prop-
erties of subharmonic functions (in C).

Let 2 C C" be open. Foru: 2 — R_,a € §2,and X € C”, we define

Rax =AeCia+AX € Q). Qax3r = ula + AX).

Definition 1.14.1. A function u: £2 — R_q is called plurisubharmonic (briefly
psh; u € PSH(L2)) if

e 1y is upper semicontinuous on §2 (u € et () (cf. p- 28),

o foreverya € §2 and X € C” the function u, x is subharmonic in a
neighborhood of zero.
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We say that a function u: 2 — Ry is logarithmically plurisubharmonic (log-
psh) if logu € PSH(S2).
Exercise 1.14.2. (a) Let L: C" — R be an R-linear mapping. Decide whether
L € PSH(C™).

(b) Prove that every complex seminorm ¢ : C" — R is plurisubharmonic.
Remark 1.14.3. Directly from the theory of subharmonic functions one gets the
following properties of psh functions (EXERCISE).

(a) For an upper semicontinuous function u: §£2 — R_c the following condi-
tions are equivalent:

(i) u € PSH(R2):

(ii) Yae2 VxeCr: |Xloo=1 J0<R<dg(a):

1 2w .
u(a)iz—/ u(a +re’?X)do, 0<r<R;
T Jo

(iil) Ygen Vxecr: [X|oo=1 J0<R<dp(a)

u(a)f%[ ula+¢X)da,(¢), 0<r<R;
mr K(r)

(iv) Yaen Yxecn: |X[o=1J0<R<dg (@) Yo<r<r Vrep©):*® ifu(a+iX) <
Re f(A) for |A| = r, then u(a) < Re f(0);

(V) Yaen Vxecn: 1 X |loo=1 EI0<R5alg(a) VYo<r<R Vhe}((K(r))me(I?(r)): if
Ug,x(A) < k() for |A| = r, then u(a) < h(0) (#(U) denotes the
space of all real-valued harmonic functions on U);
(vi) forany a € §2 and X € C”" the function u,, x is subharmonic in £2, x.
(b) PSH(82) + PSH(82) = PSH(£2), Rsg - PSH($2) = PSH(L2).
(c) | f]is log-psh on £2 for any f € O(£2).
(d) If (uy)92, C PEH($2) and u,, \ u pointwise on £2, then u € PSH(£2).
In particular, if (u,)S2, C PSH(£2) and u, < 0, v € N, then Y oo, u, €
PSH(£2).
(e) If (uy)92, C PSH($2,R) and u, — u locally uniformly in £2, then
u € PSH(£2).
) Huy,...,uy € PSH(L2), then max{uy,...,uny} € PSH(L).

(g) (Liouville type theorem) If u € PSH(C") and supcrn ¥ < 400, then
u = const.

(h) Let I C R be an open interval and let ¢ : I — R be convex and increasing.
Then ¢ o u € PSH(S2) for every u € PSH(§2) with u(§2) C I. Consequently:

48Recall that 2 (C) denotes the space of all complex polynomials of one complex variable.
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o Ifu € PSH(L2), then e¥ € PSH(S2) (in particular, any log-psh function
is psh).
o Ifu € PSH($2, R4), then u? € PSH(S2) for every p > 1.

() If uy, u, are log-psh, then u; + u5 is log-psh.

Proposition 1.14.4 (Maximum principle). Let D C C” be a domain and let u €
PSH(D). If u < u(a) for some a € D, then u = u(a).
In particular, if D C C" is a bounded domain, u € PSH(D), and u # const,
then
u(z) < sup{limsupu(w) S BD}, z € D.

D>w—¢

Proof. Let Dy := {x € D : u(x) = u(a)}. Observe that the set
D\ Dg={xe€D:ulx) <u(a)}

is open and, therefore, Dy is closed in D. Let zg € Dy. Applying the maxi-
mum principle (for subharmonic functions) to each of the functions u,, x with
| X |l = 1, we conclude that P(zg, dp(z¢)) C Dyo. Thus Dy is open and therefore
D = Dy. O

Ifu: 2 — Ris twice R-differentiable at a pointa € 2, then we define the Levi
form of u at a:

n 2
Lula; X) := }:-ili—wyxXL X =(X1,....X,) €C".  (1.14.1)
k=1 aZjaZk /

Notice that £(|| ||?)(a; X) = || X||? for any a, X € C". Observe that

82ua,X
EYER

Consequently, we have the following result:

Lu(a; X) = (0).

Proposition 1.14.5. Let u € C*>(2, R). Then

u € PSH(2) < Ve, xecr : Lu(a; X) = 0.
Exercise 1.14.6. Assume that / C R is an open interval, u € C2(£2,R),u(2) C I,
and ¢ € C2(1, R). Prove that

9
£(p 0w X) = ¢"w@)| Y o @X |+ ¢/ i) Lua; X)
j=1""

fora € 2, X € C".



1.14. Plurisubharmonic functions 103

Notice that the above formula and Proposition 1.14.5 give a direct proof of
Remark 1.14.3 (h) for the case where u and ¢ are of class C2.

Exercise 1.14.7. Let F: 2’ — £ be holomorphic, where 2’ € C™ is open.
Prove that for u € C2(£2, R) we have

Lo FYb:Y) = Lu(F(b); F'(b)(Y)), bef, Y eCm.

Consequently, if u € PSH(2) N C2(£2, R), then u o F € PSH(£2"); cf. Proposi-
tion 1.14.34.

Definition 1.14.8. A function u € C?(£2, R) is called strictly plurisubharmonic if
Lu(@;X) >0, aecf, X e (C")..

The following proposition gives a very useful tool for constructing new psh
functions.

Proposition 1.14.9. Let G C 2 C C" be open and let v € PSEH(G), u €
PSH(S2). Assume that

limsupv(z) <u(f), ¢e£2naG.

G3z—>¢

Put
i(z) = max{v(z),u(z)} forz e G,
“ u(z) forz € 2\ G.
Then i € PSH(82).
Proof. Tt is clear that ii € CT(£2). Obviously i is psh on £2 \ dG. Take a point
ae€ 2N9dG,avector X € C" with | X|eo = 1,and 0 < r < dgp(a). Then

1 2r ) 1 2n )
i@ =u@ = 5= [ waxe®) 0 = 5 [ e ds
2 0 ’ 2 0 ’
and we apply Remark 1.14.3 (a). |

Exercise 1.14.10 ([Hay 1989]). Let H™ := {A € C : ReA < 0}, b < 0, and
M < 0. Moreover, letu € SH(H™), u < 0, and u(A) < M for all A with
ReA =b. Thenu < M on{A € C :Re ) < b}.

Hint: Use Proposition 1.14.9 and Remark 1.14.3 (g).

Our next aim is to find some characterizations of psh functions in terms of mean
value inequalities. Leta = (ay,...,a,) € C",r = (r1,...,1) € RL,,.
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50

Ifu: doP(a,r) — R_oo* is bounded from above and measurable,’® then we

define

P(u;a,r;z)
n 2

1 r?—|zj —ajl|? .
0,2m]"

el rje ;i — (zj —aj)|?

z=(z1,...,2n) € P(a,r),

JWw;a,r):= Pu;a,r;a) = / u(a +r-e'% da,(6).
[0,27]"

@2n)"

Ifu: P(a,r) - R_ is bounded from above and measurable, then we define

1

Au,a,r)y i = —— u
(mrd). .. (wr?) Jpr)

1
dAs, = —n/ u(a +r-w) dAr,(w).
T D”n

Exercise 1.14.11. Let 2 C C” be open and let u: 2 — R_ be upper semicon-
tinuous.
(a) Prove that the functions

{(z.r) € 2 xRLy: 0oP(z,7) C 2} 3 (z,r) > J(u;z,1),
{(z,r) € 2 xRy : P(z,r) C R} > (z,r) > A(u; z,7),
{2, X)eRXRoogxC":z4+rT-X C 2} (z,r,X)

1 2w .
> —/ u(z +re'?Xx) do
27[ 0

are upper semicontinuous (in particular, measurable).
Hint. Use Fatou’s lemma.
(b) Prove that

2

2 ri fn
A(;a,r) = 2—2/ .../J(u;a,(rl,...,t,,))tl...rndrl...dtn
1 TaJo 0

.
1 1

=2”[ / Jw;a, (tir1, ..., tytp))T1 ... T dT1 ... dTp.
0 0

Proposition 1.14.12. Let 2 C C" be open and let u € PEH(82), a € §2. Then

Jw;a,r) N\ u(a) whenr (0, Au;a,r) \ u(a) whenr N\ 0.

“Recall that dgP(a, r) := dK(a1,r1) X -+ X 0K (an, ).
50That is, the function [0, 277)" 3 6 > u(a + r - €'?) is Lebesgue measurable.
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Proof. By Exercise 1.14.11 (b) it is enough to consider only J (u;a,-). First, we

prove that J (u;a,r’) < J(u;a,r”) forr' = (r{,....r), " = (r{,....1}),
0<r/’. frj’.’ <dp(a),j=1,...,n.

The case n = 1 is well known (cf. [Vla 1966], Chapter 2, § 8). Hence

Jw(, - 2" a;,1) < T, 2" a;,r]), (2',a;,2") € P(a,dp(a)),

j=1...,n.

Consequently, using a finite induction, one can easily get the required inequality.
By Fatou’s lemma we have

u(a) < lim J(u;a,r) < / limsupu(a + r - €'%) d6 < u(a),
r—>0 [0,27]"

(27T)n r—0
which proves that J (u; a,r) \( u(a) when r N\ 0. |

Proposition 1.14.13. Let uq,uy € PSH(S2). If uy = uy Azy-almost everywhere
in §2, then u; = us.

Proof. Fix ana € §2. Since u; = u, As,-almost everywhere, we get
A(uy;a,r) = A(uz;a,r), 0<r <dp(a).
Hence, by Proposition 1.14.12, u1(a) = uz(a). |

Proposition 1.14.14. Let 2 C C" be open, letu € PSH(82), and let P(a,r) C 2
(r=(r1,....r) € RL,). Then

u(z) < P(usa,ryz), zeP(a,r), (1.14.2)
u(a) < J(u;a,r), (1.14.3)
u(a) < A(usa,r). (1.14.4)

Proof. Inequality (1.14.2) is well known for n = 1. In particular,

u', zj,w”) < Pu@',-,w");aj,rj;z), (W, zj,w") e Pa,r),
j=1,...,n.
Hence, after finite induction, we get (1.14.2).

Inequality (1.14.3) follows directly from (1.14.2).
Inequality (1.14.4) follows from (1.14.3) and Exercise 1.14.11 (b). O

Proposition 1.14.15. Let D C C" be a domain. If u € PSH(D) and u # —o0,
thenu € LY(D,loc); in particular, Ay (u~'(—o00)) = 0.
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Proof. Suppose that there exists a point a € D such that /U u dAy, = —oo for
every neighborhood U of a. Let2r := dp(a). Observe that f[P(Z U dAy, = —00
for any z € P(a, r). Consequently,

u(z) < A(u;z,r) =—-o0, ze€P(a,r).
Hence u = —oo in P(a, r). Let
Do :={z € D : u = —o0 in a neighborhood of z}.

We have proved that Dy # &. The same method of proof shows that Dy is closed
in D. Thus Dy = D — a contradiction. O

Proposition 1.14.16. If a family (u;)ic; C PSH($2) is locally bounded from
above, then the function u 1= (sup;¢; u;)* is pshin §2.

Here v* denotes the upper semicontinuous regularization of the function v,
v*(z) := limsup,,_,, v(w), z € 2.°!

Proof. Takea € 2, X € C", || X|loo = 1, and let P(a, 2r) C £2. Then we have

1 2m . 1 2m )
supu; (z) < sup — ui(z +re'?X) do < —/ u(z +re'?X) do,
iel iel 21 Jo 21 Jo

z € P(a,r).

By Exercise 1.14.11 (a), the right-hand side is an upper semicontinuous function
of z. In particular,

1 2n )
u(a) < —/ ula +re'?x) de. O
21 0

Proposition 1.14.17. If a sequence (u,)52; C PSH(82) is locally bounded from
above, then the function u := (lim sup,,_, ., u,,)* is psh on £2.

Proof. Use the same method as in the proof of Proposition 1.14.16 (EXERCISE).
O

Definition 1.14.18. A set M C C” is called pluripolar if any point a € M has
a connected neighborhood U, and a function v, € PSH(U,) with v, # —o0,
M NU,; Cv, (—00).

We say that a pluripolar set M C C” is locally complete if any point a € M
has a connected neighborhood U, and a function v, € PSH(U,) with v, # —o0,
M NU; = v, (—00).

SINotice that in general v*: £ — [—00, +00] is upper semicontinuous on §2. If v is locally
bounded from above, then v*: 2 — R_o and

v  =inf{p:p € CT(2,R), v <9} =inf{p:9cCR,R), v <o}
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By Proposition 1.14.15, if M is pluripolar, then Ay, (M) = 0. It is clear that
any thin set M C £2 (Definition 1.14.5) is pluripolar.

The problem of whether an arbitrary pluripolar set can be described by one
global psh function (cf. [Lel 1957]) was open during many years and was finally
solved by B. Josefson in 1978.

Theorem* 1.14.19 (Josefson theorem; cf. [Jos 1978], see also [Jar-Pfl 2000], Theo-
rem 2.1.39). If M C C" is pluripolar, then there exists av € PSH(C"), v #£ —o0,
such that M C v~ (—00).

In the case of locally complete pluripolar sets an analogous result was proved
by M. Coltoiu in 1990.

Theorem* 1.14.20 ([Col 1990]). Let D C C”" be a domain of holomorphy and let
M C D be a relatively closed locally complete pluripolar set. Then there exists a
v € PSH(D), v # —o0, such that M = v~} (—o0).

Example 1.14.21 ([Wie 2000]). Let M := T x {0}. Then M is pluripolar (EXER-
CISE), but M is not complete pluripolar.

Indeed, suppose that M is complete pluripolarandlet v € PSH(C?) be such that
M = v~ (—00), v # —oo (Theorem 1.14.20). Then T C {z € C : v(z,0) = oo}.
Hence v(-,0) = —oo (EXERCISE) and so C x {0} C v~!(—00); a contradiction.

Proposition 1.14.22. Let M; C C" be pluripolar, j € N. Then M := U;';l M;
is pluripolar.

Proof. By Josefson’s theorem (Theorem 1.14.19), for each j € N there exists a
v; € PSH(C"), v; # —oo, such that M; C vj_l(—oo). Since, for each j the set
vj_l (—o0) is of zero measure, there exists a point b € D" such that v;(b) > —oo
for all j. We may assume that v; < 0 on P(j) and v;(b) > 27/, j € N
Define v := Z;’il vj. Then v € PSH(C") (cf. Remark 1.14.3(d)), v(b) > —1,
and M C v (—00). O

Proposition 1.14.23. Let 2 C C”" be open and let a sequence (u)yeN C PSH($2)
be locally bounded from above.

(a) Put u = sup,cy Uy. Then the set {z € 2 : u(x) < u*(x)} is of zero
measure.>

(b) Put u :=limsup,_, , o, uy. Then the set {z € 2 1 u(z) < u*(z)} is of zero
measure.

521t suffices to substitute v; by a function of the form &; (v; — ¢;) with ¢; := supp(,, v; and an
appropriate ; > 0.
33The result remains true in the case where u := sup;c; u; (with arbitrary I) and (u4;)ie; C

P8I (£2) is locally bounded from above — cf. [Jar-Pfl 2000], Prop. 2.1.38(a).
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Proof. (a) Observe that the function u is measurable. To prove that u = u* a.e., it
suffices to show that A (u;a,r) = A(u*;a,r)foranya € 2 and 0 < r < dg(a).
Fix a and r as above. We have

u(z) < P(u;a,t;z), z€P(a,1),0<t<r.

Hence

u*(z) < P(u;a,t;z), z€P(a,1),0<t<r.
Observe that

P(P(u;a,t;-);a,7';z) = P(u;a,t;z), z€P(a,7), 0<t' <t<r
Thus
Pu*;a,t;z) < P(u;a,t,z), z€P(ar1),0<1<r

In particular, J (u*;a,t) < J(u;a,t), 0 < T < r. Consequently, A(u;a,r) =

AW*;a,r).
(b) Let v := sup,>j uy, kK € N. Then vx \ u and

{zeQ:u@) <u*(@)}c (Jlz e 2:0(2) <vi(@)}
k=1

and we apply (a). |
In fact the following more general result is true.

Theorem* 1.14.24 (Bedford-Taylor theorem; cf. [Kli 1991], Theorem 4.7.6).

(a) Assume that a family (u;)ie; C PSH(L2) is locally bounded from above.
Put u := sup;c; u;. Then the set {z € 2 : u(z) < u*(z)} is pluripolar.

(b) Assume that a sequence (uy)52; C PEH(82) is locally bounded from above.
Put u :=limsup,,_, , . uy. Then the set {z € §2 : u(z) < u*(z)} is pluripolar.

Proposition 1.14.25 (Removable singularities of psh functions). Let M be a closed
pluripolar subset of §2.
(@) Let u € PSH(2 \ M) be locally bounded from above in $2.>* Define

Uu(z) := limsup u(w), zef
2\M>3>3w—z

(notice that u is well defined). Then ti € PSTH(S2).
(b) For every function u € PSH(§2) we have

u(z) = limsup u(w), ze 2.
L\M>w—z

(¢) If 82 is a domain, then the set 2 \ M is connected.

34That is every point @ € £2 has a neighborhood ¥V, such that u is bounded from above in V,, \ M.
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Proof. (a) The result has a local character. Thus we may assume £2 = D is
connected, u < O0in D\ M, and M C v !(—o0) with v € PSH(D), v < 0,
v # —o0. Put

u+(1/v)v onD\ M,
Uy 1= v e N.

—00 on M,
Then u, € PSH(D), v € N (EXERCISE). Put ug = sup,c uUy. Observe that
up =uon D\ P andug = —oo on P, where P := v~ (—o0) (P is pluripolar).
By Proposition 1.14.16, (ug)* € PSH(D). By Proposition 1.14.23 (a), the set
A:={z € D :ug(z) < (ug)*(z)} is of zero measure. Then (ug)* = ug = u on
D \ (P U A). Hence, by Proposition 1.14.13, (ug)* =uon D \ M.

It remains to prove that (ug)* = #. Obviously, (ug)* = u =t on D\ M.

Take ana € M. Then

(@) = limsup u(z) = limsup (uo)*(z) < limsup(ug)*(z) = (up)*(a)
D\M>z—a D\M>z—a z—a

= limsupug(z) < limsup up(z) = limsup u(z)
z—a D\P>z—a D\P>z—a

< limsup u(z) = u(a).
D\M>z—a

(b) Let
U(z) := limsup u(w), ze€S2.
2\M>w—z
By (a), 1 € PSH(S2). Moreover, i = u on §2 \ M. Now, since A, (M) = 0, we
use Proposition 1.14.13.
(c) Suppose that 2 \ M = U; U U,, where U; and U, are disjoint and non—

empty open sets. Then, in view of (a), the function u(z) := j for z € U; would
extend to a psh function on £2, which contradicts the maximum principle. |

Definition 1.14.26. Let £2 be an open subset of C*. A function u € C?(£2, R) is
pluriharmonic on §2 (u € PH(L2)) if

92%u

8Zj8§k

(2)=0, ze®, jk=1,...,n. (1.14.5)

Remark 1.14.27. (a) If n = 1, then PH(£2) = H(£2).
(b) PH(S2) is a vector space; PH($2) C PSH(S2).
(c) For a function u € €2(£2, R) the following conditions are equivalent:
(1) u € PH($2);
(ii) ug x € H(824,x) foranya € £2 and X € C%;
(iii) Lu(a; X) =0foranya € §£2 and X € C".
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(d) Condition (1.14.5) is equivalent to the following system of equations

0%u 9%u 0%u 0%u
= (2), (2) + (z) =0,
9y 0k

axjaxk
zeR, jk=1,...,n

9 07k @)= 3y, (1.14.6)
In particular,
2 2,

S+ 2

8_2 (Z)—O zef, j=1,...,n
b
J

which shows that PH(£2) C H (£2) C C=(£2).
@If f=u+ived(£2),thenu € PH($2).

Proposition 1.14.28. If D C C" is a starlike domain with respect to apointa € D,
then for any u € PH(D) there exists an [ € O(D) such thatu = Re f.

In particular, any pluriharmonic function is locally the real part of a holomor-
phic function.

Proof. (Cf. Remark 1.19.8.) We may assume that a = 0. Define

v(z) = —i/ Z (Z] (tz) Zj— 5, (tz)) z e D.

Then f :=u +iv € C}(D) and using (1.14.5) we get

3f u 1 ( " ( 92u 2y ) 9 )
—( ) = FEn /0 12: ) 920z = (12)t - Z]a 20z, (tz)t —a(m) dt
Ou ' - 9%u 0%u ou
= — . = ou d
P /0 (t; (Z] 105 ) T 205 (tz)) MFEA (tz)) !

()—/ld(z8 (tz))dt 0, k=1,....n O
e o di - et

Corollary 1.14.29. Let $2; C C" be open, j = 1,2, and let F € O(821, §22).
Thenu o F € PH(82,) for any u € PH(82,).

Proposition 1.14.25 implies the following important corollary.

Corollary 1.14.30. Let M be a closed pluripolar subset of 2.

(@) Let u € PH(2 \ M) be locally bounded in §2. Then u extends plurihar-
monically to §2.

(b) Let f € O(2\ M) be locally bounded in S2. Then f extends holomorphi-
cally to §2.
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Proof. Since u € PSH(S2 \ M) and u is locally bounded from above in £2, Propo-
sition 1.14.25 implies that u extends to a function 71+ € PSH(£2). We can repeat
the same for the function —u. Thus —u extends to a function i € PSH(S2).
Then tiy + 1i— € PSH(2) andtiy + i = u + (—u) = Oon 2\ M. Hence,
by Proposition 1.14.13, ti4 4 ti_ = 0, which implies that u extends to a function
u e C(£2).

By Proposition 1.14.14, forany a € M and 0 < r < dg(a), we get ii(z) =
P(ii;a,r;z), z € P(a,r). In particular, # is of class C* in §2. Since the interior
of M is empty, we see that 7 must be pluriharmonic in 2.

(b) follows from (a) — EXERCISE. O

Proposition 1.14.31 (Hartogs lemma). Let (1,)52, C PSH(S2) be a sequence
locally bounded from above. Assume that for some m € R,

limsupu, < m.
v—>—+00

Then for every compact subset K C §2 and for every ¢ > 0, there exists a vo such
that

mI?xuv <m-+e¢& V=V
Notice that the above result gives a tool to prove Theorem 1.7.13.

Proof. Take an ¢ > 0. It is sufficient to show that for every a € 2 there exist
8(a) > 0 and v(a) such that u, < m + ¢ in P(a, 8(a)) for v > v(a). Fix a and
0 < R < dg(a)/2. We may assume that u,, < 0 in ?(a,2R) for any v > 1, and
m < 0.Let0 <8 < R/2. Then

limsup sup u,(z) <limsup sup A(uy,;z, R+ 93)
v—>+00 zelP(a,d) v—>+00 zeP(a,d)
2n

<limsup ————
=i (R+ )2
2n

A(uy;a, R)

<—A(li ;a, R
= wrom A npwie R

2n 2n

= Ama. R < ———
< Rt 9 (m:a,R) < (R+5)2nm<m+8,

provided that § is sufficiently small. O

Recall that smooth psh functions may be easily described by properties of their
Levi forms (Proposition 1.14.5). Thus it is important to be able to approximate (at
least locally) a given psh function by smooth psh functions. The required approxi-
mation may be given by the following procedure.
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Let @(z1,...,2zp) = ¥(z1)---¥(zn), z = (21,...,2zn) € C", where ¥ €
€5°(C, R4 ) is such that:

e supp¥ =D,
o Y(z)=Y(z]),z eC,
® fl]l dAz =1.

Exercise 1.14.32. Find an effective formula for a & with the above properties.

Put 1
D (z) := ng‘p(E)’ zeC" e>0.
Notice that:
o &, cC(C", Ry),
o supp @, = P(e),
o« B ol =d, LT,
L fC” ¢e dAzn =1.
Let
2, :={z€2:dp(z)>¢}, e>0.

For every function u € L!(£2,1oc), define
)i = [ oz = w) dian ()
2
= / u(z + ew)d(w) dAz,(w), z € £2,. (1.14.7)
[DI7

The function u, is called the e-regularization of u.
Proposition 1.14.33. Ifu € PSH(L2), u #£ —oo, then uy € PSH(£2,) N C*(82;)
and u, “\ u pointwise in 2 when & \ 0.

Proof. 1t is clear that u, € C*°(£2,). Take an a € £2,. By the second part of
(1.14.7) we get

1 1
ug(a) = (271)”/ / Jw:a,e(ty, ..., )P, ... )T ... Tn dT1 ... dTy.
0 0

Consequently, by Proposition 1.14.12, u, \ u. It remains to prove that u, is
psh. We will apply Remark 1.14.3(a). Fixa € 2., X € C", | X|loo = 1, and
0 <r <dg.(a). Then

2n

— ug(a + re'? X) do
27'[ 0

2w
= / (%/ u(a + re'? X + ew) d@) ®(w) dAzn(w)
D# 0

> / ula + ew)@(w) dAp(w) = ug(a). O
[DVI
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Proposition 1.14.34. Ler 2’ C C" be open andlet F € O(82',$2). Thenuo F €
PSH(82') for any u € PSH(L2).

Proof. We may assume thatu € L'(£2,1oc). We already know that the result holds
if u € C2(£2) (Exercise 1.14.7).

Let u, denote the e-regularization of u. Put 2} := F “1(2,). Thenuz,o F €
P8H(£2]) and u, o F \u o F. Consequently, u o F € PSH(£2). |

Corollary 1.14.35. Let u: 2 — R_o be upper semicontinuous. Then u is psh on
82 iff for any analytic disc ¢ : D — §2 the function u o ¢ is subharmonic in D.

Lemma 1.14.36. Let 2 C C" be open and let u € PSH(§2), u > 0. Then u is
log-psh iff foranya € C and j € {1,...,n} the function

Va.j | az:
25z e |u(z)
is psh.

Proof. We only need to prove that if v, ; is psh (for any a and j ), then log u is psh.
By definition, we have to check that for any zo € 2 and X € (C"),, the function
A > logu(zg+ A X) is subharmonic (in the region where it is defined), equivalently
(cf. [Vla 1966], Chapter 2, § 15), we have to prove that for any wg € C, the function

A ESs (€% u(zo + AX)

is subharmonic. Let k be such that X; # 0. Put a := wo/Xg. Then (1) =
le™?70-k |u, (2o + AX). Thus ¢ is subharmonic provided v, x is psh. |

Proposition 1.14.37. (a) Any C-seminorm q: C" — Ry is log-psh.
(b) Let h: C" — R4 be such that

h(Az) = |Alh(z), A eC, zeC".
Then h is psh iff h is log-psh.

Proof. (a) By Exercise 1.14.2 (b) we have ¢ € PSH(C"). Now we can apply
Lemma 1.14.36 because |e%%/ |¢g(z) = g(e??/ z) and the right-hand side is psh by
Proposition 1.14.34.

(b) follows from the proof of (a). O

Exercise 1.14.38. Let £2 C C" be open and let u € C2(£2, R). Prove that

4€u((x +1iy);(a +ib)) = Hu((x,y);(a,b)) + Hu((x,y); (b, —a)),
x+iyef, a+ibeC"=R"+iR",
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where J¢ denotes the real Hessian: if U C RY is open and v € C2(U, R), then

£, xeU €= (£.....6x) € RV, (1.14.8)

Ho(x; €)=
i 18 8

Proposition 1.14.39. Let U be a domain in R" and let v: U — R_w. Define
U:=U+iR"cC", i(x+iy):=v(x), x+iyel.
Then v € PSH(U) iff v is convex on U.5
Proof. First consider the case where v is of class C2. By Exercise 1.14.38 we get
4L0(x +iy;a+ib) = Hv(x;a) + Hv(x;b),

which, of course, implies the required result.

In the general case, assume that v is psh and let (0). denote the e-regularization
of 7. Observe that (U); + i R” = (U),. Hence (U), = U + i R" for an open set
U¢ C R" (EXERCISE). Moreover,

D)e(z +it) = /an U(z 4+ it + ew)P(w) dAzy(w)

=f 3(z + ew)®(w) dAsn(w) = (0)s(z), z € (0)s, t € R".
[Dn

Hence, (¥)s(x + iy) = v®(x), x + iy € (U),, where v¢: U* — R. Note that
v® N\ v. By the first part of the proof, v® is convex in U? for any ¢ > 0. Conse-
quently, v is convex (EXERCISE).

Conversely, assume that v is convex and let v, be the e-regularization of v
(in R™):

ve(x) 1= / v(x +ey)O(y) dAy(y), xeUs:={xeU:B(x,e) CU},
B(1)

where © is a “regularization” function in R™ 56 Pyt (Z = U, +iR" C C",
Ue(X +iy) := ve(x), x +iy € Ue. Note that v “\ 0. By the first part of the proof,
Ug is psh in U, for any & > 0. Consequently, ¥ is pshin U. |

SThat is, if [x,y] C U, then v(tx + (1 —1)y) < tv(x) + (1 —)v(y), ¢t € [0,1]. If
v € C2(U, R), then v is convex iff Hv(x;&) > 0 forany x € U and £ € R”.

Thatis © € €°(U, R4), supp ® = B(1), fp(;) © dA, = 1,and O(x) = O(|x1],..., |xn[)
for any x = (x1,...,%x,) € R". It is known that if v is convex in U, then v, is convex in Uk,
ve € C°(Uy), and v \( v.
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Proposition 1.14.40. Let D C C”" be a Reinhardt domain and let u: D — R_x
be such that

uzy,....zn) = u(|z1l,...,lzal), (z1,...,2zn) € D.
Put
u(ry,....rp):=u(ry,...,rp), (r1,...,rm) € R(D),
u(x) :=u(e¥), xelogD.
Forany I = (iy,...,ig) withl <i; <---<ip <n (0 <k <n-—1),let Dy

denote the intersection of D with the (n — k)-dimensional subspace {z;; =0 : j =

.. kY. We identify Dy with a Reinhardt open set in C"* . Let uj denote the
restriction of u to Dyj.

(a) In the case where D C C% we get: u € PSH(D) iff U is convex.
(b) In the general case, u € PSH(D) iff

(i) u is upper semicontinuous on R(D),
(i) foranyk =0,...,n—landl = (i1,...,ix)withl <iy <--- <ip <n,
the function L?I is convex on log Dy,
(iii) forany j = 1,...,n,if

()Y < [0.8) x {(r{y 1. ... 1)} C R(D),
then the function

=0 0 0 0
(0,8;) 3 1) > G(rys oo s Ty T T i1 s Ty

is increasing.
Proof. (a) First assume that u € €2(D, R). Recall that u(z) = u(e'? - z) for any

z € Dandf € R". Hence Lu(z; X) = iu(eie-z;eie-X) foranyz € D,0 € R",
and X € C”". Consequently, for any z € D and 6 € R” we get:

Vyecn : Lu(z: X) > 0 < Vyxecn : Lu((|z1],...,|za]); X) = 0.
One easily checks that

zj Zk ou 5
=X;X —)—1X;
ar, 8rk rj Ik ke Zl (r) | &

42u(z; X) = Z

Jsk=1

z=(z1,...,z2n) €D, r = (r1,....,1rm) = (z1], ..., |2Znl).
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In particular,

4Lu(e*; X) = 4Re(Lu(e™; X))
n 2~ ~

u — . it T —x 5
= 2 Gy R + T eI

= Xn: i (e*)(ajar + bjb )+Xn:8—ﬁ(ex)e_xf(a2+b2)
N ar;ory % T 55k = ar; J 7

xe€logD, X =a+ibeC".

On the other hand,
- 1L 9% = di )
(e — X\, Xj Xk & 2 (oX\ X
Hie:§) = 3, g (e e+ ) gr (e},
Jk=1 j=1
x €log D, £ € R".
Finally,

4u(e*;a +ib) = Hi(x,e ™  -a) + Hi(x,e ™ - b),
xelogD, X =a+ibeC"
which implies the required relation.
Now, let u be arbitrary and assume that u is psh. Let u, denote the e-regulari-

zation of u (u, is psh and u, \( u). Observe that D, is Reinhardt and for any
z € Dgand 6 € R” we get

ug(e’? - z) = /D u(e'? -z + sw)®(w) d Az (w)
= /D ue® -z 4+ ee'? - w)P(w) d Az, (w)
= /Dn Uz + ew)@(w) dAzy(w) = ug(2).
Thus u.(zy, .. .,Z,Q = ug(|z1l, ..., |zx]) for any (51, ...,Zn) € D,. By the first

part of the proof, 1, is convex in log(D,). Since 17, \, i, we conclude that 7 is
convex.

Conversely, assume that v := 7 is convex in G := log D. Let v, denote the
standard e-regularization of v:

Ve(x) := / v(x +ey)O(y) dA,(y), xe€G,:={xeG:B(x,e) CG}
B(1)
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(vg is convex in G¢ and v N\ v). Define

D® :={(z1,...,2z,) € C" : (log|z1]|,...,log]|z|) € G.},
u®(z) ;= ve(log|z1|,...,log|zx|), (z1,...,2zn) € D®.

Observe that D /' D and u® \ u. By the first part of the proof, u® € PSH(D?).
Hence u € PSH(D).

(b) First assume that u € PSH (D). Then it is clear that (i) is satisfied. Observe
that log D = log(D N C%). Hence, by (a), condition (ii) is satisfied for k = 0.
Fork = 1,...,n — 1, the function uy is psh on D;. Consequently, we can repeat
the above argument and so (ii) is satisfied for any k. To prove (iii) observe that the
function

K@) 2 A u(d, . %l D)

is well defined, radial, and subharmonic. In particular, the function

[0,6;)) >rj = J(v:0,r)) = ﬁ(r?,...,rjp_l,rj,rj(-)ﬂ,...,r,?)
is increasing. Now, assume that (i), (ii), and (iii) are satisfied. Then obviously u is
upper continuous on D. Moreover, by (a), u is psh on D N C’ and, more generally,
each function uy is pshin Dy N Cﬁ’k, 1 = (iy,...,i).
Takeana = (ay,...,an) € Dwitha; ---a, =0and X = (X1,...,X,) € C"
with | X ||ooc = 1. We want to prove that

1 2 )
u(a) < 2—/ u(a +re'®x) do
T Jo

for sufficiently small r > 0. We may assume that a; ---ay # 0, agyq = -+ =
a, =0with0 <f <n-—1. Let0 < r < dp(a) be so small that zy ---z; # 0
for (zy,...,zp) € a + rDX. Take [ := (¢ +1,...,n). Recall that u; is psh in
DN ((E*)Z (if £ > 1). Hence, using (iii), we get

2w
u(a)fz— u(a1+re’9X1,...,ag—|—re”9Xg,0,...,0) do
T Jo
27 . . . .
< - u(a; + rel?x,, .. L.ag + relOXg,l”eleXg+1, .. .,re’eXn) dé
T Jo
1 2w .
= — u(a + re'? X) de. O
27 0

1.15 Pseudoconvexity

As we said at the beginning of § 1.14, plurisubharmonic functions may be consid-
ered as a counterpart of convex functions. Recall that a domain D C R¥ is convex
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iff the function — logdist(-, dD) is convex (cf. [Vla 1966], Chapter 2, § 13). This
suggests that we consider the class of those domains D C C” for which the function
—log dist(-, dD) is plurisubharmonic. We are led to the following definition.

Definition 1.15.1. An open set 2 C C” is called pseudoconvex if
—logdg € PSH($2).”’

Notice that C” is pseudoconvex (because —log dcrn = —o00). Moreover, 2 is
pseudoconvex iff each of its connected components is pseudoconvex.

Remark 1.15.2. (a) Every domain D C C is pseudoconvex.
Indeed, if D ~»C, then dp(z) = inf{|z —¢|: ¢ ¢ D},z € D. Hence

—logdp(-) = sup{log —LE‘ 1 ¢ D} e SH(D)

(cf. Remark 1.14.3 (c) and Proposition 1.14.16).

(b) If (Dj);ey is a family of pseudoconvex open subsets of C”, then the open
set £2 1= int( );¢; D; is pseudoconvex.

Indeed, we have d(z) = inf{dp,(z) : i € I}, z € §2 (EXERCISE). Hence, by
Proposition 1.14.16, —log do € PSH($2).

(©) If (Dg)z—, is a sequence of pseudoconvex domains in C" such that Dy C
Di+1,k € N, then D := | 2, D is pseudoconvex.

Indeed, since —logdp, | —logdp, we only need to use Remark 1.14.3 (d).

(d) If D; is a pseudoconvex subset of C"*/, j =1,..., N, then

D:=D;x--xDy

is pseudoconvex in C"1 "~ 1In particular, for any domains Dy, ..., D, C C,
the domain D := D x --- X Dy, is pseudoconvex in C”.
Indeed, we have

dp(z1,...,zp) =min{dp;(z;) : j = 1,...,N}, (z1,...,2x) € D.
Hence, by Remark 1.14.3 (f), —log dp € PSH(D).
For a domain D C C”, put
Spx(a):=sup{r >0:a+ K(r)-X C D}, aeD, X eC".

Observe that:
o Ifn =1,thenép x(z) = dp(z)/|X|,z € D.
e Spx(a+AX)=dp,  (A),A € Dy x,where Dy x :={A € C:a+AX € D}.

570Observe that the function d ¢ is continuous.
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Exercise 1.15.3. The function
D xC" 5 (a,X)+ 8p,x(a) € (0, +00]
is lower semicontinuous.
Given a C-norm ¢: C* — Ry, define
dpg(a) :=sup{r >0: By(a,r) C D}, aeD,

where By(a,r) :={z € C" : q(z —a) < r}. Obviously, dp | |, = dp. Notice
that the function dp 4 is continuous.

Exercise 1.154. dp , = inf{ép x : X € C", q(X) = 1}.
For a compact K C D and a family § C PSH(D) let

Eg ={ze€D:Vyes: u(z) < mlglxu}.

By Remark 1.14.3 (¢), [?gpg}((p) C I?@(D). Moreover, the set ETS:}((D)QG(D)
is relatively closed in D.

A function u: D — R is called an exhaustion function if for any ¢ € R the set
{z € D :u(z) <t} isrelatively compact in D.

The next result contains various equivalent descriptions of pseudoconvexity.

Theorem 1.15.5. Let D be an open subset of C". Then the following conditions
are equivalent:
(i) —logdp,x € PSH(D) for every X € C";
(i) —logdp,q € PSH(D) for every C-norm q;
(iii) D is pseudoconvex;
(iv) there exists an exhaustion function u € PSH(D) N C(D);
(v) there exists an exhaustion function u € PSH(D);
(vi) K~g>5g.f(D)m@(D) is compact in D for every compact K C D;
(vii) K PpsH(D) IS relatively compact in D for every compact K C D;
(viii) every point a € 3D has an open neighborhood U, such that U, N D is
pseudoconvex, i.e. D is locally pseudoconvex,
(ix) (Kontinuititssatz) for every sequence ¢y € E“I(IJ_J, D)NnO[D,C", k =
L2,...,if Urey 9, (T) € D, then | J3—, ¢k (D) € D;
(x) (Kontinuititssatz) for every continuous mapping ¢: [0, 1] x D — C" if
p(t,-) € O(D,C"), t € [0,1), and (([0,1) x D) U ({1} x T)) C D, then
({1} x D) C D.
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Proof. The case D = C” is elementary. Thus we may assume that D ~>C".
(i) = (i) follows from Exercise 1.15.4 and Proposition 1.14.16.
The implication (ii) = (iii) is trivial.
For the proof of (iii) = (iv) take u(z) := max{—logdp(z), ||z|}, z € D.
The implications (iv) = (v) and (vi) = (vii) are trivial.
(v) = (vii): If u is as in (v), then

Eygﬁ(D) C{zeD:u(z) < mlgxu} € D.

In the same way we check that (iv) = (vi).
(vii) = (i): (This is the main part of the proof.) Fixa € D, X,Y € (C").. We
want to show that the function

Dyy A — —logdp,x(a+ 1Y)

is subharmonic.

First consider the case where X and Y are linearly dependent. We may as-
sume that X = Y. Since ép x(a + AX) = dp, v (A1), A € Dy x, we can use
Remark 1.15.2 (a).

Now assume that X, Y are linearly independent. It is sufficient to prove (cf. Re-
mark 1.14.3 (a) (iv)) that if K(r) C D, y,and if p € (C) is such that

—logdp,x(a+AY) <Rep(A), A€ dK(r),
then the same inequality holds for all A € K(r). In other words, if
Spx(a+AY)>e RePM ) e 9K (r),
then the same is true for all A € K(r). Thus we have to show that if
a+AY + K(le?P)). X c D, AedK(r),

then the same inclusion holds for all A € K(r).
For0 <6 <1 let

Ko :={a+AY + K(@@|e ?P|)- X : A € IK(r)},
Mg :={a+ LAY + K@le?P|).X: 1 e K(r).

Observe that Ky and My are compact and Kyr C Kgr, Mgr C Mygr for 0 <
0’ < 6” < 1. Our problem is to show that if Kg C D forall0 < 6 < 1, then
Mg C D forall 0 < 0 < 1. Thus assume that Ky C D forall 0 < 8 < 1 and let
Iop:=1{6€[0,1): Mg C D}.

Notice that My = a + K(r)Y C D. Hence I, =# @. Suppose that 6y € .
Since Mg, is compact, there exists a 0 € (6o, 1) such that My C D. Consequently,
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Io is open. It remains to prove that /g is closed in [0, 1), i.e. if Mg C D for
0<6 <0 <1,then Mg, C D.
Fix 0 < 8 < 6. Observe that

Mg ={a+AY +ePPX A <r |¢| <60} e D.
Take a u € PSH(D) and define
ve) :=u(a + AY + e PPX), e K@©), A e K(r).
Then v is subharmonic and, therefore, the maximum principle gives

ve(L) < max vy < maxu < maxu, A€ K(r).
z()_BK(r)z_Kg ~ Ko, (r)

Consequently, My C (@0)?59{@) € D forany 0 < 6 < 6 and hence Mg, C D.

The implication (iii) = (viii) is trivial.

(viii) = (iv): For an a € dD let U, be a neighborhood of a such that U, N D
is pseudoconvex. Clearly, there exists a smaller neighborhood V,, C U, such that
dp = dy,np in V; N D (EXERCISE). In particular, —logdp € PSH(V, N D).
Consequently, there exists a closed set F C C” such that F C D and —logdp €
PSH(D \ F). Let

@o(t) ;== max{—logdp(z):z € F, ||z|| <t}, t€R

(with max @ = —o00). One can easily prove (EXERCISE) that there exists an in-
creasing convex function ¢: R — R4 such that ¢(z) > max{t,po(¢)}, t € R.
Put

u(z) := max{—logdp(z),¢(llz|)}, =z € D.
The function u is obviously continuous. Since ¢(||z]|) > —logdp(z) for z in a

neighborhood of F, the function u is plurisubharmonic in D (cf. Remark 1.14.3 (h)).
Moreover,

{zeD:u(iz)<tyCl{zeD:dp(z)>e", |z]|| <t} €D, teR.

(vii) = (ix): Put K := g2, ¢x(T). It suffices to show that ¢ (D) C
ETS%(D), k =1,2,.... Letu € PSH(D). Then, for every k, the function
u o @ is subharmonic in D (Proposition 1.14.34) and upper semicontinuous on D.
In particular, by the maximum principle we have

max ¥ = maxu o @ = maxuo@r = max ¥ <maxu, k=12,....
@i (D) D T e (T) K

(ix) = (x): Since @ is continuous and ({1} x T) C D, thereexistsa 8 € (0, 1)
such that K := ¢([0,1] x T) € D. Take 6 <t /' 1 and let g (1) := @(t, A),
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A € D. Then ¢ € €D, D) N O(D,C"), k =1,2,...,and | Jso, ox(T) C K €
D. Consequently, by (ix), we conclude that L := | g2, ¢k (D) € D. In particular,
({1} xT)c L c D.

(x) = (iii): We keep all the notations from the proof of the implication (vii) =
(). Recall that the only problem is to show that the set [ is closed in [0, 1). Suppose
that [0, 69) C Io. Fix a ¢ € D, and define

et ) :=a—+rAY +16te ?"X 1 €0,1], A €C.

To prove that My, C D, we have to show that p({1} x D) c D. Observe that
@ is continuous, @(¢, -) is holomorphic, ¢([0,1) x D) C Uee[o,eo) My C D, and
¢({1} x T) C Kg, C D. Thus, by (x), ({1} x D) C D, which finishes the proof.

O

Corollary 1.15.6. Let F: D — D’ be biholomorphic. Then D is pseudoconvex
iff D’ is pseudoconvex.

Proof. Use Theorem 1.15.5 (v) and Proposition 1.14.34. |

Corollary 1.15.7. Any holomorphically convex domain D C C" is pseudoconvex.
In particular, any convex domain is pseudoconvex.

It is natural to ask whether the converse implication is also true. This is the
famous Levi Problem, which will be discussed in § 1.16.

Corollary 1.15.8. If a domain D C C" is pseudoconvex, then for any complex
affine subspace H C C", the open set D N H (which is identified with an open
subset of C¥, k = dim H) is pseudoconvex.

Proposition 1.15.9. A domain D C C" is pseudoconvex iff for arbitrary a € D,
X,Y € C", the open set

Daxy :={(u.A)eC?*:a+ uX +AY € D}
is pseudoconvex.

Proof. By Corollary 1.15.8, D, x,y is pseudoconvex provided D is pseudoconvex.
Assume that each D, x y is pseudoconvex, i.e. —logdp, y y, ¢ is plurisubhar-
monic in D, x.y forany a, X, Y, and § € C2. Observe that

SD,X(a +AY) = 8Da.X.Y, (1’0)(0,1),
which implies that —log ép x is plurisubharmonic in D for any X. |

Corollary 1.15.10. Let D C C" be a pseudoconvex domain and let u € PSH(D).
Then the open set §2 := {x € D : u(x) < 0} is pseudoconvex.
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Proof. First assume that u is additionally continuous. Let K C 2 be a compact
set and let € > 0 be such that u < —e on K. Then

Eg:gf}((g) ClzeD:u(z) <—en ETS}C(D) € 2.

Now, let u be arbitrary. Let u, denote the e-regularization of u (cf. Proposi-
tion 1.14.33). By the first part of the proof (applied to the function — log dp +1log &)
the open set

D.={zeD:dp(z)>e}={zeD:—logdp(z)+ loge <0}

is pseudoconvex. Further, for each ¢, the open set £2° := {z € D, : u.(z) < 0}
is pseudoconvex. Observe that 2¢ ' £2 when ¢ N\ 0. It remains to use Re-
mark 1.15.2 (¢). O

Proposition 1.15.11. Let D C C”" be a balanced domain and let h = hp be
its Minkowski function. Then D is pseudoconvex iff h € PSH(C") iff logh €
PSH(C"™) (cf. Proposition 1.14.37 (b)).

Proof. If logh € PSH(C"), then D is pseudoconvex by Corollary 1.15.10. Ob-
serve that
Sp.x(0)=1/h(X), X eC"

Consequently, if D is pseudoconvex, then log 4 is psh by Theorem 1.15.5(G). O

Proposition 1.15.12 (Siciak’s example — cf. [Sic 1982]). Foranyn > 2 there exists
a psh function h: C" — Ry, h # 0, with h(Az) = |A|h(z), A € C, z € C",8
such that the set h=1(0) is dense in C".

In particular, the balanced domain D := {z € C" : h(z) + ||z|| < 1} C B, isa
pseudoconvex domain with irregular Minkowski function.

Proof. We write Q?"~2 = {r; : j € N} C C"~! and we define the linear func-
tionals L;: C" — Cby L;(z) := (z,(1,7))). Put V; := L71(0), V := 72, V}.
Then we define a sequence of psh functions by

b (Sl )
7 NILy - Ly s, '

Observe that
hj >0, hj(Az) =|Alhj(z), A eC, z € C", h.,‘|V1U...UV_/. =0.

Moreover, by the maximum principle, there are points z; € 9B, suchthath;(z;)=1.
By the Hartogs Lemma for psh functions (Proposition 1.14.31), it turns out that there

>$Notice that, by Proposition 1.14.37 (b), logh € PSI(C").
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isapoint z*, [|z*| < 2, with limsup; _,, /;(z*) > 2/3. So taking an appropriate
subsequence (h},), C (h;); with h;,(z*) > 1/2 and defining

o0 o0
—v 1
h) = [, 2> = exp (Z 55 log I, (z)|), zech
v=1 v=1
we obtain a psh function on C” (EXERCISE) with
1
hly =0, h(z*) > > h(Az) = |A|h(z), A€ C, z e C". |

The following lemma will be used in the proofs of the next propositions.
Lemma 1.15.13. Let @ # X C (R")« and let (cq)aex C Rso be such that

sup{cl/ll o € B} < 400.% (1.15.1)

o

Define
u(z) == sup{|cez® |V 10 € B}, z € C(D).

In the case where the set ¥ C Z" is unbounded put

v(z) = limsup |cez¥|V1®, 2z e C*(D).
|| —>~+00

Then:
(a) the family (|cqz®|" 1) ey is locally bounded in C" (X);
(b) u*, v* € PSH(C"(X));
(c) u*, v* are invariant with respect to n-rotations;
(d) u, v eCC%),
(€) Dy :={z € C"(2) :u*(z) < 1} = int[\,exi{z € C(D) : colz¥| < 1};
() Dy := {z € C"(2) : v*(z) < 1} = U;2,(int ﬂl(,,'ig {z e C(2) :

alz?] < 1}); -

() if Dyx # @, then Dy» NC" = {z € C" 1 u(z) < 1};
(h) if Dyx # @, then Dy« NC" = {z € C" 1 v(z) < 1};

60

0bserve that (1.15.1) is satisfied if

D:=int [ |{z € C"(D): calz®| <1} # @.
aEeX
Indeed, take ana = (ay,...,a,) € D\ Vpandlet C := max{|la;|, 1/laj|:j =1,...,n}. Then
N < g/l < 1/C,a € X.
OThatis, 9 o Tr =@, € T, ¢ € {u™,v*}.



1.15. Pseudoconvexity 125
(1) if X C R:, then for h € {u*,v*} we have

h(Az) = |Alh(z), AeC, zeC", (1.15.2)
h(A-z) <h(z), AeD" zeC™ (1.15.3)

in particular, by Lemma 1.8.3, u* = hp ., v* = hp ..

Proof. To simplity notation assume that C"*(X) = C* x C2 ™ forsome 0 < s < n.
In particular, ¥ C R% x R"7°. Assume that col/lal < Cp,ax € 2.

@Ifz=(z1,....20) €e C"(X)and |z;| < C, j =1,...,n,|z;] = 1/C,
j=s+1,...,n,then |caz°‘|1/|"“ <CoC,xeX.

(b) follows from Propositions 1.14.16 and 1.14.17.

(c) is obvious.

(d) Fix a point ¢ € C? and let P(a,r) € C?. Let f, € O(P(a,r)) be an
arbitrary branch of the function cq/*'z#1/1%1... 222/ "o ¢ S Then the family
(fa)aex is uniformly bounded in P(a, r) and, consequently, it is equicontinuous
(Lemma 1.7.23). In particular, the family (|c,z%|"/!*))cx is equicontinuous in
P(a, r). Hence the functions u and v are continuous in [P(a, ) (EXERCISE).

(e) If u*(a) < 1, then there exist a Reinhardt neighborhood U C C"(X) of a
and 0 < @ < 1 such that |caz%|/1*l < 9,z € U, a € =. Consequently,

U Cint [){z € C"(Z) : calz%] < 1}.
aeX

Conversely, if U is a Reinhardt neighborhood of a such that ¢y |z*| < 1,z € U,
o € X, then take a Reinhardt neighborhood V' € U of a and an r > 0 such that
V) c U By Lemma 1.6.2, there exists 0 < # < 1 such that

co sup |z|% < 01%¢y, max |z|% < 0¥y sup 2| <01 w e,
zeV zeV (") zeU

which implies that u*(a) < 0 < 1.

(f) Put

G :=

(@

(int ﬂ {zeC”(E):ca|Z°‘|<1}).

1 o€, la|>v

<
I

If a € G, then there exist a Reinhardt neighborhood U C C"(X) of a and vg € N
such that ¢, |z%| < 1,z € U, @ € I, |a| > vg. Consequently, by (e), w*(a) < 1,
where w(z) 1= sup{|cez®*|V/1 1 o € 2, |a| > vo}, z € C*(Z). Hence v*(a) <
w*(a) < 1.

Conversely, assume that v*(a) < 6’ < 6 < 1 for some a € C"(X) and let
V € U € C"(X) be neighborhoods of @ with v(z) < #’, z € U. Then, by the

61Recall that AT := |J,c 4 P(a, 7).
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Hartogs lemma (Proposition 1.14.31), there exists a vy € N such that |cqz%|'/1?! <
0,zeV,a e€X,|a| > vy. Consequently, V C G.

(g) The only problem is to show thatif b € R” ; is such that u(b) = 1, then b €
Dy+. Fixana € Dy= NRY,. Putz(t) := (al7?h%,...,al7'hL), o(t) == u(z(t)),
t € [0,1]. Then ¢ is continuous, ¢(0) = u(a) < 6 < 1 and ¢(1) = u(() = 1.
We only need to prove that ¢(¢) < 1,¢ € (0,1). Suppose that ¢(¢9) = 1 for some
to € (0,1). Take 0 < ¢ < 1 —01% and let o € ¥ be such that (cq(z(t9))%) /1% >

1 —¢&. Thus . )
((caa"‘)l/l"“) O((c(,,b"‘)l/l"“) S1—e

Since (cqa®)'/1?l < 6, we conclude that
Ql_t‘)((cab“)l/lo‘l)to >1—¢g> 0170,

Hence, u(b) > (cab®)/1®l > 1; a contradiction.

(h) Take a b € RZ,, such that v(b) = 1. Fixana € Dy« N RZ,. Put z(¢) :=
(aj™'bh,....al7hh), o(t) :=v(z(1)), 1 € [0, 1]; ¢ is continuous, ¢(0) = v(a) <
0 < 1and ¢(1) = v(b) = 1. We want to prove that p(¢) < 1,¢ € (0, 1). Suppose
that () = 1 for some 7 € (0,1). Take 0 < & < 1 — §'7%_ Then there exists a
sequence (a(k))7>; C X such that [a(k)| — +o0 and (cq ) (z(to)) )/ lek)]
1 — . Thus

((ca(k)aa(k))l/la(k)l)1_t0((ca(k)ba(k))l/la(k)l)to S l_e kel

Since lim supk_,+oo(ca(k)a“(k))1/|"‘(k)| < 8, k € N, we conclude that there exists
a ko € N such that

Ql_to((Ca(k)ba(k))l/la(k)|)t0 Sl_e> 91_"’, k > kO-

Hence, v(b) > ((1 — g)f?0~1)1/?0 > 1; a contradiction.

(1) We have s = n,i.e. C"(X) = C”". It is obvious that u and v satisfy (1.15.2)
and (1.15.3). Moreover, v(z) < u(z) < Col|z||oo, z € C". In particular, u and v
are continuous at 0 and u*(0) = v*(0) = 0. To prove that u™* (resp. v*) satisfies
(1.15.2) and (1.15.3) we need the following general observation.

If a function #: C" — R4 with h(z) < Col|z]lee, z € C", satisfies (1.15.2)
and (1.15.3), then so does /™.

Condition (1.15.2) with A # 0 and condition (1.15.3) with A € D" \ W are
elementary. It remains to check (1.15.3) with A € (D" N ¥)4. Fix such a 1. We
may assume that Ay ---A, #0, A, 41 =--- =1, =0with1 <r <n—1. Fixan
a € (C"),. We may assume that a, 7 = --- = a, = 0and a;+; ---a, # 0 with
r <t <n. Observe thatif C" > z — A -a, then z = u(z) - w(z), where

w(z) = (21/A 1, Zr Ary Zrg s o oo 0 25 Qg g1y -+ -, An) —> @,
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w(z) = A, An Lo Lzepr /a1, .o, Zn/an)
—u®:=A1, ... A0 1,...,1,0,...,0).

In particular, u(z) € D” for z near A - a. Consequently,

h*(A-a) =limsuph(z) < limsup h(p-w) < limsuph(w) = h*(a). O
Zz—>A-a _ w—a w—a
D" >u—ul

Remark 1.15.14. (a) The functions u, v need not be continuous on the whole
C"*(X). For example:

o n:=2%:={t1—-1t):t€(0,1),cg:=1a€X. Then CAX) = C?

if Z1Zp = 0

max{|z1]|, |z2|} ifz122 # 0"

e n:=2,%:=N2¢,:=1,a € X. Then v coincides with the above u.

(b) If Dyx = & (resp. Dyx = &), then the formula in (g) (resp. (h)) need not
be true. For example:

e n:=1,X:={-1,1},¢cq := 1, € . Then C(X) = Cx and u(z) =
max{|z|, 1/|z|}. Hence D,» = @&,but{z € Cx : u*(z) <1} =T.

o n:=1,Y¥:=7Z4, ¢4 :=1,a € 2. Then v coincides with the above u.

and u(zy,z2) = {

Proposition 1.15.15. Consider a Laurent series f(z) = ), czn @az® whose do-
main of convergence ‘D is non-empty and the set ¥ := {o € 7" : aq # 0} is
unbounded.%*> Put

v(z) ;= limsup |agz®|V!*!, z e C*(z,).

|ot]—>~+00
ThenD = {z € C"(X4) : v*(z) < 1} =: Dy.
Moreover, if the function f(z) = Y ,eznaaz® z € D, is bounded and

[ fllo <1, thenD = {z € C"(Z4) : u*(z) < 1} =: Dy, where
u(z) = sup{lagz® |V 0 € B}, z € CH(Zy).

Proof. D C Dy: For every open set U € D there exist C > Oand 0 < 6 < 1
such that ||ayz%||y < coll g ex (Proposition 1.6.5(d)). Hence v < 6 on U,
and therefore v* < 6 on U. Thus D C D,.

Dy C D: First observe that the family (|aaz°‘|1/|"‘|)aeg* C PSH(C™(Zy)) is
locally bounded (EXERCISE — use Lemma 1.15.13 (a)).

By Lemma 1.15.13 (f), every point a € Dy has a neighborhood U € C"(X)
for which there exist 0 < 6 < 1 and vg € N such that ||ao,z"‘||;]/|0‘| <6h,aey,
|a| = ko. Then U C D, and finally, Dy C D.

Since v < u, we get D; C Dy = D. By the Cauchy inequalities, we have
laez*l> < || fllD <1, 2 € . Hence, by Lemma 1.6.2, D C D;. O

%2Notice that X is finite iff f(z) = P(z)/z”, where P is a polynomial and y € VAR
9Note thatif n = 1, then v(z) = max{|z|/RT, R /|z|}, where R~ and R are given by (1.1.2).



128 Chapter 1. Reinhardt domains

Proposition 1.15.16. Let @ # D ~>C" be a Reinhardt domain. Then the following
conditions are equivalent:

(1) D is a fat domain of holomorphy;

(i) there exist ¥ C (R™)4 and a family (cq)gex C Rso with (1.15.1) such that

D={zeC"(2):u"(z) <1},

where u(z) := sup{|caz¥|"/1? 1 a € T}, z € C*(Z);
(ii") there exist ¥ C (R")y and a family (cq)qex C Rsq such that

D =int (|{z € C*(D): culz®| < 1}.

aEX

Proof. The equivalence (ii) < (ii") follows from Lemma 1.15.13 (¢). The equiva-
lence (ii’) < (i) is a consequence of Remark 1.5.8 (b), Theorem 1.11.13, and the
footnote in (1.15.1). O

1.16 Levi problem

Recall thatin Corollary 1.15.7 anecessary geometric condition is given for adomain
D C C" to be a domain of holomorphy. This was already observed by E. E. Levi at
the beginning of the last century. He even asked whether the converse implication
remains true. This is the famous Levi problem which waited a long time for its
answer. In the middle of the last century Oka proved the converse. In the meantime,
different proofs for this fact have been given based on sheaf and cohomology theory,
on the d-problem, or on integral representation formulas for holomorphic functions.
For more details the reader is referred to the books quoted at the end of this book
(e.g. [Gra-Fri 2002], [Hor 1990], [Kra 1992], [Ran 1986]).

Theorem* 1.16.1. Let D C C”" be an arbitrary domain. Then D is pseudoconvex
iff D is a domain of holomorphy.

Here we restrict our discussion to the case of Reinhardt domains.

Exercise 1.16.2. Prove that the complete Reinhardt domain
D :={(z1.22) € C?: |z1| + |z2|V/* < 1}

is pseudoconvex and a domain of holomorphy (without Theorem 1.16.1 and Propo-
sition 1.16.3). Notice that D is not convex (cf. Exercise 1.18.7).

Proposition 1.16.3. Any pseudoconvex Reinhardt domain D C C" is logarithmi-
cally convex.
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Proof. Note that the function dp satisfies the following conditions
e dp(z)=dp(A-z)=dp(zi1l,....|znl|), z€ D, A e T",
o limdp(z) =0if D 3z — 2% 2% € OD.
Putu: logD — R,
u(x) := —logdp(e”).

Then, in virtue of Proposition 1.14.40, u is a convex function with u(x) — oo if
logD 3 x — x° € d(log D).

Now let us assume that log D is not convex. So we may fix two points a,b €
log D with [a,b] ¢ log D. Recall that log D is connected. Therefore, we may
choose a continuous curve y: [0, 1] — log D with y(0) = a, y(1) = b. Put

to :=supf{t € [0,1] : [a, y(¢)] C log D}.

Then #o € (0,1) and [a,y(ty)] ¢ log D. Fix a point x° € [a, y(to)] \ log D.
Obviously, x° € d(log D). Let (0,19) > t; /" to. Then by construction there exist
points x/ € [a, y(t;)] C log D such that x/ — x°. Hence, u(x’) — oo.

On the other hand, u|, (j0,1]) < ¢ for a suitable ¢ € R. Applying that u is convex
we see that u(x/) < ¢, j € N; a contradiction. |

Now we pass to the solution of the Levi problem for the class of Reinhardt
domains.

Theorem 1.16.4. Any pseudoconvex Reinhardt domain D C C" is a domain of
holomorphy.

Proof. Because of the former Proposition 1.16.3 it remains only to prove that D is
weakly relatively complete (see Theorem 1.11.13). Assume the contrary. Without
loss of generality we may suppose that ¥ N D # @ and there exists a point
7% = (29,29 € D with (0,2°) ¢ D.

For a moment let us assume that Zg -+-z% # 0. Then Z? # 0. By assumption
there is a point a = (aj,a) € D \ W such that Da; x {a} C D. Then we
may connect the points z% and @ in D \ V, i.e. we choose a continuous curve
y = (y1,7): [0,1] — D \ ¥ with y(0) = a and y(1) = z° Applying that D is
logarithmically convex we get Dy y1(¢) x {y(¢)} C D. Put

to := supit € [0,1] : (0,7(t)) € D} € (0, 1].

Hence, (0, (t9)) € dD. Note that —logdp(y(t)) < c for a suitable ¢ € R4, 1 €
[0, 1]. Therefore, in virtue of the maximum principle for subharmonic functions, it
follows that —log dp (0, y(¢)) < ¢ which contradicts the fact that dp (0, y(z)) — 0
ift 7 ty.

So it remains to discuss z% with z§ = --- = z) = Oforasuitablek,2 < k <n,
andz£+1---22 #0. Wehave V, N D # 3,1 < j <k.
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Put
D' = {(w;,®) € CxC"*: (w;,0,...,0,0) € D}.

Obviously, D’ is an open Reinhardt set.

We claim first that D’ is connected. Indeed, fix two points a = (a1,4d),b =
(b1.b) € D’ N C"*+1_ It suffices to connect these points in D’ (EXERCISE). Let
s € (0, 1)besuchthata™ := (ay,s,...,s,a) € Dandb* := (bl,s,...,s,ls) e D.
Choose a curve y: [0,1] — D \ W with y(0) = a* and y(1) = b*. Then
(y1,0,...,0,y) connects (a;,0,...,0,a) and (b1,0,... ,0,13) in D. Otherwise,
there is a ty € (0, 1) such that

(¥1,0,...,0,9)(t) e D, 0=t <ty, and (y1,0,...,0,9)(to) € 0D.

Observe that —log dp|y((0,1]) < ¢ for a suitable ¢ € R1.. Moreover, using succes-
sively the logarithmic convexity, there is an r € (0, 1),

r < min{inf{|y; ()| :t € [0,1]} : 2 < j <k},
such that
1)} x K (r) x .- x Ky (r) x{y(@®)} C D, 0<t <ty.
Hence, by the maximum principle for psh functions,
—logdp(y1(¢),0,...,0,p()) <c, 0<t <ty,

which contradicts the property of #9. In particular, (1, y) connects a and b in D’.

By assumption, D is pseudoconvex. Therefore, there exists an exhausting func-
tion u € PSH(D). Putu’: D' — R_oo, u' (w1, W) := u(wq,0,...,0,w). Ob-
viously, u' € PSH(D’) and u’ is an exhausting function of D’. Hence, D’ is
pseudoconvex. So we may apply the previous case in order to conclude that with
(20,2010 20) =2 (29, 2°) € D' it follows that (0,2°) € D’ or (0,2%) € D;a
contradiction. |

1.17 Hyperconvexity

The following class of open sets with “good” psh exhaustion functions will be useful
in the sequel.

Definition 1.17.1. We say that an open set £2 C C” is hyperconvex if there exists
a function u € PSH($2), u < 0, such that

{ze u(z)<t}e R, t<O. (1.17.1)
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Let 2 C C” be open and let N C £2. Define the relative extremal function
hyg :=sup{u: u e PSH(£2), u <lonf, u <0on N}.

The function h}, o, is called the regularized relative extremal function or plurisub-
harmonic measure of N relative to 2. Observe that 0 < hy o < hjy o < 1 and
hy o € PSH($2) (cf. Proposition 1.14.16). Itis clear that hy, 5 = O onint N.

Example 1.17.2. The Hartogs triangle T := {z € C? : |z1| < |z2| < 1} (see
Remark 1.5.11) is not hyperconvex.

In fact, suppose the contrary. Then there existsau € PSH(T), u < 0 satisfying
(1.17.1). Then u(0,-) is negative subharmonic on D.. Therefore, in virtue of
Proposition 1.14.25, it extends to a subharmonic function on the whole D. Applying
the maximum principle for subharmonic functions we get

u(0,z2) <sup{u(0,A) : |A| =1/2} =11 <0, 0<|z3| <1/2.
Fix at; € (t9,0). Then
{0} x Ki(1/2) C{z e T :ulz) <nh}eT,
which contradicts (1.17.1).

Exercise 1.17.3. Let
To-l’(;2 = {(21,22) € [D2 . |21|01 < |22| < |Zl|02}, o1 > 0, > 0.
Check whether Ty, 4, is hyperconvex.

Proposition 1.17.4. Let D C C”" be a domain. Then D is hyperconvex iff there
exists a continuous function u € PSH(D, R_) with (1.17.1).

Proof. (Cf. [Zah 1974].) Let u: D — [—00,0) be a psh function with (1.17.1).
We will construct a continuous psh function vg: D — (—o0, 0) with (1.17.1). Fix
aball K := B(a,r) C D and let v := hf{’D. Recall that v € PSH(D) and v =0
in B(a, r). The maximum principle implies that v(z) < 1 for any z € D.

By the Oka theorem for subharmonic functions (cf. [Vla 1966], Chapter 2, § 9),
for any point b € dB(a,r) we get v(b) = lim[g, 1)1 V(a + (b —a)) = 0. Thus
v=0onK.

Fix a fp > 0 such that u < —fy on K and put ug := (1/t9)u + 1. Then
ug € PSH(D), up < 1,and up < 0on K. Hence ug < hg p < v. Consequently,
the function vg := v — 1 satisfies (1.17.1). We will show that v is continuous (then
vg satisfies all the required conditions).

Fora € (0,1) let Dy :={z € D : v(z) < a}. Notice that K C D, € D and
Dy /' D whena /' 1. Moreover, hy , = 0on K (use the same argument as
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above). Observe that ahy p, Svon D,,. Indeed, define

max{ahy p v} on Dq,
v on D\ Dg.

h =

Then

limsup ahy p(z) < <v(), € DNaD,.

Dy3z—¢
Hence, by Proposition 1.14.9, h € PSH(D). Obviously h < lon D andh = 0
on K. Thus & < hg p < v. In particular, ah}‘(’Da <h <wvon D,.

Fix a point zg € D. We want to prove that v is continuous at zg. Let () :=
max 5. v. Observe that o < B(a) < 1. In particular, 8(«) — 1 when o — 1. Fix
ann > 0andleta = a(n) € (0, 1) be such that zg € Dy and (o) /o —1 < 1. Let
(Ve)o<e<eo be a family of € psh functions defined in a neighborhood §2 of Dy,
£2 C D, such that v \( v on 2 when ¢ \ 0 (Proposition 1.14.33). Take an ¢ > 0
such that for w := v, € PSH(£2) N C*°(£2) we have w > von 2, w < non K,
and w < B(a) + n on D,. Consequently,

(w—mn)/B(a) < hk p, onDq.
Hence,
0<w-—v=pB@hgp, +1—v
< B@/a—Dv+n=<pl@)/a—1+n=<2n onD,.

Now, by the continuity of w, there exists a neighborhood U of zy, U C Dy, such
that |{w(z) — w(z¢)| < nforz € U. Finally, |v(z) —v(z9)| < 5nforz e U. O

There is the following localization result for hyperconvexity.

Theorem 1.17.5. Let D C C" be a domain. Then the following conditions are
equivalent:

(1) D is hyperconvex;

(ii) for any boundary point a € 0D (including a = oo when D is unbounded)
there exists au € PSH(D), u < 0, such that limpsz—q u(z) = 0.

Every function u as in (ii) is called a weak psh barrier for a.

Proof. (1) = (ii) is trivial.

(ii) = (i): Fix K := B(ao,r) C D and putu := hx p—1. Thenu € PSH(D),
u < 0 (see the proof for Theorem 1.17.4). Assume that (1.17.1) is not fulfilled.
Then thereare a € dD, ¢t < 0, and a sequence of points (z;); C D withz; — a and
u(z;) < t. Choose a weak psh barrier functionv € P8H(D),v < 0, withv(z) — 0
if D 3 z — a. In particular, v(z;) — 0. Note that sup{v(z) : z € K} =: —t < 0.
Then ¥ := % +1 e PSH(D), v < 1, 9|k < 0, and ¥(z;) — 1. Hence,
< h};,D = u + 1. Therefore, t > u(z;) > v(z;) — 1 — 0; a contradiction. [



1.17. Hyperconvexity 133

In the case of a Reinhardt domain an even stronger version of Theorem 1.17.5
is true.

Proposition 1.17.6. Let D C C”" be a pseudoconvex Reinhardt domain. Assume
that for any a € dD N W (including a = oo if D is unbounded) there exists a
weak psh barrier function. Then D is hyperconvex.

Proof. Let a € dD \ V. Put £ := loga. Then £ is a boundary point of the
convex domain log D. Therefore, we may take a real linear functional L: R” — R,
L(x) = Yj_,ajx;, such that L(x) < L(£), x € logD. Putu:C} — R,
u(z) := Z?:l ojlogl|z;|. Then v :=u —u(a) € PSIH(CL) N C(CL), v < Oon
D N C%, such that limps,—4 v(z) = 0. Observe that v is locally bounded from
above on D \ V. In virtue of Theorem 1.14.25, v extends to a psh function on D,
which is everywhere negative (use the maximum principle). Hence this extension
gives a weakly psh barrier at a.

Hence, using the assumption, Theorem 1.17.5 completes the proof. |

In the general theory, hyperconvex domains do not contain non-trivial entire
holomorphic curves.

Definition 1.17.7. A domain D C C” is called Brody hyperbolic if any ¢ €
O(C, D) is identically constant.

Exercise 1.17.8. Observe that any elementary Reinhardt domain D,, . is not Brody
hyperbolic.

Proposition 1.17.9. Let D C C”" be a hyperconvex domain. Then D is Brody
hyperbolic.

Proof. Let u € PSH(D) denote the negative exhaustion function from the defini-
tion of hyperconvexity. If ¢ € O(C, D), then v := uo¢ € SH(C) and v < 0.
Hence, in virtue of the Liouville theorem for subharmonic functions (see 1.14.3 (g)),
v = ¢ € R. Applying (1.17.1) implies that ¢(C) is bounded and therefore, ¢ is
a constant function according to the classical Liouville theorem for holomorphic
functions. O

In the case of Reinhardt domains there are the following results for Brody
hyperbolic domains. We begin with a direct consequence of Lemma 1.5.14 (iii).

Lemma 1.17.10. Let D C C” be a Brody hyperbolic Reinhardt domain of holo-
1
morphy. Then there exist a matrix A := |:

n

:| € GL(n, Z) and a vector ¢ € R"

o

such that D C Dy . N -+ N Dyn ¢,,.

o ,C1

®Recall that Vo = {(z1,...,2,) € C* : z1+++z, = 0}.
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Proof. We only need to observe that an affine line L = a + Rb, b # 0, is contained
in log D iff the entire curve

Cosir (e“‘ekbl,...,e“”ekb”)
has its image in D. O

Theorem 1.17.11. Let D C C" be a Brody hyperbolic Reinhardt domain of
holomorphy. Then D is algebraically equivalent to a bounded domain (cf. Def-

Otl
inition 1.5.12), i.e. there exists a matrix A = [ i | € GL(n,Z) such that
o

D C C"(A) and ®4 maps biholomorphically D onto a bounded Reinhardt do-
main of holomorphy, where

4. D > C", Dy(z) = (z“l,...,z"‘n), z € D.

Proof. The proof is done by induction. For n = 1 the only unbounded Reinhardt
domains in C are C, C, and A(r, o0) with r > 0. The first two are not Brody
hyperbolic. The annulus can be algebraically mapped by z — 1/z onto a bounded
Reinhardt domain.

Now let n > 1 and assume that the theorem is true for all lower dimensions. If
D C C”, then Remark 1.5.13 (b) and Lemma 1.17.10 apply.®

In order to discuss the remaining case let us assume, without loss of generality,
that D NV, # @. Then, in virtue of Corollary 1.11.16, D := prea—1(D) =
prea—1(D N'V,) is a Reinhardt domain of holomorphy in C*~1. Moreover, it is
easily seen that Dis Brody hyperbolic. Applying the induction hypothesis we find
a matrix 4 € GL(n — 1, Z) with the same properties as above. So @ ; is defined
on D and maps D biholomorphically onto its image & 4(5), a bounded Reinhardt
domain of holomorphy. Now put

a3 0]

Then A € GL(n,Z) and @4 maps D biholomorphically onto a Brody hyperbolic
Reinhardt domain of holomorphy @4 (D) which is contained in P,—; (r) x C (Ex-
ERCISE).

Therefore, we may assume from the very beginning that D satisfies

DnV,#@, DCP1(r)xC
for some r > 0. Without loss of generality let
DnV,#w@,j=1,....k, DNV,=@2, j=k+1,....n—1,
where k € {0,...,n — 1}.

%5Notice that, in general, if A is as in Lemma 1.17.10, then (@4)|p need not be biholomorphic. For
example, if A is as in Remark 1.5.13 (c), then D? C {|z1z2| < 1, |z?z§| < 1}, but ©4(0,0) =
(0,0) £ C"(A7).
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Then we find an o = («q,...,0a,) = (0,0”) € Z¥ x 7" %, &, # 0, and an
m € R4 such that

|z% <m, zeDnN(C"!xC,).

Indeed, if k = 0, then Lemma 1.17.10 applies directly (we take o := o/, where
j is such that a7, # 0). Now let k > 1. Put

k
D" := pren—« (D) = pren—« (D N ﬂ Vj)
j=1

recall that D is relatively complete. Then D” is a Brody hyperbolic Reinhardt
domain of holomorphy. In virtue of Lemma 1.17.10, we find ¢” = (og41s...,
o) € 7"k o, # 0, and m € R4 such that

1" | <m, z"eD", z, #0.

Then, setting & := (0, ...,0,@”) completes the argument.
In a last step put

0 if j <k,
|| +1 ifk <j<n.

e |

Bi=B1,....Bn-1), Bj:=

Note that s; := Bjlay| —a; >0, j =k +1,...,n—1.
Then, for z = (2, z") € D, z,, # 0, we get

|Z’B| < |(Z//)Dl”|1/‘an||Zk+1|5k+] . |Zn_1|5n71 < ml/lanlrn_k_l.

By continuity, this estimate remains true on D. Finally, we introduce

A= |:H”1 0:| e M(n xn;Z). %
g 1

Note that det A = 1, @4 is defined on D with a non-vanishing Jacobian, and @4

is injective on D. Hence, @4 gives an algebraic biholomorphic mapping from D

onto its image @4 (D) which is a bounded Reinhardt domain of holomorphy. O

Based on the former theorem we have the following result for Brody hyperbolic
Reinhardt domains of holomorphy.

Proposition 1.17.12. Let D C C”" be a Brody hyperbolic Reinhardt domain of
holomorphy. Then the following conditions are equivalent:

1, denotes the (k x k)-dimensional unit matrix.
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(1) D is algebraically equivalent to an unbounded Reinhardt domain of holo-
morphy;

(1) D is algebraically equivalent to a bounded Reinhardt domain of holomor-
phy G which does not satisfy the Fu condition.

Proof. (ii) = (i): We may assume that D is bounded and does not satisfy the Fu
condition. Therefore, V; N D = @ and D N V; # @ for a certain j. Take simply
the following map

F:D—C" F(z):= (zl,...,zj_l,Zij,ZjH,...,zn).

Then G := F(D) is an unbounded Reinhardt domain of holomorphy and F is an
algebraic biholomorphism from D onto G.

(i) = (ii): Without loss of generality, we assume that D is unbounded. In
virtue of Theorem 1.17.11 there are a matrix A = [a;k|i1<jx<n € GL(n,Z) and a
bounded Reinhardt domain G such that @4: G — D is biholomorphic. Obviously,
G is a Reinhardt domain of holomorphy.

Suppose that G does satisfy the Fu condition. So we may assume that

VinG#a@, j=1,....k, and GNVi=@, j=k+1,...,n,

where k is a suitable number in {0, ..., n}. Therefore, a,; > 0if j € {1,...,k}
and 1 < r < n. Moreover, there is an m > 0 such that |z;| > m if z € G and
j =k+1,...,n. Denote now by a” the r-th row of A. Then

(@a(2))| = |29 | = |2§" -ozp | <m’ ifze€G, 1 <r<n,

where m’ is a suitable real number. So, @4(G) = D is bounded; a contradiction.
O

Now we are able to present a complete description of hyperconvex Reinhardt do-
mains. Before presenting the result we need an additional definition which sharpens
the notion of hyperconvexity.

Definition 1.17.13. A domain (resp. a Reinhardt domain) D C C” is said to be
strictly hyperconvex (resp. strictly R-hyperconvex) if there exist adomain (resp. Rein-
hardt domain) D’ and a function u € PSH(D’) N C(D’) (resp. u € PSH(D’) N
C(D") with u(z) = u(|z1|,....|zn|), z € D’) such that

e DCD',u<lonD,

e D={ze D :u(z) <0},

e D;:={zeD :u(z) <t} D" and D, is connected, 0 <t < 1.

Obviously, every strictly R-hyperconvex Reinhardt domain is strictly hyper-
convex.
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Remark 1.17.14. Let D, D’, and u be as in Definition 1.17.13.

(a) Then D, Dy, and D’ are pseudoconvex domains (see Theorem 1.15.5) with
DeD,eD,0<t<]l.

(b) D is fat. Otherwise there exists a pointa € int D \ D; in particular, a € dD.
Hence, u(a) = 0. On the other hand, there is an r > 0 such that P(a,r) C D
and, therefore, u < 0 on P(a, r) (use that u is continuous). Then the maximum
principle leads to u|p(4,») = 0. So, P(a,r) C dD; a contradiction.

(¢) D has a Stein neighborhood basis.®’ Indeed, let U be an open set contain-
ing D. Choose another open set V with D C V € U N D’. Put

to:=inf{u(z) :z € D'\ V} € (0,1).

Then Dy, is pseudoconvex with Dy, C V. Applying the solution of the general
Levi problem, D, is a domain of holomorphy.®®

(d) If D is even strictly R-hyperconvex, then D has a neighborhood basis of
Reinhardt domains of holomorphy. Observe that here the D;’s are pseudoconvex
Reinhardt domains and therefore domains of holomorphy (see Theorem 1.16.4).

(e) Using Corollary 1.12.5 and (c) we see if D is a strictly hyperconvex Rein-
hardt domain, then D has a neighborhood basis consisting of Reinhardt domains
of holomorphy.

Exercise 1.17.15. Prove that T (T is the Hartogs triangle) has no Stein neighbor-
hood basis. Recall that T is fat and does not satisfy the Fu condition

Now we are in the position to present the full characterization of hyperconvex
Reinhardt domains (cf. [HDT 2003], [Zwo 2000]).

Theorem 1.17.16. Let D C C”" be a Reinhardt domain. Then the following con-
ditions are equivalent:
(i) D is hyperconvex;
(i1) D is bounded, pseudoconvex, and satisfies the Fu condition;
@iii) D is strictly R-hyperconvex;
(iv) D is bounded, fat, and D has a neighborhood basis of Reinhardt domains of
holomorphy;

(v) D is J£°°-convex.

Proof. First note that (iii)) = (iv) has been shown in Remark 1.17.14 and (ii) =
(v) follows from Theorem 1.13.19.

7A compact set K C C” has a Stein neighborhood basis if any open set U, K C U, contains a
domain of holomorphy G with K C G. Domains of holomorphy are often called Stein domains in
honor of Karl Stein.

8L et us emphasize that here we have used the general solution of the Levi problem (Theorem 1.16.1)
although this has not and will not be proved in this book.



138 Chapter 1. Reinhardt domains

(i) = (ii): Suppose the contrary. Then either D is unbounded or D is bounded
and does not satisfy the Fu condition. Recall that D is Brody hyperbolic, since it is
hyperconvex (see Proposition 1.17.9). If D is unbounded, then D is biholomorphic
to a bounded Reinhardt domain of holomorphy that does not fulfill the Fu condition
(use Proposition 1.17.12). So, without loss of generality, we may assume from the
very beginning that D is bounded and does not satisfy the Fu condition. We may
also assume that there are k, £ € N, 1 < k < £ < n, such that

DNV,#@, DNVi=@, 1<j <k,
DNVi=@, k+1<j<t DNVi#@, (+1<j<n.

Assume that £ < n. Put D := {z e Ct: (2,0,...,0) € D}. Then D is
a hyperconvex bounded Reinhardt domain of holomorphy not satisfying the Fu
condition. Hence for the further argument we may assume that £ = n. Therefore,
D c C!. Moreover, we may assume that 1 € D. Recall that log D is convex,
unbounded, andlog D C {x e R" : x; <r, j =1,...,n} forasuitable r € R>o.
Thus we find a sequence of points x/ € log D with ||x/| — oco. Let h = hiog p

be the Minkowski function of log D (Definition 1.4.14). Then h(x’/) < 1, j € N.

Therefore, h(ﬁ) < m — 0. Using the compactness of the unit sphere we find

avector v, ||v|| = 1, with A(v) = 0 which implies that R v C log D. In particular,
v; 0,1 <j <n. Puta:= —v. Then

(e’ e, ... ey e D, t<0.
In particular,

{(e* e?2, ... e* 1,....1): 1 e C, ReA <0} C D.

Now, letu € PSH(D), u < 0, be a psh exhaustion function for D according to the
definition of hyperconvexity. Putii: D — [—o0, 0),

uz) := sup{u(eielzl,...,eie"z,,) 20, eR, j=1,...,n}

Using the compactness of the n-dimensional torus it turns out that # is semicon-
tinuous from above on D, it € PSH (D), 11 < 0, and satisfies (1.17.1) (EXERCISE).
Finally, define #i: Dy — [—00,0),

i) == a(r

A%, AR

Note that the functions Dx > A — A% are locally holomorphic. Therefore, # is
subharmonic on D, and negative. Hence, it extends to a subharmonic function u*
on D. Applying property (1.17.1) leads to u*(0) = 0. Then, by the maximum
principle, # is identically 0; a contradiction.
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(i) = (iii): Without loss of generality we may assume that the point 1 =
(I,....) e D,DNV; #2,1<j<k,and DNV, =8, k+1=<j<n
with a k € {0,...,n}. Since D satisfies the Fu condition we have D € D :
c"\UJ} i —kt1 V] Moreover, D is a Reinhardt domain of holomorphy.

By assumption, D is a Reinhardt domain of holomorphy. Thus, log D is convex
and 0 € log D (recall that 1 € D). Let h = hiog p. Then h is continuous and
convex (Exercise 1.4.16). Applying Theorem 1.14.40, the function u: C? — R,
u(z) := h(log|z1],...,log|z,|) — 1, belongs to PSH(CZ) N C(C%). In particular,
u is defined on D \ Vo

Ifk =0,then D = C". Sou € iPSfH(D) NEeD), D ={zeD:u(z) <0},
and D; := {z € D : u(z) < t} € D is a Reinhardt domain for all 7 > 0. Taking
D’ := D1 shows that D is strictly R-hyperconvex.

Now assume that k& # 0. We like to show that u extends to a psh function on D.
In virtue of Theorem 1.14.25, it suffices to show that u is locally bounded from
above on D. Indeed, leta € D N V. Without loss of generality, let a = (0,a”) €
C*xCl 5, s e{l,...,.k}. Then Dy = pren—s (D) is again a Reinhardt domain of
holomorphy containing 1,,_g, and thus a neighborhood of 1,,_s. Therefore, log Dy
is a convex domain in R"™*. Moreover, we find an £ € N such that

%(log las+1l,...,loglay|) € logﬁs.
Put b; = |aj|1/Z > 0, j = s+ 1,...,n. Hence, we conclude that b” :=
(bs+1,...,by) € Dy, which means there is a point ¢’ € C* with (¢/,b”) € D.

Now we use that D cuts all the first k axes and get (0, ") € D. Therefore, we find
a positive ¢ such that

U :=Ps(e) x A" (", r*) c D,

where
Ti=(1+ &) Yobsq1,....by), T =1+ &)V bsin,....by).
Obviously,
V= Py(e) x A" (p, pT),
where
p = (4 &) agaileo s lanl). ot = (14 & agsils. ... an)),

is a neighborhood of a. Takea z € V \ W and put £ := (log|z1],...,log|zx]).
Then, by construction, £/¢ € logU C D. Therefore, u(z) = h(§) — 1 < £ —1.
Hence, u is bounded on V' \ V. Since the point a was arbitrary, we know that u
extends to a psh function # on D.
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It remains to show that # is continuous at all points in D N V. Without loss
of generality fix as above an a = (0,a”) € D' N V% N (C* x C*~%) with an
s € {1,...,k}. Repeating the previous argument we conclude that

ii(a) < h(log|ast1], . ...log |an]) — 1

where /= Mog(pren—s (D)) 1t suffices to show that u is lower semicontinuous at

a. Suppose that there is a constant ¢ < i(a) and a sequence of points z/ € D
with z/ — a such that #(z/) < ¢. Without loss of generality we may assume that
z/ € D N C%. Hence

loglzl) = u(z’) + 1
<c+l<ifa)+1< ﬁ(log las+1], ... ,loglaxl).

h(log|z] 1, log|z]) < h(log |{ |,

Using the continuity of h leads to a contradiction. So i is continuous in a. Since
the point @ was arbitrarily chosen, we have shown that i is continuous on the whole
of D.

Note that D \ ¥ = {z € D \ ¥ : u(z) < 1}. Therefore, using the maximum
principle, we have ## < 0 on D. Moreover, the continuity of & implies D = {z €
D :1i(z) < 0}.

For ¢ > 0 put D, = {z € D: u(z) < t}. Note that D, is a Reinhardt open set,
D, € D, and D, \ o is connected. Applying Remark 1.5.6 (d) we conclude that
Dt is connected. With D’ := D1 it follows that D is strictly R-hyperconvex also
in the case k # 0.

(iv) = (i): Observe that D has a Stein neighborhood basis and D is fat. There-
fore, D = int D = int () D; for a certain decreasing sequence of Reinhardt do-
mains of holomorphy D;. Hence, D is a domain of holomorphy.

Now, in view of Proposition 1.17.6, we will study boundary points of D which
belong to V5. So let a € dD N V. First assume that 0 € dD. Fix a point
b = (r,...,r) € D with a certain positive r. Note that 0 € D;, j € N. Therefore,
P(r) C Dj, j € N. Recall that D is fat. So P(r) C int D = D; a contradiction.

Therefore, we may assume that a = (0,a”) € CF x C"* with a suitable k,
1 <k < n. Denote by D" the projection of D to C" %, i.e.

D" := prea—« (D).

Clearly, D" is a Reinhardt domain of holomorphy in C*~* (see Corollary 1.11.16).
Assume for a moment that ” € D" N C"*. Then, using the proof of Proposi-
tion 1.17.6, there is a weak psh barrier function u € PSH(D"”) fora”,i.e.u <0
and u(z"”) — 0if D” 3 z” — a”. In such a case, the function v : D — [—00, 0),
v(z’,z") := u(z"), delivers a weak psh barrier function for a.

To see that a” € dD” N C" ¥ it remains to verify that D does not contain any
point “over” a”,ie. D' :={z' e C¥: (/,a") e D} = @
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Suppose the contrary i.e. D’ # @. Then we choose a point b = (b’,a") €
D (N C% and a small positive number & with {’} x P,_x(a”,&) C D. Note that
D;NV; # @,1 <s < k. Therefore, applying the relative completeness of D;, we
have P := Pr(r) x P,_x(a”,e) C D;, j € N, where r := min{|by| : 1 < £ < k}.
Hence, P Cint D = D. In particular, @ € D; a contradiction.

(v) = (ii): We only have to note that any J¢°°-convex domain is Brody hyper-
bolic (use Liouville’s theorem). Then one may follow the argument in the proof
before as follows: fix an f € #°°(D) and put u := | f| on D. Using the nota-
tion from before, i extends to a psh function on D. Therefore, by the maximum
principle,

| FUAL A2, AP < @) < sup 64(0)
1€|=1/2

= sup [f(2)], O<[A[=1/2,
zedgP(r)

where r ;= (271,279, ..., 27%); a contradiction. O
In connection with the Montel theorem there is the following notion.

Definition 1.17.17. A domain D C C” is called taut if any sequence (f;)jen C
O (D, D) allows a subsequence ( fj, )k, which diverges compactly (i.e. for any com-
pactsets K C D and L C D thereisa jg,z such f;(L)N K =&, j > jk,1), or
a subsequence ( fj,)¢ with f;, — f € O(D, D) locally uniformly on D.

Exercise 1.17.18. When is a planar domain D C C taut ?

Example 1.17.19. The Hartogs triangle 7T is taut.

Indeed, let ¢x = (¢r1,9k2): D — T, o — ¢o locally uniformly in D
with o = (¢0.1,902) € O(D,T), 9k.1/¢k2 — ¥ locally uniformly in D with
¥ € O(D, D). Note that gp,; = ¥ - ¢o.2. By the Hurwitz theorem (cf. [Con 1973],
Chapter VI, Theorem 2.5), either g9 » = 0 or ¢g 2 has no zeroes. In the first case
@o(D) = {(0,0)} C dT. In the second case, either ¢p (D) N T # & (and then
@o(D) C 9T), or ¢o2(D) C D. In the latter case, either ¥ (D) N T # & (and then
@o(D) C dT),or po(D) C T.

Exercise 1.17.20. Decide whether the domain
To :={(z1,22) € D*: |z1|° < |22} (0 > 0)
is taut.
Hint. Use the maximum principle for subharmonic functions.
Using Theorem 1.15.5(x) it is easy to solve the following exercise.

Exercise 1.17.21. Prove that any taut domain is pseudoconvex.
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On the other hand it turns out that hyperconvexity implies tautness.
Theorem 1.17.22. Any hyperconvex bounded domain D C C" is taut.

Proof. Let us start with a sequence (f;); C O(D, D). By the Montel theorem we
may assume that f; — f € O(D,C") locally uniformly. We have to show that
f € O(D, D). Otherwise, f(Ag) € dD fora A¢ € D. Note that all values of f are
inD.

By assumption there is a continuous function u € PSH(D), u < 0, satisfying
(1.17.1). Puttingu := O on dD, we extend continuously u to D. Thenuo f; — uo f
locally uniformly on D. Hence, u o f € PSH(D) with u < 1. Observe that
u o f(Ao) = 1. Therefore the maximum principle gives the contradiction. O

For Reinhardt domains of holomorphy we even have the following characteri-
zation of taut domains.

Theorem 1.17.23. Let D C C" be ataut Reinhardt domain of holomorphy. Then D
is algebraically equivalent to a bounded domain.

Remark 1.17.24. It has to be pointed out that the converse statement is also true;
its proof will be given later in Theorem 4.7.2.

The proof of Theorem 1.17.23 will use the following lemma.
Lemma 1.17.25. Any taut domain D C C" is Brody hyperbolic.
Proof. Otherwise there exists ¢ € @O(C, D) which is not identically constant. Put
pj: D = D, ¢;(A) := @(jA). Since ¢;(0) = ¢(0), no subsequence diverges

locally uniformly. Assume there is a subsequence (¢;, )x withg;, — f € O(D, D)
locally uniformly. Then |@;, (A1) — f(A)| < 1, |A| < 1/2,if k > ko. Therefore,

loj DI = 1f D) +lj V= FD] = | fllapp+1 =:C, A =1/2, k = ko.
Hence, ¢ is bounded and so identically constant; a contradiction. O

Proof of Theorem 1.17.23. The proof follows directly from Lemma 1.17.25 and
Theorem 1.17.11. O

1.18* Smooth pseudoconvex domains

This section collects terminology and basic results related to the pseudoconvexity
of smooth domains (proofs and details may be found e.g. in [Jar-Pfl 2000], § 2.2).
The reader may skip this section during the first reading.
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Definition 1.18.1. Let D C C” be a bounded domain. We say that dD is smooth
of class C¥ (or C*-smooth) in a neighborhood of a point a € 3D if there exist an
open neighborhood U of a and a function u € C*(U, R) such that

DNU={zeU:u(z) <0}, (1.18.1)
U\D =1{zeU:u(z) >0}, (1.18.2)
gradu(z) # 0 for z € U N dD; (1.18.3)

here k € N U {oo} U {w}, where u € C® means that u is real analytic.

The function u is called a local defining function for D.

Observe that if u € C* (U, R) satisfies (1.18.1) and grad u(z) # O forallz € U,
then u satisfies (1.18.2) in a sufficiently small neighborhood of a, i.e. u is a local
defining function in a suitable neighborhood of a.

We say that D is CX-smooth or has a C*-smooth boundary if 3D is C*-smooth
at any pointa € dD.

Put

n
9
TE@D) := {Xec:": a—;(b)szo}, beUnaD.
j=1""

The complex space qu: (0D) is called the complex tangent space to 0D at b; notice
that the condition

. Ou
=1

means that X 1 gradu(b) in the sense of the Hermitian scalar product in C”.
The definition of Tb‘E (D) is independent of u (this will follow from Proposi-
tion 1.18.2 (b)). Observe that if n = 1, then TbC(BD) = {0}.

Proposition* 1.18.2 ([Jar-Pfl 2000], Proposition 2.2.3). Let D C C" be a bounded
domain, a € dD, and let U be an open neighborhood of a.

(a) Let uy,up € CK(U,R) be two local defining functions (k € N U {oo}).
Then uy = vuy withv € CK~1(U, Rsy).

(b) The space Tb‘D (0D) is independent of the local defining function
u e CYU,R), beUnaD.

(c) Let uj,uy € CK(U,R), k > 2, be two local defining functions with
Uy = vuy, where v € C¥~1(U, Ry) is as in (a). Then

Lus(b; X) = v(b)Luy(b; X), beUnNID, X € TL (D),

where £ denotes the Levi form (cf. (1.14.1)).
(d) Let k € N U {oo}. Then the following conditions are equivalent:

() D is C*-smooth;
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(ii) there exists afunctionu € ek (C", R) satisfying (1.18.1), (1.18.2), (1.18.3)
with U .= C".

The above function u is called a global defining function for D.

Proposition* 1.18.3 ([Jar-Pfl 2000], Proposition2.2.23). Let D C C" be a bounded
C2-smooth domain. Then D is pseudoconvex iff for any local defining function
u € C2(V,R) we have:

fu(h;X) >0, beVNaD, X e TL(@DD) (Levi condition).
Notice that by Proposition 1.18.2 (c), the Levi condition is independent of u.

Definition 1.18.4. Let D C C” be a bounded domain. We say that dD is strongly
pseudoconvex in a neighborhood of a point a € 3D if there exist an open neigh-
borhood U of a and a local defining function u € €2(U, R) such that

Lub;X)>0, beUnNaD, X € (TF(BD)).. (1.18.4)

Observe that by Proposition 1.18.2 (c), the definition is independent of u.
We say that D is strongly pseudoconvex if dD is strongly pseudoconvex at any
pointa € dD.

Remark 1.18.5. (a) Obviously, if n = 1, then any C2-smooth domain D € C is
strongly pseudoconvex.

(b) The notion of the strong pseudoconvexity is invariant under local biholo-
morphic mappings (EXERCISE).

(c) We will see (Proposition 1.18.8 (a)) that any strongly pseudoconvex domain
is hyperconvex and, consequently, pseudoconvex.

(d) Recall that a bounded domain D C C” is said to be strongly convex at
a point a € dD if there exist an open neighborhood U of a and a local defining
function u € C?(U, R) for D such that

Hu(z:£) >0, zeUND, & e (TROD)).

where J¢ denotes the real Hessian (cf. (1.14.8)) and TX(dD) is the real (2n — 1)-
dimensional tangent space to dD at z. The definition is independent of u.

In particular, any strongly convex domain D C C" is strongly pseudoconvex
(EXERCISE).

Proposition* 1.18.6 ([Jar-Pfl 2000], Proposition 2.2.5). Let D C C" be a bounded
domain.

(a) Assume that 3D is C2-smooth at a € dD. Let U be an open neighborhood
ofa andletu € C%(U, R) be strictly pshwith (1.18.1) and (1.18.2). Then u satisfies
(1.18.3). In particular, u is a local defining function.
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(b) Let U be an open neighborhood of D and let u € CX(U,R), k > 2, be a
local defining function with (1.18.4). Then there exists a ¢ > 0 such that for the
function u, := %(e"“ — 1) we have:

Puc(b;X) >0, bedD, X € (Ch),.

In particular, u. is strictly psh in a neighborhood of dD (notice that u. is a local
Ck-defining function).
(¢c) For k = 2, the following conditions are equivalent:
() D is C*-smooth and strongly pseudoconvex;

(i) there exist an open neighborhood U of 0D and a strictly psh function
u € CK(U, R) with (1.18.1) and (1.18.2).

With respect to (b) and (c) compare [For 1979] and [Beh 1985] for the case of
general pseudoconvex domains.

Exercise 1.18.7 (Complex ellipsoids; cf. [Jar-Pfl 1993], § 8.4). Forn > 2, p =
(p1,....pn) € RZ,, define the complex ellipsoid

n
E,:= {(zl,...,zn) eC": Y |z < 1}. (1.18.5)
j=1
Obviously Ey = B,. Prove the following properties of [E,.

(a) E, C D" is a complete Reinhardt domain of holomorphy (use Theo-
rem 1.11.13).
(b) E, is convex iff py,..., pn > 1/2.

(c) E, is geometrically strictly convex * if and only if p1,..., py, > 1/2 and
#j:pi=1/2} <L
(d) OE, is C“-smooth and strongly pseudoconvex at all points z € dE, N C’.
(e If p1...., pn > 1/2, then [, is strongly convex at all points z € dE, N C.
(f) E, is Cl-smooth iff py,..., p, > 1/2.
() E, is €2-smooth iff py,..., py > 1.
(h) For py,..., pn = 1 the following conditions are equivalent:
(i) E, is strongly convex;
(ii) E, is strongly pseudoconvex;
(iii) E, =B, (.e. pr =+ = py = 1).

Determine the interrelations between regularity of the Minkowski function g,
(cf. Definition 1.8.1) and p.

®Thatis,ifa,b € dEy,a # b, then{a +t(b—a) : 0 <t < 1} C E,.
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Proposition* 1.18.8 ([Jar-Pfl 2000], Proposition 2.2.25). Let D C C” be a strongly
pseudoconvex domain.

(a) If D is Ck-smooth (k > 2), then there exist an open neighborhood U of
D and a strictly psh defining function u € CK(U,R). In particular, any strongly
pseudoconvex open set is hyperconvex.

(b) For any open neighborhood U of D there exists a strongly pseudoconvex
C%-smooth open set D' such that D ¢ D' C U.

1.19* Complete Kéihler metrics

Following H. Grauert [Gra 1956], we will study complete Kdhler metrics on a
Reinhardt domain D in C” and interrelations between the existence of such a
metric and holomorphic convexity of D. Before explaining details let us introduce
the notion of a Hermitian metric on D.

Definition 1.19.1. Let D C C” be a domain. A system g = (gy,u)1<v,u<n Of
continuous functions g, ;,: D — C is a Hermitian metric (resp. pseudometric) on
Difg,, = gu, forall v, u and

n
g(z;X) = Z gvu(2)X, X, >0 (resp. >0), zeD, X eC", X #0.
v,u=1

If X =0, then g(z; X) = 0. Observe that g(z; X) = g(z; X).

Given a Hermitian pseudometric g on D as above and a piecewise C!-curve
y:[0,1] — D. Then the g-length Lg(y) of y is defined as

1
Le(y) = /0 e O 0.

Having the notion of the g-length of a curve we introduce the g-pseudodistance
dg " between two points of D. Namely, we put

dg(z1.22) == inf{Lg (y) : ¥ € € 10,11, D), y(0) = z1, y(1) = 22},
Z1,2p € l),71

where € 1([0, 1], D) denotes the set of all piecewise C!-curves in D.

79A pseudodistance d on D is a function d : D x D — Ry such that d(z,z) = 0, d(z,w) =
d(w,z),andd(z,w) < d(z,u)+ d(u,w) for arbitrary z, w,u € D. Itis adistance if, in addition,
d(z,w) > 0forz # w.

7I'Note that any two points in D can be connected even by a G>°-curve in D. Moreover, observe that
dg(z1,22) = inf{L g (y)}, where the infimum is taken over all €°°-curves in D connecting z1, Z»
(EXERCISE).
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If g is a Hermitian metric on D, then dg is a distance (EXERCISE). We say
that g is a complete Hermitian metric on D iff g is a Hermitian metric on D and
Bg(a,r) :== Bg,(a,r) ={z € D : dg(a,z) <r} € D forany a € D and any
positive r € R. This definition means that boundary points of D have “infinite
distance” from inner points of D.

In the sequel we deal with special Hermitian metrics, the so-called Kéhler met-
rics.

Definition 1.19.2. Let g = (g,,,) be a C>*°-Hermitian metric (resp. pseudometric)
on D, i.e.all the g, , € C*(D).
(a) g is said to be a Kdhler metric (resp. pseudometric) if the functions g 4
fulfill the following relations:
v _ 0gjp

0 gy,
= (and then also @ = g_v’j
0z; 0zy 0z 0z,

), 1=jv.pu=<n
(b) g is a C“-Kdhler metric it g is Kdhler and g, , € C°(D), 1 <v,u <n.
(c) g is said to be a complete Kdihler metric if it is a complete Hermitian one.

Example 1.19.3. (a) Let D C C” be a domain. Assume that u: D — R is a
ek _function, k € {oo, w}, which is strictly psh on D. Then v = azavz—auz_M gives
a Ck_Kihler metric on D (EXERCISE).

(b) Put gy, := 8y,,,."> Then g := (g,,,,) gives the Euclidean metric on C"; it
is a complete Kéhler metric on C”.

Let f = (fi,....fm): G — D, G C C", D C C™, be a holomorphic
mapping. Assume that g = (gy,,,) is a Kéhler metric on D. Define for z € G:

gou(2) = E gk,j(f@))%(z)%
v w

k,j=1

(z), 1<v,u<n,

ie. g(z;X) = g(f(2); f(z)X). Then it is easily seen that § := (g,,) is a
Kihler pseudometric on D (EXERCISE). We write £~ !(g) := g and say that g is
the pullback of g via f.

Moreover, let y: [0,1] — G be a piecewise C'-curve. Then f o y gives a
piecewise C'-curve in D and L, (f o y) = Ly-1(4)(y) and therefore,

dy-1(g)(a,b) = dg(f(a), f(b)), a.beG.

There is the following equivalent description for a C°>°-Hermitian metric g to
be Kihler.

Theorem 1.19.4. Let D C C” be as above and g a C°°-Hermitian metric on D.
Then the following properties are equivalent:

72As usual, 8y, means the Kronecker symbol.
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(1) g is Kdahler;
(ii) for any point a € D there exist a polydisc P = P(a,r) C D and a strictly
psh function U € C*°(P, R) such that

92U
02,0z,

8vu(z) = (z), zeP, 1 <v,u<n.

The function U in Theorem 1.19.4 is a local potential of g .

The proof of Theorem 1.19.4 needs some preparations. First, we recall the
Poincaré lemma from an analysis course.

Lemma 1.19.5. Let G C RY be a convex domain and let (fi,jh<i<j<n C
C®(G,R) (resp. (fi)1<j<N C €>(G,R)). Assume the following integrability
conditions

fice _ it | Uik

=0, 1<j<k<{<N
0x; 0xk 0xyg sJ=h=ts

9
(resp. == =-—, 1=<jk=<N)

on G. Then there are C*°(G, R)-functions g;, 1 < j < N, (resp. a C®°(G, R)-
function g) with

08k 085 _ g 1<j<k<N (esp 25 =g, 1<) <N).

0x; 0xXk ’ 0x;

Note that this result is often formulated in the language of differential forms,
e.g. if the 2-form o := 37, _;_;, fi,jdx; A dx; is d-closed, i.e. do = 0, then
there exists a 1-form B = Zyzl gjdx; with dB = a. The reader is asked to recall
or to study the meaning of differential forms.

Moreover, there are similar results for the complex case. We only formulate
that one which is needed in the sequel.

Lemma 1.19.6. Leta € C", r € (0,00), and aj € C*®(P(a,r)), 1 < j < n.

Assume the following integrability conditions on P(a, r):
dai %y < k=
0zx  0z;

Then, for any r' € (0,r), there is a function f € C®(P(a,r’)) such that

d
Tf:aj onP(a,r), 1<j<n.
8Zj
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Proof. To prove the lemma we slightly reformulate its statement as follows.

Form = 1,...,n+ 1, the following is true:
(*)m given positive numbers r' < r and aj € C*°(P(a,r)), j = 1,....n,
with &y, = -+ = oy = 0 such that the integrability conditions are satisfied, then

there exists an | € C®°(P(a,r’)) with 597]; =ajonlP(a,r) 1<j<n

Note that (*),+1 is exactly the statement of the lemma.

To prove this new formulation we proceed by induction on 7. We may assume
a = 0 (Exercisg). The case m = 1 is obviously true; take just the function f = 0.

Now let us assume that (), is true for some m < n. Fix positive numbers
r’ < r and functions a; € C®°(P(r)), 1 < j < n, withayy; =+ = a, =0,
such that the integrability conditions are satisfied. Choose numbers r;, r, with
r’ < ri < rp < r and a cut-off function y € €*(C) such that y|g(,) = 1 and
x(A) = 0if |A] = ra.

Forz = (z/,zpn,z") € P(r) € €™ ! x C x C"™™, the function

CsA X Mam(z',2,2") if[A] <,
0 if [A] > 7

is in €*°(C) and has a compact support. Therefore,
Z//)

1 m(z', A
g B0 > 5= [P

m

dédn, A =E&+in,

belongs to C*°(P(r)). Moreover, we have
. Eg_gm = x(zm)om(z) = am(z), when z € P(ry),”
° (%(z) = 0, when z € P(r) and j > m (use the assumption and the
integrability conditions).
Instead of dealing with «; we are going to study the functions
ad
@ =0 — Tg € C®(P(r)), 1<j<n.
aZj

Note that this new system of functions fulfills the conditions of (), on P(ry).
Therefore, by the induction hypothesis, there exists an f € C°(P(r’)) such that

f s
0z,

on P(r'). Setting f := f + g on P(r’) leads to a function solving all required
differential equations. |

*Recall from a one complex variable course that if & € C5°(C), then the function v(A) :=

—% Jc T—fgd‘g’dn, ¢ = & + in, belongs to C°°(C) and satisfies g—;—i = h on C (EXERCISE).
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Remark 1.19.7. In fact, the above lemma is still true for # = r. In this strong
form the result is due to Dolbeault; it is Dolbeault’s lemma (see e.g. [Hor 1990]).
As before, it is mostly formulated with the help of a differential form. So we repeat
our suggestion from above for the interested reader to study differential forms.

Proof of Theorem 1.19.4. Obviously, we only have to prove (i) = (ii). Write

g = +ifuu

with real-valued functions @, and B, ;,. Note thato; x = o j and B = — B ;.
Now fix an a € D and a polydisc P(a,r) C D. Then we introduce the following
system of functions (fj x)1<j<k<2n C C°(D, R), where

—Bjk ifl<j<k<n,
fik i =4=Bj—nk—n ifn+1=<j<k=<n+n,
o) k—n ifl<j<n,n+l1<k<n-+n.

Then the integrability conditions in Lemma 1.19.5 (with N = 2n) are satisfied.
Indeed, we have to show the following four equations.

aOlk’g _ 30[]',[ _ 8,3j,k

(1) . = By =0, 1<j<k<n,1<{<n,
J
da;y Odajx D
(if) ;‘yfj— ;;;k f}’c‘f%o, 1<j<n 1<k<f<n,
J
B P
(iii) Bre _ Wit | ﬂf”‘zo, l<j<k<l<n,
0x; X axy
3 Bio B
(iv) Bre Bie | ﬁ”":(), l<j<k<fl<n.

dy; Yk ¢

To do so recall the Kéhler conditions from Definition 1.19.2. Separating them into
the real and imaginary parts we have

(K]

JssV

) LI 1 WBjwm (80‘v,u n 3,3v,u>
0xy dyv 0x; dy;

, 80 Bin  (0Bon  Oowu
A R (ax,- ayj)

Inserting (k,’c ¢ j) into (i) (resp. (k]/é ‘ j) into (ii)) we see that equation (i) (resp. (ii))
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is the same as (iv) (resp. (iii)). So what remains is to verify (iii) and (iv). Note that
_ ok OBre (3%',6 N 3,3]',6)
8Xj 8yj 0x 0k
oag ;i  IBr.; dag ;i 0By
_( k,j + ,Bk,J _( Ay, j + IBE,J))
dxg Y dxk Ik
L 0%k Bk (3ae,k 4 3,313,k)
0xg dye 0x; dy;
_5 (aﬂk,e . Bik 8ﬂj,£).
dyj dye Oy
Hence (iv) is true. In the same way the reader may verify (iii).

By Lemma 1.19.5 there exist 2n functions ¢;, ¥; € C*°(P(a, r)) satisfying the
following equations:

0

g 0g;

ot = fik =B 1<j<k<n,
ox; O Jik = —=PBik <j<k=<n
Wk 0y, .
=L = fo ok =—Bjk 1<j<k<n,
a)’j 8yk fn J.n—k ﬂ/,k <J<KZ=Zn
Y dgk .

ax,i T Jintj = 1=jk=n

Put g; :=¢; +iy; € C°(P(a,r),C), 1 < j < n. Then (gj)1<j<n satisfies the
integrability criterion in Lemma 1.19.6. Indeed, we have

ox; dy; Oxx  Odyx

dor _ OV _ 09y +%+i(aﬂ+aﬂ—%—%) =0,
ox;  dy; Oyxr Oxx
1<j<k<n.

Now fix an ' € (0,r). Then, in virtue of Lemma 1.19.6, we find a function
h € C®°(P(a,r’), C) satisfying

oh . ;

3_Zj=gj =g +iY;, 1=<j=<n.
Writing h = hy + ih, we have
ohy  0hy ohy  0hy

20 =———and 2y = — ——, 1<j<n.
Y0 Ty v oy oy
Combining the facts we collected so far, we get
o, g 1 ( 02 02 ) _
= TR - 2hy), 1<j<k<n,
Bik oxx  Ox;j 4\0x;dyr  0xrdy; (2h2) =J =7
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and

1 92 92
R + 2hy), 1< j,k<n.
%k 4(8xj8xk Bykayj)( 2) =/ "

Summarizing, the function U := 2k, € C*°(P(a, r’), R) fulfills

02U
=gk, 1=Jjk=n;
0z;0Zk Eik =/0=
Hence U is a local potential around the point a. |

Remark 1.19.8. Another application of the Poincaré lemma deals with plurihar-
monic functions (cf. Definition 1.14.26). Namely, using Lemma 1.19.5, we give
another proof of Proposition 1.14.28.

Suppose that D C C" is a convex domain and u € PH(D). Then there exists
an f € O(D) withRe [ = u.

Proof. First, recall that u is a harmonic function and therefore u € C*°(D). Obvi-
ously, the system ( fj)1<;<2n With

ou . .
L < <
fom By, ifl1 <j <n,
J du
0xj_p

ifn+1<j<2n,

satisfies the integrability conditions from Lemma 1.19.5 (cf. (1.14.6)). Therefore,
in virtue of Lemma 1.19.5, we find a v € C*°(D, R) such that

av ou dv _ ou

= — = , 1 <j<n.
dx; Ay Ay dx; ’
Putting f := u +iv gives a C®°(D)-function which satisfies the Cauchy—Riemann

equations. Hence f is the holomorphic function whose existence is claimed in the
theorem. O

The following result connects the notion of holomorphic convexity with the one
of a complete Kihler metric.

Theorem 1.19.9 ([Gra 1956]). Every holomorphically convex domain D in C"
carries a complete C?-Kdiihler metric.

Proof. By Remark 1.13.3 (b), there exists a sequence (L )72, of holomorphically
convex compact subsets of D such that L; C int L; 4 and D = [ J7Z, L;. Fix an
index j. Then, for any point z € dL;41 one may choose a function f; € O(D)
satisfying || fzllL, < 1 < |fz (z)|.7* Since dL;4+1 is compact there are points
zk € 0Ljy1, k = 1,...,k(j), and open neighborhoods V;x = V,x(zx) C D

74Use that L is holomorphically convex.
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such that dL; 11 C Uk(]) Vi, and infy, [ fix| > 1,k = 1,...,k(j), where
fjk = fz- Slnce ||f]k||L < 1, we may choose an exponent x] € N such that

||fjk||L 21k( ),where fjk = Jf/k In a next step we discuss the series
o k()
=2 (X fufie)
j=1 k=1

In virtue of the above construction it is clear that this series converges locally
uniformly on D. Reading this sequence on D x D as

oo k() _
uzw) =Y ( Y ko) fa (@)
j=1 k=1

shows that the series, in fact, gives a holomorphic function on D x D. In virtue of
the Weierstrass theorem (Theorem 1.7.19), we finally obtain

a X (Db fik@) 3 fik(2)
gvpt() 8- (Z )_Zl(z ({)ZU 52# )

k=1

Observe that the g, ,,’s are real analytic functions on D which define a Hermitian
pseudometric g. Put g, ,,(z) := gy () +8y . Thenthe g, ,,’s define a C*-Kéhler
metric g on D, ie. £(z;:X) = g(z; X) + | X|>

What remains is to show that this metric is a complete one on D. Note that
dg < dg. Therefore, Bg(a,r) C Bg(a,r),a € D, r > 0. Hence, it suffices to
show that By (a, r) lies relatively compact in D.

Infact, fixa € D and r > 0. We may assume thata € int L. Assume now that
there is a point b € B(a, r) \ Lsy1. Take an arbitrary C'-curve y: [0, 1] — D with
y(0) = a, y(1) = b. Then there exists a ¢y € (0, 1) with the following properties:
y(t) €int Lgyq,0 <t < tg, and y(¢y) € dLs4+1. We find an index jp, 1 < jp <
k(s), such that y(t9) € Vs, j,. Therefore, | f; j, (v(t0))| > 1. Thus, by definition,

|fs,,~b (v(t0))| > s. On the other hand, recall that |fs,jb (y(0)] < ,/#(1) =: const.

Thus, y = ﬁ,jh o y:[0,tg] — C defines a C'-curve in the complex plane; in

particular,
to
/0

It remains to estimate L g (y) from below. In fact, we have

10 to )
%wzﬁ«@wmmeZLnﬁMmmmmzA

— 9(0)| > s — const.
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Hence, dg(a, b) > s—const — oo whens — oo. Therefore, By (a, r) is contained
in some L ; in particular, it is a relatively compact subset of D.
Hence the proof is completed. |

In virtue of Theorem 1.13.5 we have the following consequence.

Corollary 1.19.10. Any Reinhardt domain of holomorphy carries a complete
C®-Kdhler metric.

In a next step we discuss some examples of domains carrying a complete C®-
Kéhler metric.

Lemma 1.19.11. Let D := (C")4. Then D carries a complete C?-Kiihler metric.

Proof. Put u: (0,00) — R, u(t) := %. Then u is a real analytic function

satisfying the following properties (EXERCISE):
e u(t)>0, te(0,00),
o [y tuP(t)dt =i d € Ry,
o [iu(r)dt = oo.

Moreover, put v(t) := fot tu?(r)dt, t € (0,00), and let U be a primitive

of T @ on (0,00). Finally, set h: D — R, h(z) := U(||z||?), and define
2

o = %. Then the g, are real analytic functions on D and they give a

Kiéhler pseudometric g = (gv, 1) 1<v,pu<n-
Indeed,

g2 =U"(I1z1*)zuZy + U' (1211780, z €D v =1,....n.
Therefore, applying the Schwarz inequality,

IRI(E )
212

zeD, X e C".

1X 1% =0,

e = () - HED) 5z,
v=1

112

It remains to modify g to obtain a Kéhler metric on D. We simply set g =
(g’v,u), where g, 1= gv,u + 81),//«'

With respectto g wehave dz(a,b) > ||la—b|,a,b € D. Hence, g is “complete
at infinity”. To discuss the behavior of g near the origin, fix points a,b € D with
|b]l < 1 < |la|. Lety:[0,1] — D be a Cl-curve in D with y(1) = b and
y(0) = a. Since y has to pass dB, it suffices to consider a y satisfying ||y (0)|| = 1
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and [|[y(®)| <1,0 <t < 1. Then

1 n
Le) = Le) = [ uyol)] 3 0n0)dr

v,u=1

1 n
%‘/0 u(||V(l‘)||2)2Re( Z Pv(t)y,l(t))dz‘

v,u=1

1 vO@I? 1 (!
—/” u(t)dt > E[M u(t)dt.

2 Jiyay)2 bl

%

v

So we obtain .

1
dz(a,b) > = t)dt — oo.
g(a )=z 2 /||b||2 u() b—0 *

Hence, g is a complete Kéhler metric on D. |

Using the metric we found in Lemma 1.19.11, it is possible to generalize
Lemma 1.19.11 in the following form.

Theorem 1.19.12. Let D C C”" be a holomorphically convex domain and let
fis--os fr € O(D). Define A :={z € D : fi(z) = --- = fr(z) = 0}. Then

D \ A carries a complete C®-Kiihler metric.

Proof. Observe that f = (f1,..., fx) : D\ A — CF\ {0} defines a holomorphic
mapping. Therefore, we have the Kihler pseudometric § := f~1(g), where g
denotes the complete Kéhler metric on C’,ﬁ from Lemma 1.19.11. In virtue of
Theorem 1.19.9, we may take a complete Kihler metric & on D. Then A, , =
8v.u + &v,u leads to the Kahler metric & = (h, ) on D \ A we are looking for.
In fact, recall that dp (a,b) > dg(a,b) > dg(f(a), f(b)),a.b € D\ A.
Suppose that there is a point z € D \ A and a sequence (a;); C D \ A
that converges to a boundary point @ of D \ A. In case that @ € dD we have
dn(z’,a;) > dg(z',a;) — oo when j — oo. Or we have that ¢ € A and then
dp(z',a;) > dg(f(2'). f(aj)) — oo. Hence, h is a complete Kihler metric on
D\ A. O

Remark 1.19.13. (a) Recall that D := (C")4, n > 2, is not holomorphically
convex (EXERrCISE). Nevertheless, Lemma 1.19.11 shows that D carries a complete
Kihler metric. Therefore, the converse of the statement in Theorem 1.19.9 is, in
general, not true.

(b) In the case of a Reinhardt domain D of holomorphy we know that D and
also D \ W carry complete Kéhler metrics.

(¢) In [Gra 1956] it is shown that for any domain of holomorphy D C C” and
any analytic subset 4 of D,”> the domain D \ A carries a complete Kihler metric.

T5For a definition see Remark 1.9.13.
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Moreover, if D has a C“-boundary, then we have the following characterization:
D is a domain of holomorphy if and only if there is a complete Kihler metric on D.

(d) In [Ohs 1980a], T. Ohsawa has generalized the above result by H. Grauert
for domains with C!-boundary. Hence, in the category of domains with a C!-
boundary, there is a complete description of domains of holomorphy in terms of
complete Kihler metrics.

We start to discuss the consequences of the existence of a complete Kahler
metric in case of Reinhardt domains.

Theorem 1.19.14. Let D be a Reinhardt domain in C". Assume that there is a
complete Kdhler metric on D. Then D is logarithmically convex.

Proof. Take a complete Kéhler metric g = (g,,,,) on D. Put
1\" 2m 2r . . .
&vu(2) = (—) / / gv,M(elelzl, ez @0 g, 46,
2 0 0
zeD.
An easy calculation shows that g := (g,,,) is again a Kéhler metric on D (EXER-

CISE).
Now let y: [0, 1] — D be a C'-curve. Then

1
Lz(y)= | V&@):y@))dt
0

_ /01 ((%)[:n ...[Ozng()/g(t);yé(t))d& . ..d@n)l/zdz
> (=) / T / - / ' Je 0o vyndides ..dbh

1 n 2 2w
Z(Z)/o /0 Lg(y9)db; ...d6,

> inf{dg(z,w) : z € Ty, w € Tyy} = dg(Ty(0). Ty(1)),

where T, := {({1a1,...,Cnan) : C1, ..., ¢, € T} denotes the n-dimensional torus
through a € C" and

vo(1) = (Vo1 o)1) i= (€1 y1 (1), ..., " yu(0)). 7

Using the last inequality we continue proving that g is complete on D. Fix
points a,a; € D with a; — dD (or a; — oo (if possible)). Then dg(a,a;) >

76(a) Observe that @ — L ¢ (¥g) is continuous. (b) The first inequality is a consequence of the
Schwarz inequality (EXERCISE).
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dg(Ty, Tg;) for any j. Thus, for suitable b; € T, and ¢; € Ty, it follows that
dg(a,a;) +1 > dg(bj,c;). We may assume that ¢; — dD (or ¢; — o0) and
dg(a,aj) > dg(a,c;) —dg(bj,a) — 1> dg(a,c;) — M for a suitable number M
(observe that dg (a, - ) is continuous on the compact torus T,). Therefore, applying
that g is complete, we get dz(a,a;) — 00, i.e. g is a complete Kihler metric on D.

Now, take the pullback A of g via the holomorphic mapping
@:T:=logD +iR"—> D, ®&w):=(",...,e""),

ie. h := &71(g) = (hy,). In particular, &, (W) = &, ,(P(w))e?vePn =
hy,,(u) whenw = u+iv € T,i.e. thefunctions £, ,, depend only on the variable u.

Exploiting the Kahler conditions for & we see that 3;’; £ = a;’#y” on T. So we
J

obtain 7 closed one-forms on log D,”” namely o), := Y 0 _; hy duy, 1 < <n
(cf. Lemma 1.19.5).

Suppose now that log D is not convex. Then one may choose points v/, u” €
log D such that their connecting segment [u’, u”] is not contained in log D. Ap-
plying that log D is connected there is a C'-curve y : [0, 1] — log D connecting u’
with u”. Then there exists ¢y € (0, 1] such that [u’, y(¢)] C log D,0 <t < tg, but
[, y(t0)] ¢ log D. Take an s € (0, 1) with y;,(s) := v’ +s(y(t9) —u’) € log D,
0 <5 < 59, and y;,(so) € dlog D. Observe that @(y;,(s0)) € dD. Then, setting
X := y;,(0), the Holder inequality leads to

n
> X, / o = (La(violios)’
n=1 v

10110.51

> dn(y1,(0), vz (5)* = dg(P(v40(0)), QD(%O(S)))Z S;:) o

since g is a complete metric on D.
For 0 < t < tg, put y;: [0,1] — log D, y:(s) := w' + s(y(t) — u’) and
X(1) := y(t) —u’. Note that | Y7 _, . ]au| <M,M > 2.
10

Now, choose s € [0, s9) near so such that ZZ:l X, f)’t()|[0 e >2M + 1.

"TA one-form (or a Pfaffian form) & on a domain §2 C R’ can be thought as an n-tuple (f1, ..., fn)
of continuous functions fj : £ — C written in the form & = Y_7_; fjdx;. Such one-forms can be

integrated along C!-curves y : [a, b] — £2 defining

p n
[a=[ ¥ roowwa.
v iz

a P—

In case thatall f; € €'(82), s called closed if §2- = %1 < j,k <n.
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Then, fora ¢, t < ty, sufficiently near ¢y, it follows that

n
2M <) X, /
n=1 Vt0|[0.x]

< Lur) = X0 [ 0 @] Y %0
n=1 Vi n=1

a contradiction. Observe that equality () is a consequence of the fact that the
curves y; and y|[o,,] are homotopic (EXERCISE) and the one-forms «, are closed.
Hence, the Stokes theorem applies and gives (). |

n
=1 =Y Xu(0) ay = Lun(yelio.5)
=1 vtlio,s1

au‘ <M +1;
7l[0.1]

Thus Theorem 1.19.14 shows that a Reinhardt domain with a complete Kéhler
metric is almost holomorphically convex. Hence, by Remark 1.12.7, we get

Corollary 1.19.15. Let D be a Reinhardt domain in C". Assume that there is a

complete Kiihler metric on D. Then D* \ M(D) is the envelope of holomorphy
of D.

In fact a stronger result holds. In order to be able to formulate it we need the
following definition.

Definition 1.19.16. For a Reinhardt domain D C C”, let D be the set of all points
a € C" such that there is a neighborhood U = U(a) with

U\ g V,N---nV, CD.

Vi, NNV, ND=2,
1<ij<-<ig<n,
2<k<n

Exercise 1.19.17. (a) D is a Reinhardt domain containing D.
(b)y D C D*\ M(D). R
(c) Find a log-convex Reinhardt domain D C C? such that D ~»D* \ M(D).

With this notion in mind there is the following result which we present here
without giving a proof.

Theorem* 1.19.18 ([Gra 1956]). LetD C C" be a Reinhardt domain which carries
a_complete Kéhler metric. Then D is holomorphically convex. Consequently,
D = D*\ M(D).

In particular, if D C C? is a Reinhardt domain with a complete Kéhler metric,
then D or D U {0} is a domain of holomorphy.

We like to mention that one main step of the proof of Theorem 1.19.18 consists
in proving the following intermediate result:
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Suppose that D C C" is a Reinhardt domain carrying a complete Kdhler metric.
Assume further that V; N D # @. Then (a’,0,a") € D for every (a’,aj,a") in
DN(CL ' xCxCl/)ms

Remark 1.19.19. (a) Theorem 1.19.18 can be thought as a special case of the fol-
lowing general result (cf. [Die-Pfl 1981]): Let D C C” be a domain that carries a
complete Kéhler metric. Moreover assume that D is locally a domain of holomor-
phy at any pointa € A := int D \ D.”® Then D is a domain of holomorphy.

As in the Reinhardt case this result shows that the obstruction for D to be a
domain of holomorphy lies in the nature of a certain thin complement int D \ D.

(b) In [Ohs 1980a], T. Ohsawa proved the following result: Let D C C” be a
domain and 4 C D a closed real C!-submanifold of D of real dimension 21 — 2.
Assume that D \ A carries a complete Kihler metric. Then A is necessarily a
complex submanifold. In particular, the real dimension of A4 is even. Observe that
here the real codimension d := 2n — (2n — 2) of A is by assumption exactly 2.

(c) For the higher codimensional case, the following modification of the former
theorem is due to [Die-For 1982]: Let D and A be as in (b). Moreover, assume
that A is now a real analytic closed submanifold of dimension 2n —d, d > 3, such
that D \ A has a complete Kihler metric. Then A is an analytic set. In particular,
A has an even real dimension.

(d) Surprisingly, the condition on A to be real analytic cannot be weakened,
for example, to be only of type €. In fact, there is the following result (see
[Die-For 1982]): There is a closed C*°-submanifold A of B, of real dimension
2n — d, d > 3, which is not an analytic set but, nevertheless, D \ A allows a
complete Kéhler metric.

(e) Observe that for a real closed C!-submanifold 4 in a domain D of real
dimension 2n — 2 the following is true: A is analytic if and only if A is nowhere
linearly generated (for a point a € A, A is called linearly generated at a if the
smallest complex linear subspace of C” containing the real tangent space of 4 at a
coincides with C"). This observation allows the following generalization of (b) (cf.
[Die-For 1984]): Let A be a closed real €°°-submanifold of a domain D C C” of
real dimension 2n — d, d > 3, such that D \ A admits a complete Kéhler metric.
Then A is nowhere linearly generated.

78Compare the notion of weak relative completeness (cf. Theorem 1.11.13).
That is, there is a neighborhood U = U(a) such that any connected component of D N U is a
domain of holomorphy.



Chapter 2
Biholomorphisms of Reinhardt domains

2.1 Introduction

Let G, D C C" be domains. Recall that Bih(G, D) denotes the set of all biholo-
morphic mappings F: G — D. Fora € G,b € D, put

Bih, (G, D) := {F € Bih(G, D) : F(a) = b}.
Define
Aut(G) := Bih(G, G), Aut, 5(G) := Bih, (G, G), Aut,(G) := Aut, 4(G).
Recall that Aut(G) with the operation
Aut(G) x Aut(G) 3 (D, ¥) > ¥ o ® € Aut(G)

is a group and Aut, (G) is a subgroup of Aut(G). Observe that if F' € Bih(G, D),
then the mapping

Aut(G) > & =5 Fod o F7! € Aut(D)

is a group isomorphism. Moreover, if F' € Bih, (G, D), then EF (Aut,(G)) =
Auty (D).
From the point of view of the theory of holomorphic functions, domains which

are biholomorphic (G 13;1 D) may be identified — thus it is important to know when
Bih(G, D) # @ or (more precisely) when Bih, 5 (G, D) # @.

On the other hand, the group Aut(G) characterizes the holomorphic geome-
try of G and, therefore, it is important to describe the structures of Aut(G) and
Auta,b (G).

Definition 2.1.1. We say that a domain G is homogeneous if the group Aut(G) acts
transitively on G, which means that Aut, ,(G) # @ forany a, b € G, i.e. for any
a,b € G there exists a @ € Aut(G) with @(a) = b.

We say that a domain G is symmetric at a point a € G if there exists a @ €
Aut,(G) such that @2 = id and « is an isolated point of the fixed point set

Fix(®) :={ze€ G:D(z) = z}.

We say that G is symmetric if G is symmetric at every pointa € G.
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Remark 2.1.2. (a) G is homogeneous iff there exists a point ay € G such that
Auty, 5(G) # @ forevery b € G.

(b) The notion of a homogeneous (resp. symmetric) domain is invariant under
biholomorphic mappings.

Indeed, let F' € Bih(G, D) and assume that D is homogeneous. Fix a,b € G.
Let® € AUtF(a),F(b)(D)- Then F-lodoF e Auta’b(G).

In the case where D is symmetric, a € G, and @ € Autpg)(D) is such that
@2 = id and the point F(a) is isolated in Fix(®), then ¥ := Flo® o F €
Aut,(G), ¥? = id, and the point « is isolated in F~!(Fix(®)) = Fix(¥).

(c) If G; c € is homogeneous (resp. symmetric), j = 1,2, then Gy x G is
homogeneous (resp. symmetric).

(d) If G is homogeneous and symmetric at a pointag € G, then G is symmetric.

Indeed, let @ € Autg,(G) be such that @2 = id and a is an isolated point of
the set Fix(®). Take ab € G and let F € Aut, 4(G). Put ¥ := F o ® o Fle
Aut,(G). Then ¥? = id and Fix(¥) = F(Fix(®)).

(e) Let G be ahomogeneous domain with 0 € G. By (d), if G is symmetric with
respect to 0 in the geometric sense (i.e. z € G = —z € G), then G is symmetric
in the sense of Definition 2.1.1.

(f) If G is homogeneous and Bih(G, D) # @, then Bih, (G, D) # & for all
pointsa € G,b € D.

Theorem 2.1.3. Let D C C" be a bounded homogeneous domain. Then D is a
domain of holomorphy.

Proof. Suppose Dy and D to be as in Proposition 1.11.2 (*) with & = O(D).
We may assume that Dy is a connected component of D N D. Fix points a € Do,
b € (0Do)N D. Let (bx)z~; C Do besuchthatbhy — b. Since D is homogeneous,
there exists a @ € Auty p, (D), k € N. Since D is bounded, we may assume that
@, — @ locally uniformly in D, where @: D — D is a holomorphic mapping
with @(a) = b. We are going to show that J@(a) # 0.

Indeed, put ¥y := Cbk_l € Auty, 4(D). Let l17k: D — C" be the holomorphic

extension of ¥, with lf/k = Y, on Do, k € N. Since D is bounded, we may
assume that ¥ — ¥ locally uniformly in D, where ¥: D — D is a holomorphic
mapping. Let ¥ be the holomorphic extensions of ¥. Since the extension operator
is continuous (cf. Remark 1.11.3 (p)), we conclude that ¥ — ¥ locally uniformly
in D. Let U € Dy be a connected neighborhood of a such that ®(U) € D. We
may assume that @ (U) C D,k € N. Thus @ (U) is a domain contained in D N D
with by = ®i(a) € P (U). Hence @5 (U) C Dy. Consequently, for z € U, we
obtain B B
z = W (Pr(2)) = Wi (P (2)) —> W(P(2))

and, therefore, J@(z) # 0, z € U. Hence, we may assume that |y : U — V is
biholomorphic, where V := @ (U) is an open neighborhood of b.
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Recall that V' C D. If D is fat, then we have a contradiction. In the general
case we argue as follows. Take a Euclidean ball B € U centered at a. For a
compact K C C" let p(b, K) := inf{||b — w|| : w € K}. Since b ¢ Py (B), we
get p(b, ®x(0B)) = p(b, P (B)), k € N (EXERCISE). Then

0 < p(b, 3®(B)) = p(b, P(3B)) = Jim (b, P (0B))

= Jim_ (. P (B)) = p(b, P(B)) = 0;

a contradiction. O

Exercise 2.1.4. Prove that (C?), is homogeneous, but is not a domain of holo-
morphy.
Exercise 2.1.5 (Examples of groups of automorphisms of planar domains).
(@ Aut(C)={Cozr>az+beC:(a,b) e Ci xC},
Autg(C) ={C 3z azeC:aeC,}.

In particular:
e Aut(C) acts transitively on C;
e Aut(C) depends on 4 real parameters;
e Auty(C) depends on 2 real parameters.

(b) Given an a € D, put

hqe(z) =

z —

4 cec\{1/a}>D. 2.1.1)
1—az

Observe that i, € Aut(D), h4(a) = 0,and h,! = h_,. Then:

Aut(D) = {¢h, : ¢ € T, a € D},
Autg(D) = {Chy : L € T}.

In particular:

e Aut(D) acts transitively on D;

e Aut(D) depends on 3 real parameters;

e Auty(D) depends on 1 real parameter.

(c)Let A = A(R) :={z € C: 1/R < |z| < R}. Observe that every annulus
{zeC:r <|z| <r}with0 < r; < rp < 400 is biholomorphic to A(R) with

R := \/ry/r1. Then

Aut(A) ={A23z+—>lz€eA:leT}U{ddz—/z€e A:L T}

In particular:
e Aut(A) does not act transitively on A4;
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e Aut(A) depends on 1 real parameter.!

(d) Aut(C, x C,): The following mappings F : C2 — C?2 are biholomorphic:

nl ”2 nl ”2
o F(z1,z5) = (zle”2f(zl 7)o mfE 2 )), where ny,n, € Z and
f e 0(Cy;
o F(z1,2) = (z{"'25"2, 2{*"'25%?), where a;; € Z with a a2 —

aipaz = %1;

o F(z1,23) :=(c121,C222), Where c1, ¢z € Ci.

The full description of Aut(C2) seems to be not known; |2 it is conjectured
that the mappings above generate Aut(C2).

(e) Aut(C x Cy): Due to [Nis 1986] the following theorem is true.
Let F € Aut(C?) with F5(-,0) = 0 (in particular, F|cxc, € Aut(C x Cy))
anddet F' = ¢ € C. Then

F(z1,22) = (cz1e™*172%2) 4 B(z125, 25), 2p¢*F172:72)),

where a, B € O(C?).
According to our knowledge the full description of Aut(C x C.) remains

still open.

(f) Aut(C?): Recall that the set of holomorphic automorphisms of C is quite
simple. In contrast, for n > 1 the situation for Aut(C”") is much more complicated.
There are, for example, automorphisms F of the following types:

o F(z1,22) := (21,22 + f(z1)), where f € O(C); mappings of this type are
usually called shears;

o F(z1,23) := (z1,e"®Vz, + f(25)), where f,h € O(C); mappings of this
type are the so—called overshears;

o F(z1,z3) := (2167172, zpe%172),

It is known that mappings of the third type do not belong to the group of auto-
morphisms generated by the overshears.

Moreover, the following result shows how complicated Aut(C") may be.

Theorem 2.1.6 ([FMV 2006]). Letn,k € N, n > 2 and let a,,...,a;, € C" be
pairwise distinct points. Then there is a polynomial automorphism F € Aut(C")
such that Fix(F) ={a; : j =1,...,k}.

Proof. (Details are left to the reader as an EXERCISE.) Let a; = (a},a}’) 1S

C x C*'. One may assume that the numbers aj’. are all distinct (take a suit-
able invertible linear transformation). Denote by f;: C — C the Lagrange inter-
polation polynomial for af,...,a; and a’l”j, .. .,a}{”j, j =2,....n,ie f =

The description of Aut(A) in the case where A := {z € C : r; < |z| < r2} is a degenerated
annulus (i.e. 71 = 0 or/and r, = +00) is left for the reader. In particular,

Aut(Cy) ={Cx 3z azeCy:ae€C,}U{Ci >z a/zeCy:aecC.}.
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(f25-.. f) is a polynomial mapping with f(a}) = aj. Then F:C" - C",
Iz(z) = F(z1.2)) := (z1.2' + f(z1)), is a polynomial automorphism of C” with
F(a},0) =a;.

In a second step, consider the polynomial automorphism G : C" — C”

G(2) := (z1+z2+(z1—a}) - (z1—a}), 22+ (z1—a}) - - (z1—a}). i Z3, . ... i Zy).

Then Fix(G) = {(a}.0)....,(a;,0)}. Finally, put F := F oG o F~!and observe
that F has all the required properties. |

From now on we will be concentrated on bounded domains in C”.

Theorem 2.1.7 (Cartan). Let G C C" be a bounded domain, let a € G, and let
®: G — G be a holomorphic mapping such that ®(a) = a and ®'(a) = id. Then
@ =id.

Notice that the assumption that G is bounded is essential — take for instance

G.=C,a:=0,9(z):=z(1—-12).

Proof. We may assume that ¢ = 0. Suppose that @ # id. Fix r, R > 0 such that
P(r) € D C P(R). We have

D(z) =) Oilz), zePr),
k=0

where Qj : C" — C” is a homogeneous polynomial mapping of degree k (cf. Pro-
position 1.8.4). We know that Oy = 0 and Q; = id. Let ko > 2 be such that
0y =+= 0ky—1 =0, Ok, # 0. Denote by @ the v-th iterate of the mapping
@, ie. @0 :=id, @' := @” 0 @. Then

P'(2) =z + 00k + Y. Qui(2). zeP().

k=ko+1

where 0, x: C* — C” is a homogeneous polynomial of degree k. To prove this
formula use induction on v. Suppose that the formula is true forav > 1. Let§ > 0
be such that @(P(§)) C P(r). Then for z € P(§) we get (EXERCISE)

P"H(2) = BV (D(2)) = D(2) + V0 (P(2) + D> Qui(@(2))

k=ko+1

o0
=z+ Z Ok (z) + vQg, (z + higher order terms)
k=ko

[e.e]
+ Z 0, x(z + higher order terms)
k=ko+1
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=2+ W+ D0k@+ > Oup1x().

k=ko+1

It remains to use the identity principle to conclude that the formula holds on the
whole of P(r).
Hence, by the Cauchy inequalities, for any z € P(r) we get

[V(Qko)j(2)| < max{|(@");((2)[: € T} <R, j=1,....,n.
Letting v — +o00, we obtain Qy, = 0; a contradiction. O

Proposition 2.1.8 (Cartan). Let G, D C C”" be circular domains® with 0 € G,
0 € D, such that G is bounded, and let F € Bihg o(G, D). Then F is a linear
isomorphism.

Notice that the assumption that G is bounded is essential — take for instance
G = D = C?, F(z1,22) := (z1 + f(22),22), where f € O(C) is a nonlinear
entire function with f(0) = 0; cf. Example 2.1.5 (f).

Proof. For ¢ € T put He(z) :== F~1((1/¢)F({z)), z € G. Then H¢ € Auto(G)
and Hg’(O) = id. Therefore, by Theorem 2.1.7, H; = id, i.e. F({z) = {F(2),
z € G,¢ € T. Expand F into a series of homogeneous polynomials in a polydisc
P(r) C G:

F(z) =) 0k(2). zeP(@)
k=1

Then

o0
F(z) =) '0k(2). zeP(r). LeT.
k=1
This means that O = 0 in P(r) for k > 2 (EXERCISE), and so, by the identity

principle, F = Q;. Therefore F is a linear mapping. Since F is biholomorphic,
it must be a linear isomorphism. |

Proposition 2.1.9. Let || ||; be a C-norm in C"/, let
Bji={zeC" |zl <1} j=12.

andlet F: By — By be a holomorphic mapping with F(0) = 0. Then | F(z)||2 <
|zll1, z € By.

In particular, if F € Bihg o(B1, B2), then F is a linear isomorphism (Propo-
sition 2.1.8) and || F(2)|2 = ||z|l1, z € Bi.

Recall that a domain G C C” is circularif {z € G forevery z € G and ¢ € T. Obviously, any
Reinhardt domain is circular.
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Proof. We may assume that F' £ 0. Fix a zg € (B1)« with b := F(zg) # 0. Let
L: C"2 — C be a C-linear mapping with

ILB)| = 1bl2.  [Lw)| < llwll2, weC".?

Consider the holomorphic mapping ¢(A) := L(F(Azo)), |A| < 1/|zo|l1. Then,
by the classical Schwarz lemma, we obtain |[p(A)| < |A|||zo]l1, |A] < 1/]|zo]l1- In
particular, for A = 1, we get | F(z9)||2 < ||zo|l1- |

Remark 2.1.2 (f) and the above proposition imply immediately the following
Corollary 2.1.10. Let || ||; be a C-norm in C"* and let

Bji={zeC":|z|; <1}, j=12.

Assume that By is homogeneous. Then Bih(By, By) # @ iff there exists a
C-linear isomorphism F : C* — C" with || F(2)|]2 = ||z||l1, z € C" (equivalently,
F(B1) = By).

Notice that the following general result is true.

Theorem* 2.1.11 ([Kau-Upm 1976]). Let Dy, D, C C" be arbitrary bounded
balanced pseudoconvex domains such that Bih(Dq, D,) # @. Then there exists
an F € Bih(D1, D) with F(0) = 0.

The proof of the above result is based on techniques from Lie groups, i.e. it is
beyond of the scope of our book, so we have to skip it. Is there a more direct
proof which is based on techniques presented so far?|?]

Example 2.1.12 (Elementary homogeneous domains in C"). (All details are left
to the reader as an EXERCISE.)
(a) Unit polydisc D".

Aut(D") = {D" 3 z = (C1ha, (Z6(1)), - - - Cnha, (Zom))) € D" :
(jeT,a;eD, j=1,....n,0 €6,} = G,
Autg(D") = {D" 3 z > (é'lzg(l), . ,ang(n)) eD":
GeT, j=1,....n, 0 €6} =G,

where ©,, denotes the group of all permutations of n-elements. In particular:
e the group Aut(D") acts transitively on D”; D" is homogeneous and sym-
metric (Remark 2.1.2 (e));

etV :=Cb C C"2 andlet Lo: V — C be given by the formula Lo(Ab) := A||b||2, A € C.
Observe that Lo(b) = ||b|| and |L(w)| = ||lwll2, w € V. Let P: C"2 — V be the orthogonal
projection with respect to the standard Hermitian scalar productin C”"2. Put L := Loo P: C"2 — C.
Observe that L is a C-linear mapping with L(b) = Lo(b) = ||b|| and |L(w)| = |Lo(P(w))| =
[Pz < w2, w € C"2.
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e the group Aut(D”) depends on d(n) := 3n real parameters;

e the group Auty(D") depends on dy(n) := n real parameters.

Indeed, it is easy to see that & is a subgroup of Aut(D"), & is a subgroup of
Autg(D"), and & acts transitively on D”. We only need to show that Auty(D") C
&y. By Propositions 2.1.8, 2.1.9, any automorphism @ € Auto(D") is a linear
isomorphism with || @(2)|lec = [Z]loo, z € C". Let [®jt]jk=1,..n € GL(n,C)
denote the matrix representation of @. We have

n
max{‘ Z(Dj,kzk‘ 1 j = 1,...,n} = |zlloos z=1(21,...,24) € C".
k=1

In particular,

max{|@y k|,....|Puil} =1, k=1,...,n,
|d)j,1|+~--+|¢j,n|§1, j=1,....n.

Thus the matrix [@; x] has in each row, and each column, exactly one nonzero
element (which must have absolute value 1). This means that @ € &.
(b) Unit Euclidean ball B,,. For a € (B,)«, let
_ 1 1-|al?(lal?z = (z.a)a) = |la]*a + (z,a)a
hll (Z) L 2 )
lal = () )
zeC"\{{z,a) =1} D By,

where (-,-) denotes the standard Hermitian complex scalar product in C". Let,
moreover, ho := id. Observe that in the case where n = 1 the above definition
of h, agrees with that from (2.1.1). Denote by U(n) the group of all unitary
automorphisms of C”.* Under above notation we have:

Aut(B,) = {U oh, : U € U(n), a € B,},
Autg(B,) = U(n).

In particular:

e the group Aut(B,) acts transitively on By, ; B, is homogeneous and symmet-
ric;

o the group Aut(B,) depends on b(n) := n? + 2n real parameters;

e the group Auty(B,) depends on bo(n) := n? real parameters.

4A C-linear mapping L: C" — C" is unitary if one of the following equivalent conditions is
satisfied:

° (L(Z’),L(Z”)) — (Z/,Z”), Z/,Z” e C”;

e LA =zl zeC" _

e LL*=L*L =1, (L isidentified with its matrix representation; L* := L?).

The group U(n) depends on 72 real parameters.
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Indeed, the fact that Autg(B,) = U(n) follows immediately from Proposi-
tions 2.1.8 and 2.1.9. Since h,(a) = 0, we only need to prove that i, € Aut(B,).
Fix an a € (By,)«. Direct calculations show that

_ (I —{a.a)(1 —(z.w)) e
(1—{(z,a)(1 = (a,w))" n-

Taking w = z, we conclude that /,(B,) C By, and h,(dB,) C 9B,. In partic-
ular, /i, o h_, is well defined in a neighborhood of B,. Using once again direct
calculations, we prove that i, o h_, = id. Hence h, € Aut(B,) and h;l =h_,.

(¢) Unit Lie ball IL,,. Let

1= (ha(2). ha(w))

L,:={ze€C":L,(z) <1} ={z€B,: 2||Z||2 — |(z,2)|2 < 1},
where

Laz) 1= (207 + VIIz[1* = |z, 2)»)"/?
= (17 + Iy 17 + 2V IV 2 = (x, 9)2)' 2,

z=x+iyeR"+iR" ~C".

The Lie norm L, is the maximal C-norm ¢: C" — R4 with g(x) = ||x|| for all
x € R" >~ R" +i0° (cf. Exercise 2.1.14). Observe that:

[ ] [I—l - [D

° I]_2={(21,22)€C2:|21—|—i22|<1, |Zl—l.22|<1}l’)§’l|Dz.

e Forn > 2 the ball I, is not Reinhardt.

One can prove that for any a € L, there exists an i, € Aut(L,) such that
hg(a) = 0 (cf. [Hua 1963], p. 86-87; for n > 3 the proof is heavily “technical”
and, therefore, we skip it); in the case where n = 1 the above mapping h, agrees
with that in (2.1.1).

Under the above notation we have:

Aut(L,) = {tAoh, : AcOMm), teT, ael,)
Auto(L,) = {CA: e T, Ac O®)} =: &,

where O(n) := the group of all orthogonal® isomorphisms A: R — R” acting on
C" according to the formula C" 5 x 4+ iy +— A(x) +iA(y) € C".

SRecall that || || stands for the Euclidean norm.

%An R-linear mapping A: R — R” is orthogonal if one of the following equivalent conditions is
satisfied:

o (A(x),A(x")) = (x",x"), x",x" € R";

o AN = llx]l, x € R";

o AA" = A'A =1, (A is identified with its matrix representation).

The group ©(n) depends on (}) real parameters.
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In particular:

e the group Aut(LL,) acts transitively on L,; L, is homogeneous and sym-
metric;

e the group Aut(L,) depends on £(n) := (g) + 2n + 1 real parameters;

e the group Autg(LL,) depends on £y(n) := (;) + 1 real parameters.

Indeed, since & is obviously contained in Autg(L,), we only need to prove
that any automorphism @ € Autg(IL,) belongs to &y. We already know that @ is
C-linear and L, o @ = L, (Proposition 2.1.9). As always, we identify @ with its
matrix representation. Write @ = A + iB, where A, B € M(n x n, R). Then the
identity L, o @ = L, implies that

|Ax — By||*> + | Ay + Bx|?
+2/||Ax — By|?||Ay + Bx||> — (Ax — By, Ay + Bx)2  (2.1.2)
= [IxI> + Iy 1> + 2vIx 21y [% = (x.»)2. x+iy e C".

Suppose that we already know that A, B are R-linearly dependent. Then we
write A + iB = (P with{ € T and P € M(n x n, R). Putting in (2.1.2) y = 0,
we get | Px|| = ||x]l, x € R”, which shows that P € O(n).

Thus, it suffices to show that A, B are R-linearly dependent. We may assume
that A #£ 0and B # 0. Put U := Ker A, V := Ker B. Suppose that U and V are
non-zero. Then identity (2.1.2) implies that

14y + Bx|? = llxI? + Iy 11> + 2v/Ix 21y 12 = (x. 0)2, (v, p) €U x V.

In particular, if y = 0, we get ||Bx| = ||x||, x € U. Similarly, [|[Ay| = [y].
y € V. Consequently,

{4y, Bx) = VIx|2|y]2 = (x. )2, (x,y) €U x V.

Since the left-hand side is bilinear, we conclude that either U or V is trivial.

Suppose, for instance, that A is non-singular.

Observe that for x + iy # 0, the right-hand side of (2.1.2) is differentiable iff
lx[I2y 1> # (x,y)?, ie. x and y are R-linearly independent. Consequently, for
x + iy # 0 we get: x and y are R-linearly dependent iff Ax — By and Ay + Bx
are R-linearly dependent.

Take an arbitrary x € (R")4 and let y := ax with « € R. Suppose that
Ax — By = B(Ay + Bx) for some 8 € R. Hence (1 —af)Ax = (« + B)Bx, and
consequently, Ax and Bx must be R-linearly dependent.

In the remaining case we have Bx = —aAx.

Thus Ax and Bx are R-linearly dependent for any x € R”. Put C := A~ B.
We only need to show that there existsay € Rsuchthat C = yI,,. Fixx, y € (R")«
and let y(x), y(y) € Rbe such that Cx = y(x)x, Cy = y(y)y. We want to prove
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that y(x) = y(y). If x and y are R-linearly independent, then x + y # 0 and
C(x+y) = y(x+y)(x+y), whichdirectly implies that y (x) = y(y) = y(x+).
If x and y are R-linearly dependent, then the result is obvious.

(d) Observe that
d(l)=£L(1)=b(1)=3, dQ2)=4L(2)=6<8=0>b(2),
d(n) <f(n) <b(n), n=>3,
do(1) = Lo(1) = bo(1) =1, do(2) =4£o(2) =2 <4 =bo(2),
do(n) < £o(n) < bo(n), n =>3.
Consequently, it is intuitively clear that Bih(D",B,) = @ for n > 2 and that

Bih(D",L,) = Bih(B,,L,) = @ forn > 3.
A precise proof will be presented in Theorem 2.1.17.

Exercise 2.1.13. Let N: C" — R be an arbitrary complex norm, n > 2, and let
B:={zeC":N(z)<1},B(r):={z€eB:N(z)<r}and A = A(r) :=
{zeB:r<N2)}L0<r<l1.

(a) Using Hartogs Theorem 1.9.1 prove that

Aut(A) = {®|4 : D € Aut(B) : (B(r)) = B(r)!.

(b) Using Example 2.1.12 (a), (b) prove that in the case where N € {|| ||, || lloo}
we have
Aut(A) = {P|a: P € Auty(B)}

(notice that the above relation holds in fact for an arbitrary norm N — cf. Exam-
ple 4.2.43).

Exercise 2.1.14 (Maximal norm). Let
Fmax :=1{q : q: C" —> Ry isa C-norm, Vyegn : g(x) = ||x||}.
Then
L, =sup{q : ¢ € Frax ). (2.1.3)

Complete the following sketch of the proof of (2.1.3) based on [Dru 1974].
Step 1. Define

| lImax := sup{q : ¢ € Finax}-

Then || [|max € Fmax and

I 4+ iyl < Izllmae < X+ 0. 2 =x+iy eC"
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Step 2. Let @(x) := (a,x) +i(b,x), x € R", where a, b € R". Then, using
Lagrange’s multipliers, we get

@] : = sup{|@(x)[ : x € R", [Ix]| = 1}
= sup{|®(x)| : x € Ra + Rb, |x]| =1}

— (%(A +C+/(A-0)2+ 482))1/2,

where A := ||a||?, B := {(a,b), C := ||b||%.
Step 3. In virtue of the Hahn—Banach theorem, we have

12 llmax = sup{|@(z)| : ®: C" — C is C-linear, |®|g| < 1}
=sup{|®(x) +iP(y)|: @: R" — C is R-linear, ||®| = 1}

forz =x+iy e C".
Step 4. Using Steps 2, 3, and the Lagrange’s multipliers method, we get
121 5ax = suptl{@, x) +i{b,x) +i((a, y) +i{b, y))|*:
a,beR", A+C+(A-C)2+4B2 =2}
= sup{({a, x) — (b, y))* + ({a, y) + (b, x))* :
a,beRx+ Ry, A+ C +/(A—C)? +4B2 =2}

forz = x + iy € C", where A, B, C are as in Step 2.
Step 5. The function

La(2) = (1517 + I I + 2VIX 21y ]2 = (e, )D)?, 2 =x+iy e,

has the following properties:

o L,(Az) =|A|Ln(2),z e C", A C,

* Lu(x) = x|, x eR",

o if {x,y) =0, then L,(x +iy) = [lx| + [|¥].

Step 6. Every z = x + iy € C" may be written in the form z = ¢(x’ + iy’),
where £ € T and (x’, y’) = 0.

Step 7. Using Steps 5 and 6, we conclude that the proof reduces to the equality
lx4+iy|max = x|+ y| forall x, y € R” with (x, y} = 0. Fixsuch x, y. We may
assume that x, y are linearly independent. Observe that, in fact, we have to prove
that ||x + iy |lmax > [|x]| + ||y||. Define a := x/||x||, b := —y/||y|. Obviously,
a,beRx+RyandA=C =1,B=0.ThusA+C +/(A—C)2 +4B2 =2.
Consequently,

Ix + iyl = @ x) + b x) +i(a, y) +i (b, yDIP = (] + Iy ).

The proof of (2.1.3) is completed.
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Exercise 2.1.15 (Minimal norm). Let
Frmin :=1q € Fumax : Vzecn : q(2) < |Iz]},
where F.x is as in Exercise 2.1.14. Then the minimal norm
2 llmin := inf{q : g € Fmin}

is well defined, || |lmin € Fmin, and

12117 + Kz, 2)[?

1
1[I min = E

1 1/2
= (5 (12 + P + VIR =P 40))
=max{|{z,a)| :a € R", |la| =1}, z=x+iyeC".

Notice that an analogous result is true for the complexification H¢ of a real
Hilbert space #g — [Ava 1997].

Complete the following sketch of the proof based on [Hah-Pfl 1988].

Step L. ”Z”min -

Let g € Fumin, z = x + iy. The case where x and y are linearly dependent is
elementary. Thus assume that x and y are linearly independent. Define

_ in—_ 2
pen=g(er +ints). En <R

Then p: R? — Ry is an R-norm, p(%¢,0) = p(0,+¢) =¢,¢ > 0, and

VE 4+ 2, (£.n) € R

pem =g +ingy| =

In particular,

DcC{(¢.neR:pEn <1} =B,
BNni{n=0}=(-1,1)x{0}, BN{=0}=1{0} x(=1,1).

Hence B C (—1, 1) x(—1, 1). Consequently, p(£,n) > max{|§|, |n|}, (£, n) € R2.
In particular,

q(x +iy) = p(lxIl. Iyl = max{|x], [y}
Step 2.

|Z]|min = max{||xsin€ + ycos@| :0 €[0,2x]}, z=x+iyeC".
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The right-hand side defines a norm from the family #,,;,, which gives the in-
equality ‘<’. To prove the opposite inequality, take any ¢ € Fpin. Then, by Step 1,
we get

q(x +iy) = q(eie(x +1iy)) =q(xcosf — ysinf +i(xsinf + ycosf))
> ||xsin€ + ycos@]|.

Step 3. By Step 2,
12115 = min{lly > + (x> — 1y ) sin® 6 + (x, y) sin(26) : 6 < [0, 27]}

1 .
= 2 (102 + Iy 12 + VAXP = VPP + 4. 072). 2 = x +iy € C".

Step 4. Using Lagrange’s multipliers gives
max{|(z,a)| :a € R", |la|| =1} = |z]lmin.» z =x +iy € C".

Remark 2.1.16. Notice that:

o max{llx|[, [¥[I} < lIzllmin < [zll, z =x+1iy € C".

e ||z|lmin = ||z|| iff x, y are linearly dependent. In particular, if n = 1, then
IZllmin = 12,z € C.

o |Izllmin = max{[[x]l, lyl}iff (x,y) =0.

o inf{q : g € Fnax} is not a norm.

Indeed, let ¢o(z) := (1 —&)|zy + iza| + &|z1 —iza|, z = (21, 2z2) € C?. Then
qe € Fmax, but g¢(1,7) = 2e — 0 (cf. [Hah-Pfl 1988]).

e The minimal ball My, ;= {z € C" : ||z||min < 1} is not a Reinhardt domain
forn > 2.

e Ifn =2, then

—izz‘ ‘21 +izp

Z1
Ilnin = |2 ,

‘, z = (z1,22) € C2.
In particular, M, is biholomorphic to the domain {w € C? : |wy| + |wa| < 1}.

o Aut(My,) ={¢4:¢ € T, A € O(n)} (cf. [Kim 1991], [Zwo 1996]).
In particular, M, is neither homogeneous nor symmetric. The group depends on
(5) + 1 real parameters. Consequently, Bih(M,, D) = & for D € {D",B,,L,},
n>2.

The following theorem is a generalization of the famous Poincaré theorem say-
ing that Bih(B,, D") = @ forn > 2.

Theorem 2.1.17. Let2 <n =ny+---+ng =my+---+my, By, € {By,.Ly,},
w=1,...,k B, € {Bn,.Lin,}, v = 1,.... L Assume that if B, = L,,
(resp. B}, = Ly,), thenn,, > 3 (resp. m,, > 3) — cf. Example 2.1.12(c). Then

Blh(B1 X---XBk,Bi XXBE) ?é %]
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iff £ = k and there exists a permutation o € &y such that mq(,) = n, and
Bé(u) =B, pu=1,...k

Moreover, every biholomorphic mapping F: By X --- X By — B} X -+ x B},
is, up to a permutation of By, ..., By, of the form

F(z) = (Fi(z1),..., Fr(z)), z=(z1,...,2x) € By X+ X By,
where F,, € Aut(B,), n=1,....,k.

Remark 2.1.18. (a) In the case where B, = B,,, u = 1,....k, B = By,
v =1,...,{,Theorem 2.1.17 shows that Bih(B,, x---x By, , By, x---XBy,) # @
iff £ = k and there exists a permutation 0 € &y with mg,) =ny, u=1,...,k.

(b) In particular, in the case where k = 1, By = B,,£ = n > 2, Theorem 2.1.17
reduces to the Poincaré theorem.

(c)Inthecase k = £ = n, Theorem 2.1.17 reduces to the description of Aut(D")
given in Example 2.1.12 (a).

(d)Inthecase k = 1, By = Ly, B, = By, v = 1,...,£, Theorem 2.1.17
shows that Bih(LL,,, By, X -+ X By,) = @ forn > 3 (cf. Example 2.1.12 (c)).

Proof of Theorem 2.1.17. (The main idea of the proof is due to W. Jarnicki.) Since
B,, is homogeneous, u = 1, ..., k, Remark 2.1.2 (c) implies that the domain B; X
-++ X By is also homogeneous. Now, by Corollary 2.1.10, Bih(B; x - - x By, Bf
-+ X Bj) # @ iff there exists a C-linear isomorphism F = (Fy,..., Fy): C" —
C" = C™ x--- x C™¢ such that

max{[|[F1(2)..... IFe()llg} = max{llzillv. ... llziclle}.
z=1(z1,...,2x) € C" x ... x C",
where
= {H | = Euclidean norm if B;, = B, 1k
“ Ly, = Lie norm it By =Lp,, U
I, = {H | = Euclidean norm if B], = B,,,. T
v Ly, = Lie norm if B = Ly, , U

First consider the set A, C C?, p > 3, on which the Lie norm L, is not real
analytic, i.e.
Ap i={w € C? : |w|* = [(w, w)[*}
={w=(w,...,wp) € C’ :w;w; € R, i,j =1,...,p} (EXERCISE).
Observe that A, is closed and (Ap)« = |J?_, M;, where M; := ;(Cx x RP71),

i=1

Vit tpmr) o= (/8o timt JEE L 1 /O):
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V; is a real analytic mapping. In particular, #?*1(y;(K)) < oo for every
compact K C C, x R~ where # 771 denotes the (p + 1)-Hausdorff measure in
R2? (EXERCISE). Note that p + 1 < 2p — 1. Consequently, 4, is a countable union
of compact sets with finite (p + 1)-dimensional Hausdorff measure ([Fed 1969],
§ 2.10) and therefore C? \ A, is connected (see [Rud 1980], Theorem 14.4.5,
[Jar-Pfl 2000], p. 226).

Now, let C := {(z,w) € C? x C? : N1(z) = N,(w)}, where N; (resp. N,)
stands for the Euclidean or Lie norm in C? (resp. C?). If N; (resp. N») is the Lie
norm, then we assume that p > 3 (resp. ¢ > 3). Then C is nowhere dense.

Indeed, define S; C C?, §, C C4,

P TR | R TR AR N
1= . 2= .

Ap 1fN1 =LP’ Aq 1fN2=Lq.
Then S := (S; x C9) U (C? x §,) is a closed set being a countable union of
compact sets with finite #-dimensional Hausdorff measure where t < 2(p +¢g)—1.
Hence C? x C? \ S is connected. Suppose that int C # @. Then, by the identity
principle for real analytic functions, C? x C4 \ S C C. Therefore, by continuity,
C = C? x C9; a contradiction.

Thus, for every i’ # p” and v’ # v”, the sets

{(z1,...,2) € C*" x --- x C" lzwllw = Nz w3
{(w,...,wg) € C™ x -+ x C": wy |l = |worl}

are nowhere dense. Consequently, since F' is homeomorphic, the set
U tzeC 1RGNy = 1R @3 | ezl = lzu
v/ £y WA

is nowhere dense. In particular, for every j € {l1,..., k} there exist a non-empty
openset 2; C C" andans € {1, ..., £} such that

IEI, = Izl z€ 9.

Let
)08 it =1 T, = oy il ls=11
Ap,; if ;= Ly, Amg i || I = Lm,.

Then

T:=(C" x---xC"1 xTy xCY+l x...x C"r)
UFHC™ x oo x C™s=1 x Ty x CMs+1 x ... x C™¢)
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is a closed set being a countable union of compact sets with finite #-dimensional
Hausdorff measure where t < 2n — 1. Hence C” \ S is connected and, by the
identity principle for real analytic functions, we conclude that

IFs); = llzjll;, zeC". (2.1.4)

In particular, s =: o(j) is uniquely determined. Moreover, o(j') # o(j”) for
j'# j”. Hence k < (.

Since the Euclidean norm in C? is real analytic on (C?),, but the Lie norm is
real analytic only on C? \ A,, we conclude that both norms || ||; and || ||} must
be of the same type (i.e. both must be Euclidean or both must be Lie). Moreover,
n —mgs = dim Ker Fy = n — n;, which implies that my = n; and B; = B;. Itis
also clear that Fy depends only on z;,i.e. Fi(z) = U;(z;), where U; : C"/ — C™J
is a linear isomorphism. Condition (2.1.4) guarantees that U; € Aut(B;). Finally,
k = € because my(1) + -+ + Mgy =n1 + -+ ng = n. O

Exercise 2.1.19. Let By, ..., By be as in Theorem 2.1.17. Find a generalization
of Example 2.1.12 (a) and characterize the group Aut(B; X --- X By) in terms of
Aut(By),...,Aut(By).

The phenomenon described in Theorem 2.1.17 appears also under other assump-
tions. Recall, for example, the following classical general result.

Theorem* 2.1.20 ([Nar 1971], p. 77). Let D;, G; be bounded domains in C"/
such that there is no non-constant holomorphic curve ¢ : D — 0G;, j = 1,...,k.
Then any biholomorphic mapping

U:Dyx+XDp — Gy x--x Gy
is, up to a permutation of G1, . .., G, of the form
U(zy,....ze) = (P1(21)s - Wi (zk)).  (z1.....2x) € Dy X -+ X D,
where U; € Bih(D;,G;), j = 1,....k.

Notice that the above theorem applies for instance to complex ellipsoids (in par-
ticular, to Euclidean balls), which is a direct consequence of the following lemma.

Lemma 2.1.21. If p € N”, then there is no non-constant holomorphic curve
¢: D — 0E,.

Proof. Suppose that ¢ = (¢1,...,¢,): D — 0[E, is holomorphic.

First consider the case p = 1. Then |¢|| = 1. Obviously, |¢;| < I, j =
1,...,n. Composing ¢ with a rotation we may assume that ¢(0) = (1,0,...,0).
Then, by the maximum principle, ¢; = 1. Consequently, 9; =0, j =2,...,n.

For arbitrary p we only need to observe that ((pf L ef)y:D— 0B, O
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Remark 2.1.22. On the other hand, the Lie ball ,, n > 2, does not satisfy the
condition from Theorem 2.1.20.
Indeed,
D34 (G@A+1).5(*—1)0,...,0) € dL,.

In particular, Theorem 2.1.20 does not imply Theorem 2.1.17.

2.2* Cartan theory

Summarizing, the previous results show that for » < 3 we have the following
bounded homogeneous domains (which are not biholomorphically equivalent).

’ n H domain

1| D

2 || By, D?

B3, D3, D x By, I3

Theorem* 2.2.1 ([Car 1935]). If n < 3, then any bounded homogeneous domain
G C C" is biholomorphic to one of the above canonical homogeneous domains.

In particular, any bounded homogeneous domain G C C" withn < 3 is symmetric
(Remark 2.1.2(c), Example 2.1.12).

The first example of a 4-dimensional homogeneous non-symmetric bounded
domain was given by I. Piatetsky-Shapiro in [Pia-Sha 1959].

Theorem* 2.2.2 ([Car 1935]). Every bounded symmetric domain is homogeneous.
Moreover, every bounded symmetric domain G C C" is biholomorphic to a Carte-
sian product of canonical symmetric domains belonging to the following six Cartan

types.
en=pg1<p<ql, ={ZecMpxqC):1,—ZZ* >0}, observe
that I , >~ B,;
en=0"0),p=21,:={ZecMpxpC):Z'=-Z, 1,-ZZ* >0},
en=""p>=LHIl,:={ZecMpxpC):Z' =Z, 1,-ZZ* >0}
o IV, =1,.
The domains of types I-1V are called classical. They are balanced — cf. Defi-
nition 1.4.14.
e n = 16, an exceptional domain Vi¢;

o n = 27, an exceptional domain VI,7.

"For A € M(m x m,C), “A > 0" means that A is positive definite, i.e. X'AX =
Z;V!lkzl ajxX;Xr >0forall X € (C™M),.
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The above Cartan domains are not biholomorphically equivalent except for the
following cases:

bih
(@ Ly~ Ly,

bih bih
(b) II, ~ D, II; ~ Bs, I, ~ L, thus type 11 is essential only for p > 5,
bih
(c) 111, ~ D, III, ~ L3, thus type 11 is essential only for p > 2,
bih
(d Ly =D, L, ~ D2, thus type 1V is essential only for n > 5.

Let yr(n) denote the number of biholomorphically non-equivalent canonical
bounded symmetric domains G C C" (from the above list) and let ¥ (n) be the
number of non-equivalent bounded symmetric domains G C C" (which are biholo-
morphic to Cartesian products of canonical symmetric domains). The following
table describes the situation for 1 < n < 30.

[n [[v@] 1 | o | m | v |vpvifem |
1 1 D (II,=D) | (111, =D)| (L, =D) 1

2 1 ||B, (L, ~D?) 2

3 2 ||Bs (115 ~B3) 111, (L ~1II,) 4

40 2 ||Bs, b (La~D ) 7

50 2 ||Bs Ls 11
6| 4 |[Bs, s (Il,~Lg)| III; Lo 21

71 2 B, L, 31

81 3 |Bs, 24 Lg 51
91 3 ||Bo, 153 Lo 80
10 5 [Bio, b5 115 111, Lio 126
11 2 By L 187
12| 4 ||Bia, b6, B4 Liz 292
13| 2 ||Bys3 Lis 427
14]| 3 ||Bia, b7 Lig 638
15| 5 ||Bis, L5 11 1IIs Lis 935
16|| 5 ||Bis, 28,144 Lis Vie || 1371
17 2 B~ L7 1960
18] 4 ||Bis,ho,h56 L;s 2843
19] 2 ||Byo Lio 4024
20| 4 ||Bo,12.10,14.5 Lo 5724
21| 5 |(|Ba1, 157 11, Il Lo 8046
22| 3 ||B22, .11 Loo 11303
23| 2 ||Bzs L3 15687
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[n [[vm] 1 | o | m | v vy ve |
24| 5 ||Bas, 12, b5, Iss Loy 21840
25| 3 ||Bas,Iss Lss 30058
26| 3 ||Bzs, 213 L2e 41366
27| 4 ||Ba7, Lo Lo; | VI || 56525
28] 6 [[Bas, .14y L7 g | I, Log 77126
29 2 Bxo Loo 104490
30| 5 ||Bso, b.1s, B0, Is.g Lo 141526

Remark 2.2.3. The biholomorphisms in (a)—(c) are given by the following formu-
las:

()

z1+izq iza+z3

i2y—23 21 —i24] € b, (EXERCISE).

L4 > (21.22,23,24) > [

(b)
0 Z1 V)
Bz > (21,22,23) = | —z1 0 z3 | € Il (EXERCISE),
—Z) —Z3 0
and (cf. [Mor 1956])
0 z1+izp z3+iza z5+ize
—(z1 +iz2) 0 Z5—iZg —z3+1iz4
I]—6 > (Z],...,ZG) = —(z3 +iz4) —(z5 —izg) 0 Z—izs 6114.
—(z5s+ize) —(—z3+iz4) —(z1—iz2) 0
(©)

z1+iz3 Z2
[|_3 > (21,22,23) = [ Z 7 —iZ3] € IIIz

Exercise 2.2.4. Find a formula for ¥ (n).

Remark 2.2.5. Let us mention the following two results related to various charac-
terizations of a bounded domain D C C” by its automorphism group Aut(D).

(a) Assume that » € 0D is a point such that dD is strongly pseudoconvex at
b (such a point always exists if 3D € €?). Moreover, assume that there exist a
compact K C D and sequences (ax)ye; C K, (Pr)z=; C Aut(D) such that

@y (ax) — b. Then D = B, ([Ros 1979]).

(b) We say that a bounded domain D C C” has piecewise CX-boundary if 3D is
a topological (2n — 1)-dimensional manifold, and there exist an open neighborhood
U of 9D and p € C*(U, R™) (with some m) such that p; - -- p,, = 0 on 3D and for
everyl < ji <---<jy<m( <{ <m)wehavedp;, A---Adpj,(z) # 0 for
all z € U with pj, (z) = -+ = pj,(z) = 0.
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Let D C C" be a bounded homogeneous domain with piecewise C2-boundary.

Then D Ig By, X+ x By, ([Pin 1982]). In particular, every bounded homogeneous
domain D C C" with smooth boundary is biholomorphically equivalent to B,,.

(c) In virtue of Theorem 2.1.17 (and Remark 2.1.18), the above result implies
that the boundary of IL,, (n > 3) is not piecewise C2.

Exercise* 2.2.6. Prove directly (without using Remark 2.2.5 (c)) that the boundary
of L, (n > 3) is not piecewise C2.

2.3 Biholomorphisms of bounded complete Reinhardt
domains in C?

Let us look more thoroughly into the problem of biholomorphic classification of
bounded Reinhardt domains D C C2 with ViNnD # @, j =1,2. The case
where D, D, C C? are bounded convex complete Reinhardt domains was first
considered by K. Reinhardt in [Rei 1921]. The general case was completely solved
by P. Thullen in [Thu 1931] (see also [Car 1931]).

Observe that, by Proposition 1.12.8, we may always assume that D;, D, are
bounded complete Reinhardt domains of holomorphy. By rescaling variables, we
may reduce the situation to the case where D; is normalized, i.e.

(z€C:(z1,0)eD;} ={z€C:(0,z) € D;} =D, j=12. (23.1)
In particular, D C D?.

Lemma 2.3.1. Let D C C? be a normalized complete Reinhardt domain of holo-
morphy. Then

D ={(z1.22) € D? : |z1] < R(|z2)},
where R = Rp: [0,1) — (0, 1] is a continuous function with R(0) = 1.

Proof. Since log D is convex, we conclude (EXERCISE) that for every u € (0, 1)
there exists exactly one t =: R(u) € (0, 1) such that (¢,u) € dR(D) (recall that
R(D) := {(|z1],|z2]) : (z1,z2) € D}). It remains to observe that the function
R:[0,1) — (0, 1] is continuous (EXERCISE). |

Example 2.3.2. Let
Ep = {(z1.22) € C*: |21 PP + |27 < 1}, p = (p1.p2) € R,

be a complex ellipsoid; cf. (1.18.5). If (p1 = 1, p» # Dor(p; # 1, p» = 1),
then [, is traditionally called a Thullen domain.

The domain E, is a normalized complete Reinhardt domain of holomorphy
(cf. Exercise 1.18.7). Notice that

RE, (1) == (1 —2P2)V/@P0 ¢ e 0, 1).
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Exercise 2.3.3. Determine the function Rp for the domain
D :={(z1,25) € D? : |21|*|25]|** < 6},
where a1,00 > 0,0 < 0 < 1.
Recall that for { = (£1,¢2) € T2, we have put T¢(z) = ¢ -z = ({121, {222),
z = (21,22) € C2. Let (21, 22) := (22.21), T :=T;o0S.
The following three results due to P. Thullen [Thu 1931] give the full character-

ization of biholomorphic equivalence of bounded normalized complete Reinhardt
domains of holomorphy in C2.

Theorem 2.3.4. Let a > 0, o # 1. Then the group Aut([E(y,1)) coincides with the
set of all mappings of the form

Vs 1= [c]> \*
E@ 2z (821 (1—cz)? $2he(22) ) € Eo,1y, (2.3.2)

wherec € D, ({1, &) € T2, and the branch of the power ( ) ?® may be arbitrarily
chosen.

In particular, E 1), @ # 1, is not homogeneous. Observe that Aut([E,1))
(o # 1) depends on four real parameters (cf. Example 2.1.12 (d)).

Theorem 2.3.5. Let D C C? be a normalized bounded complete Reinhardt domain
of holomorphy.
(a) The following conditions are equivalent:

(i) Aut(D) acts transitively on D;
(ii) either D = D? or D = By (c¢f. Example 2.1.12(a), (b), (d), Theo-
rem 2.1.17).

(b) Assume that D ¢ {D?,B,}. Then the following conditions are equivalent:
(i) there exist b € Dy and @y € Aut(D) such that
Pp(z) = (21 fp(22). mp(22)), z = (z1.22) € D,

where f; € O*(D)® andmy, € Aut(D), my(b) = 0 (note that @, (0, b) =
(0.0));

(i) for every c € D there exists a &, € Aut(D) such that

Pc(z) = (21 fe(22),mc(22)), z = (21,22) € D,
where f. € O*(D) and m. € Aut(D), m¢(c) = 0(D.(0,c) = (0,0));
80*(G) :={f€0(G): f(z) #0, z € G}.
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(iii) D = Eq,1) for some o # 1.
(c) The following conditions are equivalent:

(i) there exists an a € D such that Aut(D) = Aut, (D),
(i) Aut(D) = Auto(D);
(iii) any automorphism @ € Aut(D) is of the form T¢ or Tg* with ¢ € T? (the
second case is possible only if S (D) = D.

Obviously, (b) may be formulated also with respect to the second variable.

Theorem 2.3.6. Let Dy, D, C C? be normalized bounded complete Reinhardt

domains of holomorphy and let F € Bih(D1, D,). Then we have the following

possibilities:

e D; =D, =D?

[ ] Dl = D2 = |B2,'

¢ Dy = Dy = E(g1) witha # 1and F = W, ¢ for some ¢ € D and ¢ € T?,
where W, ¢ is as in (2.3.2);

o Dy =FE@1), Dr=FEqg witha # land F = S oW, ¢, for some ¢ € D and
¢ € T2, where W, ¢ is as in (2.3.2);

e Dy =Dy =Equywitha # land F = S oW, oS for some c € D and
¢ € T?, where e isasin(2.3.2);

e in all remaining cases, either Dy = Dy and F = T with { € T2, or D, =
S(Dy)and F = TZ* with ¢ € T2, in particular, F € Bihg (D1, D»).

Our method of proof of the Thullen theorems needs the notion of the so-called Wi
ellipsoid introduced by H. Wu in [Wu 1993], see also [Joh 1948] and [Jar-Pfl 2005],
§ 1.2.6.

Exercise 2.3.7. Let L, Ly, L, € GL(n,C). Then:
(@) L7'(B,) = {z € C" : z!MZ < 1}, where M := L'L, and therefore,
L~1(B,) is given by the Hermitian scalar product (z, w) — z! M w.

(b) Azn(L7'(By)) = #22B0).

(c) L™Y(B,) is a Reinhardt domain iff L~!(B,) = {z € C" : r -z € B,} for
some r € RZ,.
(d) L7Y(By) = Ly (By) iff Ly o LT € U(n).

Lemma 2.3.8. For every bounded domain @ # D C C", the family
{L7Y(B,): L € GL(n,C), D c L™'(B,)}°

contains exactly one domain (the Wu ellipsoid) E(D) with minimal volume.

Observe that the family is not empty because D is bounded.
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Proof. Let ¥ (D) := {L € GL(n,C) : D c L™'(B,)}. By Exercise 2.3.7 (b),
we want to maximize the function ¥ (D) > L +— |det L|. Let B be the smallest
balanced domain containing D, B = int() ¢5p G. Then B C L™'(B,) for

is balanced

every L € ¥ (D). Hence |[L(z)| < hB(ZG), z € C", where hp stands for the
Minkowski function of B. In particular, the set ¥ (D) is bounded in M(n x n, C).
Consequently, there existsan Lo € (D) suchthat|det Lo| = C := sup{|det L| :
L € ¥ (D)} (EXERCISE).

Let $o(D) := {L € F(D) : |detL| = C}. We have to show that M :=
Lyo L' € U(n) forany Ly, L, € Fo(D) (Exercise 2.3.7 (d)). We may assume
that det L; = det L, = C. Suppose that the Hermitian matrix M‘M # I,,. Then
we can write MM = PAP~!, where P € U(n) and A is a diagonal matrix with
elements dy,...,d, > 0. Since det M = 1, we have d; ---d,, = 1. Moreover,
since M' M # 1,,, we conclude that d; # 1 for at least one j. Observe that

1 _ — 1
37 WAL+ L5L0)2 = S(ILi I + I1L2(2)17)
1
< E(h,zg(z) + h%(z)) = h3(z), zeC".

Write %(L’lljl + LYL,y) = L'L with L € GLL(n, C). The above inequality shows
that L € ¥ (D). Thus |det L| < C. On the other hand we have

|det L|* = zindet(L’IZI + LLYLy)
= zindet(Ltl)det(]In + (L) LY Ly (L1) ) det(Ly)
= zinczdet(ﬂn + M'M)
= %Czdet(P)det(Hn + P7'M'MP)det(P7)

1 1+d, 1+d
=2—nC2det(]In+A)=C2 +2 L. +2 >C?J/d,...d, =C?

a contradiction. O

Remark 2.3.9. (a) If A € GL(n, C), then for every bounded domain D C C” we
have A(E(D)) = E(A(D)). In particular, if A(D) = D, then A(E(D)) = E(D).

(b) If D is a bounded Reinhardt domain, then E(D) = {z € C" : r -z € B,}
for some r € RZ,,.

Lemma 2.3.10. Let Dy, D, C C" be bounded Reinhardt domains with 0 € D1 N
Dy. Let F € Biho,o(Dl, Dz). Then

F(z)=p"-U@r-2),
where U € U(n), r,p € R, and p~' := (1/p1, ..., 1/pn).
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Proof. By Remark 2.3.9 (b),
E(D)={zeC":r-zeB,}, E(Dy)={zeC":p-z€B,}

for some r, p € RZ,,.
By Proposition 2.1.8, F € GL(n,C). By Remark 2.3.9(a), F(E(D;)) =
E(D>). Consequently, the linear isomorphism

U
C'"sz—p-Frt.z)eC”
maps B, onto By, and therefore, it belongs to U(n). |

Proposition 2.3.11. Let Dy, D, C C? be bounded complete Reinhardt domains
of holomorphy and let F € Bihg o(D1, D3). Then:
o cither D; = E(D;), j = 1,2, and F has the form from Lemma 2.3.10, or
° Dj Aﬁ?[l‘:(l)]), ] = 1,2, and F(Zl,Zz) = (rlé'lZG(l),rzé'zZG(z)), where
(r1,7r2) € R, (41, 82) € T2 0 € G,

Proof. Using Remark 2.3.9 (b) and Lemma2.3.10, we may assume that, after rescal-
ing variables, we have D; »[E(D;) = By, j = 1,2, and F € U(n). Next, by
permuting and rotating variables, we may also assume that

F(z1,z2) = (z1cosa + zp sinw, —z; sina + z, cos &)

with « € [0,7/2) (EXERCISE). We have to prove that « = 0. Suppose that
a € (0, 7/2) and consider the following construction.

Take a point x® = (rcosf,rsinf) € R3Z N 9Dy (r > 0,0 < 6 < 7/2). Fix
an arbitrary ¢ = (¢1,¢2) € R? and consider the point

(€1 F1(x°), ¢'?2 F»,(x°)) € dD,.

Put
(1(9). y2(9)) == F (' F1(x°), "2 F>(x%)) € 9D,

and, finally, let

£(p) = (£1(9). £2(9)) == (Iy1(9)]. |y2(@)]) € RE N dD;.

Direct calculations give

1
&1(p) = r\/cos2 0 + 3 sin2(f — &) - sin 2« - (1 — cos(p; — ¢2)),

&E(p) = r\/sin2 0 — % sin2(f — &) - sin 2« - (1 — cos(p1 — ¢2)).
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Put d(0) := sin2(0 — «) - sin2« € (—1,1). We have proved that for any point
x% = (rcosf,rsinf) e [R?|r N dD1, the points

x(t) = (r\/cosz 0+ d(d), r\/sin2 6 — d(@)t), 0<r<1,

belong to R3. N dD;. Observe that x(0) = x® and [|x(¢)|| = r = [|x°|. Conse-
quently, if 8 # «, then the boundary of [R?|r N D contains the arc

Ix%) :={x@):0<t <1}
Thus, there exist r—, r+ > 0 such that
{(ocosyy, psiny): (p=r_, 0=y <a)or(p=ry, a <y <7/2)}
C R2 NaD;.
Finally, using the completeness of D, we get D; = B, — a contradiction. O

Corollary 2.3.12. Let D, D, C C? be normalized bounded complete Reinhardt
domains of holomorphy and let F € Bihg o(D1, D2). Then either D1 = Dy = B,
or F =T¢ (and D, = Dy) or F = TC* (and D, = S (D)) for some ¢ € T2,

Proof. The result follows from Proposition 2.3.11 and the fact that D; = E(D;)
iff D; = B, (because D; is normalized), j = 1, 2. O

Proposition 2.3.13. Let Dy, D, C C? be normalized bounded complete Rein-
hardt domains of holomorphy, D, # B,, and let F € Bih(Dy, D5) be such that
F(0,b) = (0,0) with b # 0. Then either

F(z) = (z1 f(z2),m(z2)), z = (z1,22) € Dy, (2.3.3)

or
F(z) = (m(z2),21 f(22)), z = (21.22) € Du, (2.34)
where m € Aut(D), m(b) =0, and f € O*(D).

Proof. For an arbitrary A € T, let F) := F o T1)o F~! € Autg(D,). By
Corollary 2.3.12, there exists a £(1) € T2 such that either F) = T, g or Fy =

*
Ty

e The case where F, = Tg(y) for uncountably many A € T. We have
F(Az1,22) = (51(M) F1(2),62(V) F2(2)), z€ Dy, A€l CT,

where [ is uncountable. Observe that if £(A) = (1, 1), then F(Az1,z2) = F(2),
z € Dy, which implies that A = 1. Thus at least one of the sets

Li=Ael: 5V #1}, L:={cl:&})=1 &A)#1}

is uncountable.
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Case 1. I is uncountable. We have
(F1(0,22), F2(0,22)) = (§1(A) F1(0, 22), £2(A) F2(0, 22)), z2 €D, A € I4.

Hence F1(0,-) = 0,i.e. Fi(z) = z1G1(z) with G; € O(D;). Since F1(0,-) =0
and F is a biholomorphism, we conclude that F>(0,-) = m € Aut(D), m(b) = 0.
Consequently, F»(z) —m(z3) = z1G2(z) with G, € O(Dq). Thus

(Az1G1(Azy, 22), Az1G2(Azy, 22) + m(22))
= (£1(M)z21G1(2), £2(A)21G2(2) + E2(M)m(z2)), z = (z1,22) € D1, A € I4.

Taking z; = 0, we get m = £;(A)m, so £&,(A) = 1 for A € 1. Hence
AG1(Az1,22) = E1(M)G1(2), AG2(Az1,22) = G2(2).

First consider the second equation. In terms of the power series expansion of G,
we get

0o
Z Gzyjjk(kj—i_l—l)Z{Z]z{:O, Z=(21,Zz)ED1, /\611.
J,k=0

Since /; is uncountable, there existsa A € I; with A/T1 £ 1, j =0,1,2,....
Hence G, = 0.
Now we come back to the first equation. We have

0F,  dF;

T G1(0,z 0

0#det|:glz,~12 gig} (O,zz)zdet[ 1(0 2) m,(zz)}:Gl(O,zz)m’(zz).
0z1 0z>

Hence G1(0,z3) # 0, z € D. We have AG1(0,z;3) = & (A)G1(0, z2). Hence
£1(A) = A, A € I,. Therefore, Gy(Az1,22) = G1(2), z = (21,22) € D1, A € 1.
By a power series argument we see that G; depends only on z5. Finally,

F(z) = (21 f(22).m(z22)), z = (21.22) € Dy,

where f € O*(D) and m € Aut(D), m(b) = 0.

Case 2. I, is uncountable. We have Fy(Az1,z2) = Fi(2), z = (21.22) €
D1, A € I, which implies that F; depends only on z,. Hence Fi(z) = m(z3)
with m(b) = 0. Furthermore, F>(0,z,) = & (1) F>(0, z3), which implies that
F5(0,-) = 0. Consequently, m € Aut(D) and F>(z) = z1G2(z) with G, €
O (D). Moreover,

aF, OF
0 # det = a (0, z2) = det 0 m(z2) | _ —G12(0, z)m'(z2)
AF,  OF> 2) = G2(07 Zz) 0 = 2\Y, 22 2),

¥z1  0zn
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which says that G,(0, z3) # 0, zp € D. Since AG5(0, z2) = & (A)G2(0, z3), we
get £2(A) = A, A € I,. Therefore, Go(Az1,22) = G2(2), z = (21,22) € Dy,
A € I,. Hence G, depends only on z,. Finally,

F(z) = (m(z2),21 f(22)), z=(z1,22) € Dy,
where f € O*(D) and m € Aut(D), m(b) = 0.
e The case where F) = T ;‘( ») for uncountably many A € T. We have
F(Az1,22) = 61V F2(2). §2(A) Fi(2)), z€ Dy, A€l CT,
where [ is uncountable. In particular,
F1(0,22) = §&1(M) F2(0,22),  F2(0,22) = §£2(4) F1(0, 22).

Observe that F1(0,-) # 0 (even more, if F1(0,c) = 0 for some ¢ € D, then
F5(0,c¢) = 0andhence F (0, ¢) = (0,0), whichimplies that c = b). Consequently,
£2(A)€1(A) = 1. We get

Fi(Az1,22) = §1(A) F2(21, 22) = §1(M)E Q) F1((1/A)z1, 22) = F1((1/4)z1, 22),
(21,22) e Dy, A el

Thus F; and F> depend only on z; — a contradiction. O

Proposition 2.3.14. Let D C C? be a normalized bounded complete Reinhardt
domain of holomorphy.
(a) Assume that for a b € Dy there exists a @y € Aut(D) of the form

Dp(z) = (21 fp(22),mp(22)), z = (z1,22) € D, (2.3.5)

where my, € Aut(D), m(b) = 0, and f, € O* (D). Then for any ¢ € D there exists
a @. € Aut(D) of the form

Dc(z) = (21 fe(22),mc(22)), z = (z1,22) € D,
where m, € Aut(D), m(c) =0, and f, € O*(D).
Moreover, either D = D? or D = B, or D = E(o,1) witha # 1 and

1

1—1|b|? \2&
) ,mb(m), 2= (21.22) € Ey),

Dy(z1,22) = (flzl (m

where (£1,82) € T2
(b) Assume that for a b € Dy there exists a @p € Aut(D) of the form

Dp(z) = (mp(22), 21 fp(22)), z = (z1,22) € D, (2.3.6)
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where mp € Aut(D), mp(b) = 0, and f, € O* (D). Then there exist a pointa € D
and an automorphism ® € Aut(D) of the form

D, (z) = (my(z1). 22/ (z1)). z = (21.22) € D,

where m}, € Aut(D), m’(a) = 0, fF € O*(D). Consequently, after permutation
of variables, we are in the situation as in (a).

Proof. (a) Step 1. Let ¥ := <Db_1. Observe that ¥(z) = (z1g(22),k(22)), z =
(z1,22) € D, where k = m;l € Aut(D), k(0) = b,and g = 1/fp ok € O*(D).
Define ¥y, 3 := Tp) 0o Ppo T oW € Aut(D), n,A € T. Observe that the
required @, exists for every ¢ € D such that there exist 7, { € T with ¥, ¢(0,0) =
(0, ¢), and then

Dc(z1,22) i = W,;i(zl,zz) =@y 0Ty o¥oTaiy(z1,22)
= ®p o T,/ 0 ¥(z1,(1/n)22)
= ®Pp o T1,1/0)(218((1/n)22), k((1/n)22))
= Pp(z18((1/n)z2), (1/A)k((1/1)z2))
= (z18((1/mz2) fo((1/X)k((1/1)22)), mp((1/X)k((1/1)22)))
=: (21 fe(22),mc(22)), (21,22) € D.

Thus, every point ¢ € D such that there exists a A € T with |¢| = |m(Ab)]| is
“accessible”. Direct calculations show (EXERCISE) that

2|b|

{lmp(Ab)| : A e T} = (0, m

) = (O, 7‘1).
Observe that r; > |b|.

Repeating the above procedure with @; substituted by @, with 0 < |c| < ry
leads to a new set of accessible points of the form {d € D : 0 < |d| < ra}

with rp = 1%:;2 > ry. Let ryqep = 12+’;'2. It remains to observe that r,, 1
1 n

(EXERCISE).
Step 2. Write

D = {(21,21) € |D2 . |Zl| < R(|ZZ|)}’

where R: [0,1) — (0, 1] is a continuous function with R(0) = 1 (Lemma 2.3.1).
Letz® = (z2,29) e 0D N (D x D), 1z%] = R(|z9]). Let @, be as in Step 1. Then
®.(z% € 9D N (D x D) and therefore |z £.(z9)| = R(|hc(29)]), which gives the
equation

R(|z2D] fe(z2)| = R(Jhe(22)]),  z2.¢ € D. (2.3.7)
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0

Take ¢ = re'?, z, = re!®*9_Observe that the function

ell _

Pr

) = RO fetre @)

is of class C*°. Consequently, R is C* on (0, 1).
Indeed, write

@r(t) = Roy,(cost), teR,

where
2—2u

1/2
wrw =1y o e

A short calculation shows that ¥/ (1) < 0, u € (—1, 1). Moreover,

w1 = (0.5) =1,

Consequently, R is C*°(I,). Letting r /1, we conclude that R € C*°(0, 1).
Step 3. Put

U(t) :=1logR(t), Q(t):=U"()+ (1/0)U’'(t), t€(0,1).

We have
0(lz]) = AU(|z]), z € Dx,

where A = £C—22 + 32;—22 (EXERCISE). Moreover, since log | f;| is a harmonic function
([Con 1973], Chapter X), we get

O(|z]) = Alog R(|z|) + Alog| fe(z)| = Alog R(|h.(z)|)

1—|c|? ZQ(‘ z—¢
l1—cz

T (1 —¢é2)2
We are going to determine the function R.
e First consider the special case O = 0. Then the equation

), z €Dy, c € D\ {z} (EXERCISE).
(2.3.8)

U’(t)+ (1/0)U’'(t) =0

gives U(t) = Cologt + log Cy, and hence R(t) = C1t€0, 0 < t < 1. The
continuity of R and condition R(0) = 1 imply that Cy = 0, C; = 1,ie. R = 1.
Consequently, in this case we get D = D2,

e Now, consider the case where Q # 0. Observe that if Q(#p) # 0, then for
every t € (0, 1) there exists a ¢ € D such that |h.(¢p)| = ¢. Hence, using (2.3.8),
we conclude that Q(¢) # 0.
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Observe that if Q1, Q» are two functions of this type, then, using (2.3.8), we
get

0:1(1) _ N

02(1)  02(E£D°
Fix aty € (0, 1). We have already observed that for any ¢ € (0, 1) there existsac €
D such that |h.(t9)| = t. Then Q1(t9)/ Q2(t0) = Q1(t)/ Q2(¢). Consequently,
Q1/Q> = const.

Step 4. The domain D := [, ) satisfies the assumption of (a).
Indeed, for any b € D and (1, {>) € T2, the mapping

F( )—(z (1_—""2)21“@11())
Z1,22) = 121 (1_522)2 ,62Np(22) |,

t =|z] € (0,1), c e D\ {z}.

is an automorphism of E 1) with F(0,b) = (0, 0) (EXERCISE).
Direct calculations show that, for R(f) = (1 — t2)"/@% the corresponding
function Q has the form

t) = —————— (EXERCISE).
00 =~ ¢ )
Step 5. By Steps 3 and 4, for any domain with Q # 0 we have
2
)= ——e,
e C(1—1¢2)?

where C € R, is a constant. Hence U(t) = %log(l —1?) + log Cy, and so
R(t) = C;(1 — 1>V 0 <t < 1. The condition R(0) = 1 implies that
C; = 1. Since D is bounded, we have C > 0. Thus D = E(c,1).

Step 6. Observe that if D = [E(4,1) with o # 1, then

1—[b?

1
2a

(1 b_Z )2) 7§2hb(22))’ z = (21722) € [E(aal)’
- 2

Dy(z1,22) = (5121(

where (¢1,¢,) € T2
Indeed, since

(1 =161 = |z2/*)

1 — |hp(z2)]? = —
|7y (22)] TR ENE

. 22 €D, (2.3.9)

we get (cf. (2.3.7))

CR(hp(z2))  (1=1hp(E)P\% ([ 1—|b? %
|fb(Z2)| = R(|22|) = ( 1— |22|2 ) = (m) , z2€D.




2.3. Biholomorphisms of bounded complete Reinhardt domains in C? 191

(b) Let ¥ := Cbb_l. Observe that ¥ (z) = (z2¢€(21),k(z1)), z = (z1,22) € D,
where k = m;l € Aut(D), k&(0) = b,and g € O*(D). Fix A € T \ {1} and put
a := mp(Ab) € D. Then

Dy oTa,1/0) 0 ¥(a,0) = DPpoT(1,1/2)(0,k(a))
= @y 0 T(1,1/2)(0,Ab) = D (0,b) = (0,0).

Moreover,

Dy (z1.22) 1= Pp o Ty 12 0 W(z21.22) = Pp o T(1,1/2)(228(21). k(21))
= Dp(228(21), (1/1)k(z1))
= (mp((1/X)k(z1)), 228 (21) f((1/ M)k (z1)))
=: (my(z1), 22/, (1)), (21.22) € D. ]

Proof of Theorem 2.3.4. We already know (cf. the proof of Proposition 2.3.14 (a),
Steps 4 and 6) that

L—|cl?

1
WC@ 2a
Aut(Eq,1)) D (E@,1) 2z — (ngI((l—Tz)z) ,€2hc(22)) € E,1):

Cc € [D, (;1’4‘2) € —[]—2}
={® € Aut(E(y,1)) : @ has form (2.3.5)} =: &.

Moreover, & is a subgroup of Aut([E 1)) (EXERCISE).

Fix a @ € Aut(E(,1)). If ©(0,0) = (0,0), then, by Corollary 2.3.12, either
®=Tord =T ;*' The second case is impossible because [ (o 1) is not symmetric.
Hence @ € &.

Now, assume that @(0,0) = (a,b) # (0,0). Then F = W10 P €
Aut(E(y,1)) and F(0,0) = (c,0) for some ¢ € D. If ¢ = 0, then F € & and
hence @ € &.

Suppose that ¢ # 0. Put G := S o F~1 0§ € Aut(E(; o). By Proposi-
tion 2.3.13, G is either of the form (2.3.5) or (2.3.6). In the first case Proposi-
tion 2.3.14 (a) implies that E(; oy = [E(g,1), which is impossible. In the second
case, since G(0E (1 4)) = 0E(y,q), We get

|he(z2)]? + (1= 22| fe(z2)** = 1. z2 € D.

Hence

1—he(@)? 23.9 1> 1-|z?

= , e D.
(1= [z]%)® M=z (1= |zpe)e ~

|fe@)* =

Consequently, o« = 1; a contradiction.
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Indeed, suppose that 0 < @ < 1. Then for every { € T we get

1—|c|? 1—¢

: 200 __ : —
;erlglfc(Z)l = e [Jim_ 1oy =0

Hence, by the maximum principle, f. = 0; a contradiction. If @ > 1, then

: 1 [1=cgP . (1=
lim = = O
z—¢ | fe(2)]? I—|c|? t=>1- 1—1¢
and we have again a contradiction. |

Proof of Theorem 2.3.5. (a) Assume that D is homogeneous and D # B,. In
particular, for any b € D, there exists a @, € Aut(D) such that @;(0,b) =
(0,0). By Proposition 2.3.13, @, is either of the form (2.3.5) or (2.3.6). Now, by
Proposition 2.3.14, either D = D? or D = E,1)or D = E(1,) Witha # 1. By
Theorem 2.3.4, the only homogeneous case is D = D2.

(b) follows from Proposition 2.3.14 (a) and Theorem 2.3.4.

(c) follows from Corollary 2.3.12 with D; = D, = D. O

Proposition 2.3.15. Let D C C? be a normalized bounded complete Reinhardt
domain of holomorphy and let @ € Aut(D) be such that ®(0,0) = (a,b) with
ab # 0. Then there exists a ¥ € Aut(D) such that ¥(0,c) = (0,0) or ¥(c,0) =
(0, 0) for some ¢ € Dy.

Proof. Put Vy = {(Z],Zz) €D :zizp = 0} = ([D X {0}) U ({O} X [D), Ve :=
Vo \ {(0,0)} = (D« x {0}) U ({0} x D4). Suppose that the result is not true, i.e.
(*) F(0,0) ¢ V forevery F € Aut(D)
(equivalently, (0,0) ¢ ¥ (V) for every ¥ € Aut(D)).
Define

We:=@ 'oTro® e Aut(D), (eT? P():=¥(0,0),
M = {T;(P§): 0.6 € T2}, SE@) :=¥"(Vo), (eT?

Note that P(¢) ¢ Vo forall ¢ € T2\ {(1, 1)}. Indeed, in view of (*), P(¢) € Vj iff
Y (0,0) = (0,0), which means that Tz o @(0,0) = ®(0,0) and hence { = (1, 1).

Moreover, M N S(¢) = {P({)}.

Indeed, it is clear that P({) € M N S(¢). Fix n,&€ € T2 and suppose that
T,(P(§)) € S(©), ie. lI/Z_I(T,,(P(E))) = lI/{l o Ty o We(0,0) € V. By (*) we
get W1 (T(P(£))) = (0,0). Thus T, (P (§)) = P(?).

We are going to show that

(**) there exists a point P({) which lies on a smooth 3-dimensional surface
NCM.



2.3. Biholomorphisms of bounded complete Reinhardt domains in C? 193

Assume for amoment that (**) is already proved. Then the intersection N NS (¢)
cannot be a point, which leads to a contradiction.

Indeed, N’ := W (N) is also a smooth 3-dimensional surface. It suffices to
prove that N’ N Vg # {(0,0)}. Assume that

N' = {(x1, y1. %2, 0(x1, y1,%2)) : (X1, y1,X2) € U3},

where U C R is an open neighborhood of 0 and ¢ is a smooth function in U. Then
N’ N Vy contains the curve {(0, 0, x2, ¢(0,0, x2)) : xo € U}. All other cases are
similar (EXERCISE).

We come back to (**). Consider the mapping

(0.27) x (0.27) 3 & > ([P N1, [(P(e*))a]) € B2,

Put W := f((0,2m) x (0,2m)). Observe that if W contains a smooth curve, then
M contains a smooth 3-dimensional 2-circled surface.

Indeed, suppose that W contains a graph u = ¢(¢),t € U, where U C R~¢ is
open, ¢ is smooth in U and ¢(¢) > 0,¢ € U. Then M contains the set

M’ = {(ePt,e!"p(t)) 11 €U, B,y € R).
Consider the mapping
UxR?>(t,8.y) s (e'Pt,e' (1)) = (t cos B, t sin B, ¢(t) cos y, ¢(t) siny) € R*

and calculate g’(z, B, y):

cos f —tsin 0
/ _ sin B tcos B 0
gpy) = ¢'(t)cosy 0 —@(t) siny

¢'(t)siny 0 () cosy

Then rank g’(¢, 8,y) = 3 (EXERCISE), which implies that M’ locally contains a
smooth 3-dimensional surface.

Now we prove that W contains a smooth curve. The mapping f is real analytic
(EXERCISE). If there exists an « with rank f”/(«) = 2, then W contains an open set
and, therefore, a curve. Thus we may assume that rank /(@) < 1, @ € (0,27) X
(0, 27). Obviously, if rank /() = 1 on a non-empty open set, then W contains a
curve. It remains to exclude the case where rank f/ = 0on (0, 27) % (0, 27). Then
f is constant. Thus |P(¢);] = ¢ > 0, |[P({)2] = ¢2 > 0,¢ € (T \ {1})%. By
continuity, (0,0) = (|P((1, D)1[,|P((1,1))2]) = (c1, c2); a contradiction. O

’

Proof of Theorem 2.3.6. Since F € Bih(D1, D;), we see that D; is homogeneous
iff D, is homogeneous. Thus, by Theorem 2.3.5(a), D; € {D?,B,} iff D, €
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{D?,B,}. By the Poincaré Theorem 2.1.17, the only possible cases are D; =
Dz = [D2 and D1 = D2 = [Bz.

Assume that D; is not homogeneous, j = 1,2. If there exists an a € D,
such that Aut(D;) = Auty(D1), then Aut(D3) = Autp(g)(D3). Consequently,
by Theorem 2.3.5(c), a = F(a) = 0 and by Corollary 2.3.12, F = T, (and
Dy, =Dj)or F = Tg* (and D, = S (D)) for some ¢ € T?2.

It remains to consider the case where D; is not homogeneous and Aut(D;) #
Aut,(Dj) for any a € D;, j = 1,2. Then, by Theorem 2.3.5 and Proposi-
tion 2.3.15, Dy = E,, D, = [, for some

p-q € ({1} x (R0 \ {1})) U (R>o \ {1}) x {1}).

In view of Theorem 2.3.4, we only need to prove that p = g or p = S(q).

The case F(0,0) = (0,0) follows from Corollary 2.3.12, so assume that
F(0,0) # (0,0).

In the case where F(0,b) = (0, 0) for some » € D4 we use Proposition 2.3.13
and we conclude that F is either of the form (2.3.3) or (2.3.4). In fact, substituting
D, by S (D>), if necessary, we may assume that

F(z) = (21 fp(22),mp(22)), z = (z1,22) € Dy,
where f, € O*(D) and mj € Aut(D), mp(b) = 0. Recall that
Dj ={(z1.22) € D’ : |z1] < R;(|2])}, j = 1.2,
where
Ri(t) := (1 —2P)V/C@PD  Ry(1) := (1 —22)/ 9D ¢ 0, 1).
Since F(3D; N (D x D)) = aD, N (D x D), we get
R1(122D /5 (22)| = R2(|hp(22)]), 22 €D,

ie.
(1—|z?P)VCP0| £ (2)| = (1 — |hp(2)92)Y/ @90z €D,

and, consequently,

B (1 _ |hb(z)|2q2)1/(2ql)
|fb(Z)| - (1 _ |Z|2P2)1/(2P1) ’

z € D.

We have to consider the following three cases:
e F € Bih(E,1). E(g,1))- Then we have

1—1b?

ﬁ 11
m) (1 — |Z|2)ﬁ_ﬁ, z € D.
— b0z

()] = (
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Since fp € O*(D), letting |z| — 1, we conclude that o = .
o F € Bih(E(,1). E(1,8)). Then we have

- |hb(z)|2ﬂ)”2( 1—|b?

1/2 1
— 1—1z|*)272«, zeD.
1 —|hp(2)]? |1—bZ|2) ( 121%)

()] = (

Consequently, o« = 1; a contradiction.
o [ e Bih(E( ). E1,8))- Then we have

(1= 1h@PPNY? (1= ()PP 1 = b (2> 1= |z> 2
'fb(z)"( = |zpe ) ‘(1—|hb(z)|2 P 1—|z|2a)

L= lhp@P? 1= [pP 1-1zP 2
= = z .
L=1hs@P 1 =bz|2 1=zl )

Letting z — ¢ € T, we conclude that

1— b2 1)1/2_ const feT

lim z)| = — — = —,
im0l = (fpss) =
Hence, by the identity principle, we get

n
z)= ——, ze€D,
o (2) -

with n € C,. We have

R ol R RN S
TE P '

Since both sides of the above equality are real analytic functions on C \ {1/b}, we
get
, 1=z 28 _
Nl ——=— =1-1h(2)[*", zeC\{1/b}.
[1—bz|?

Letting z — 1/b, we conclude that 8 = 1 (EXERCISE); a contradiction.

The case where F(a,0) = (0,0) for some a € D, is analogous.

In the case where F(a,b) = (0,0) for ab # 0 we may assume that D; =
E(q,1)- Then ¥ 1(a,b) = (a*,0) (Wp,1 is as in Theorem 2.3.4). Consequently,
Fow, i (a*,0) = (0,0). Thus the problem is reduced to the previous situation,
which implies that Dy = E¢g,1) and F o W'} = W, ¢ for some ¢ € T?. Finally,
F = lpb,l o lI/a*’;- € Aut([E(a,I)). O
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2.4 Biholomorphisms of complete elementary Reinhardt
domains in C?

Recall that a Reinhardt domain of the form
Dy =1{z€C?:|z21|"|z2|®2 < e}, a=(a1,a2) € ([Ri)*, ¢ €R,

is a so-called elementary Reinhardt domain. Because of the restriction on the
exponent « it is complete; moreover, it is a domain of holomorphy.

Remark 2.4.1. Observe that D,  is algebraically equivalent (cf. Definition 1.5.12)
to Dy = D, (EXERCISE). Therefore, we will only study domains of type Dy,
o€ (IRi)*. In fact, we will only consider the following three types of normalized
elementary Reinhardt domains, namely:

e ooy = 0: then either Dy = D = DxCor Dy = Dp,;) = CxD
(obviously, both domains are biholomorphically equivalent);

e qjop # 0 and a1/ = p/q with p,q € N, p,q relatively prime: then
Dy ={z € C*:|z;|P|z2|7 < 1}

o ajay # 0and oy /sy ¢ Q: then Dy = Dy 1y witht := a1 /az € Ry \ Q.

Definition 2.4.2 (Cf. Definition 1.4.8). Leto = (a1, a2) € ([Ri)*.

(@) If yap = O or oy, € N, a1, 0 relatively prime, then the domain
Dy := {z € C? : |z1]|%!|z5|*? < 1} is called an elementary Reinhardt domain of
rational type.

(b)Ifaja, #0anda; ¢ Q, ap = 1,then Dy = {z € C? : |z1]¥!|z5] < 1}is
called an elementary Reinhardt domain of irrational type.

Remark 2.4.3. Let D, be an elementary Reinhardt domain. Then its logarithmic
image contains the straight line L := {(£1,&,) € R? : a1 &) + azép =1}, <0, if
arop # 0,0r{(£1,&) : & € R}, & < 0,ifa = (1,0). Conversely, any unbounded
complete Reinhardt domain of holomorphy D ~> C? whose logarithmic image
contains a straight line is of the form D = Dy . (EXERCISE) and so biholomorphic
to Dy.

Exercise 2.4.4. Let Dy, a € N? (ay, ay relatively prime). For an f € O*(D)
put gy,

ar(z) == (21(f (%)™, 22(f(*)*"), z € Da.
Prove that g := {gs : f € O*(D)} is a subgroup of Aut(Dy).

In the following theorem all automorphisms of an elementary Reinhardt domain,
normalized as before, are described.

Theorem 2.4.5 ([Shi 1991], [Shi 1992]). Let Dy be a complete elementary Rein-
hardt domain.
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(a) IfDa = D(I,O)’ then

Aut(Dy) = {Dy 3 z = (m(z1), f(z1)z2 + g(21)) :
m e Au(D), f € O*(D), g € OD)}.

@) If Dy = D1, then
Aut(D) = S o Aut(D ) S.1°
(b) If D, is of rational type with a1, oy € N, relatively prime, then
Aut(Dy) = {Teogroo: f € O%(D), { € T? o € §(Dy)},
where

{S, ld} l'fOll = 0y = 1,
{ld} lf 10 ?é 1.

(¢) If Dy, is of irrational type (i.e. ¢ = (a1, 1), a1 ¢ Q), then

8(Dy) =

Aut(Dy) = {Dy 3z > T;(87'21,8%z5) : L € T2, § > O},

Exercise 2.4.6. Let D, be as in (b). Prove that F € Aut(D,) iff there exist
teT,feO*D),and A € GL(22,Z) N M(2 x 2,Z4) with ®A = « such that
F = T,1) o gy o Py (for the definition of @4 := Py 4 see Definition 1.5.12).

Moreover, the following equivalence result will be discussed.

Theorem 2.4.7 ([Shi 1991], [Shi 1992]). Let Dy and Dg be normalized complete
elementary Reinhardt domains (in the sense of Remark 2.4.1).

(a) If Dy is of rational and Dg of irrational type, then Dy, is not biholomorphically
equivalent to Dg.

(b) D10y and Dy, o = (a1, 02) € N2, ay, ay relatively prime, are not biholo-
morphically equivalent.

(c) If Dy and Dg are biholomorphically equivalent, then either Dy, = Dg or
Dy, = S (Dg).

The proof will be based on the following notion of a Liouville foliation.

Definition 2.4.8. Let D C C" be a domain. A system (F)yec4 (A a suitable index
set) of sets F;y C D is called a holomorphic (resp. psh) Liouville foliation of D if
the following conditions are fulfilled:

o Fy NFy, =aifn #n2,

o D:UnGAFVI’

0Recall that S (z, w) = (w, z).
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o ifu € H°(D) (resp. u € PSH(D), bounded from above), then u|F, is
identically constant, n € A,

o forny,na € A, n1 # o, thereexistsau € #H°°(D) (resp. an upper bounded
u € PSH(D)) such thatu|g, # ulr,,.

Example 2.4.9 (A holomorphic Liouville foliation). Let D = D, C C? be an
elementary Reinhardt domain of rational type.

If = (1,0), put Fy := {{} x C, { € D. Then (F¢)¢ep is a holomorphic
Liouville foliation of D. Infact, ifu € #°°(D), then,for{ € D, u(¢,-) € H°(C).
Hence, in virtue of the Liouville Theorem, it follows that u| Fy is constant. Finally,
observe that the function D > z — z; is a bounded holomorphic function on D
which separates the fibers F;.

If ajoy # 0, put Fy := {z € D : z% = {}, { € D. Then, again, (F¢)¢ep is
a holomorphic Liouville foliation of D. In fact, we mention that for { € D \ {0}
the map ¢z : Cx — D, @e(A) 1= (A7%2,A%1{), where {92 = {, is holomorphic.
Therefore, if u € H°(D), then u o ¢ € H°(Cy). Note that p;(Cx) = F;.
Applying the Riemann removable singularity theorem and then the Liouville theo-
rem, we conclude that u|F, is identically constant. In case of { = 0 the fiber Fo
equals ({0} x C) U (C x {0}). By the same reasoning as above it is easily seen
that if ¥ € H°°(D), then u|f, is a constant function. Moreover, the bounded
holomorphic function g: D — C, g(z) := z%, separates the different fibers.

In order to be able to present an elementary Reinhardt domain of irrational type
as an example of a psh Liouville foliation we will need the following result due to
Kronecker (cf. [Har-Wri 1979], see also p. 97).

Lemma 2.4.10. Let c € R\ Q, b € C. Moreover, put
Lep:={ze C2:cz1+2z,=0b}

and @ : C? — C2, @(z) := (e?7%1,e27%2),
Then ®(L.p) is a dense subset of F := {z € C? : |z1||z5| = > Reb},

Proof. Take apointz € L. ;. ThencRez; +Rez, = Reb, hence @(L.p) C F.
On the other hand fix a point z® € F. Then choose an @ € C with ™® = zJ.
Setting { := (b —w)/c we have that ({,w) € L, pandso ({ +it,w—ict) € L.y,
t € R. Then @(¢, w) = (z?eis, zg) for a suitable s € R. Moreover, it is well known

(recall that the number c is irrational) that the set
(P +itw—ict) 1 € R} ={(z2'CTD 20e7¢") 1 1 € R}
is dense in F. O

Example 2.4.11 (A psh Liouville foliation). Let D = D, C C? (« = (a1, 1))
be a normalized complete elementary Reinhardt domain of irrational type. Put
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Fy :=1{z € D : |z1|%|z3| = t}, 1 € [0,1). Then (F;);e[o,1) is a psh Liouville
foliation.

In fact, if t = 0, then Fj is as in Example 2.4.9. Therefore, if u € PSH(D)
is bounded from above, then u(0,-) € 8H(C) and u(-,0) € SH(C) are upper
bounded and so, in virtue of the Liouville theorem for psh functions (see Re-
mark 1.14.3 (g)), identically constant. Hence, u|F, is a constant function.

Now let ¢t € (0,1). Fix au € P8H(D) bounded from above. Using the
holomorphic mapping @ : C? — C2, ®(z) := (e?771, ¢27%2), we see that @ maps
the domain 2 := {z € C? : @; Re z; + Re z» < 0} holomorphically onto D N C2.
Thus u o @ is a psh function on §2 which is bounded from above. Fixing a point
b = (e2™P1 ¢27B2) ¢ F, we define

L(xl,ﬁlogt ={lw)eC® al+w= %logt} C 2.
ThenC 3 A > u o ®@(A, ﬁ logt — a1 A) is an upper bounded subharmonic func-
tion and therefore identically constant. Hence, u is constant on the ®@-image of
L a5 logt that is dense in F;. Applying that u is upper semicontinuous we con-
clude that u(b) < u(p) for any p € F;. Changing the role of b and p we see that
u|F, is identically constant.

Finally, it remains to mention that u: D — R, u(z) := |z1|*!||z2], is bounded
psh and separates different fibers.

In the sequel the following observation will serve as a basic argument.

Lemma 2.4.12. Let ¥: D — D’ be a biholomorphic mapping between domains
D, D’ C C". Assume that (Fy)gea (resp. (F[;)lgeg) is a holomorphic Liouville
foliation of D (resp. D’). Then there exists a bijective map t: A — B such that
VU(F,) =F T’ @ @€ A. The same result is true for psh Liouville foliations.

Proof. We restrict ourselves to proving this lemma for holomorphic foliations. The
analogous argument in the case of psh foliations is left as an EXERCISE.

In a first step we assume D = D’ and ¥ = idp. Observe that if F, N Fé + @,
then Fy = F tll Indeed, suppose that both fibers are different. Then we may assume
that F, \ F[g # @. Fix points p € F, N Fé and g € F, \ F[g. In view of the
last condition in Definition 2.4.8 there is a bounded holomorphic function ~ on
D with h(p) # h(g). On the other hand, p,q € F,, therefore, h(p) = h(qg); a
contradiction. The remaining properties of Definition 2.4.8 then prove the lemma.

Now let D and D’ be arbitrary. We have only to observe that (¥ (Fy))gea
defines a holomorphic Liouville foliation of D’ (EXERCISE). Then the first step
completes the proof. |

Proof of Theorem 2.4.5 (a) and (a’). The proof will be based on the holomorphic
foliation (F¢)¢ep, where Fr := {{} x C (see Example 2.4.9). Let ¢ € Aut(Dy).
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In virtue of Lemma 2.4.12, there is a bijective mapping t: D — D such that
¢(F¢) = Fy(¢), ¢ € D. Therefore, ¢ may be written in the form

9(2) = (91(2). 92(2)) = (1(21). 92(2)).

Therefore, T = ¢;1(-, 0) is a biholomorphic map from D to D.

What remains is to describe the second component function. Letus fixa 1o € D;
then @, (Ao, -) is a biholomorphic map from C to C, i.e. ¢2(Ao, w) = y(Ao)w +
8(Ao), w € C, where y(A9) € Cy, 8(z9) € C. Now, we write ¢ as its Hartogs
series ¢2(2) = Y 72 ¥j(21)z3, where y; € O(D)."" Then y;(A¢) = 0, j > 2.
Since A¢ was arbitrarily chosen, we get ¢2(z) = y0(21) + y1(21)z2. Observe that
y1 € 0*(D).

Obviously, any mapping given in the lemma is an automorphism of D,,.

It remains to mention that S gives a biholomorphic mapping between D, and
C x D. |

To be able to continue the proof of Theorem 2.4.5, itis necessary to study another
automorphism group.

The automorphism group of D;. Leta = (a1,02) € Z2, o # (0,0), a1, 0
relatively prime in the case where oy # 0. We set

Dy :={z € C:|zn1|"|z|* <1} = Dy \ Vo.

An automorphism of Dy is called an algebraic one if it is the restriction of an
algebraic mapping @, 4 (cf. Definition 1.5.12).
Then we obtain the following automorphism groups.

Lemma 2.4.13.

Aut(D(] o)) = Aut(Ds x Cy)
=Dl 2z z1, f(z1)z3) i n € T, f € O%(Dy), & = 1.

Proof. Put Fy := {{} x Cy, { € Dy«. Then (F¢)¢ep, is a holomorphic Liouville
foliation of D(j;,o) (EXERCISE). Let ¢ € Aut(D(*i’O)). In virtue of Lemma 2.4.12
there exists abijective map 7: Dy — Dy suchthat(F¢) = Fr(¢),{ € Ds. Observe
that ¢1(z1, - ) is a bounded holomorphic function on the whole plane and, therefore,
identically t(z1), i.e. ¢(z) = (t(z1), ¢2(2)). Since ¢1(z1,0) = 7(z1), z1 € Dy,
the function t is holomorphic and hence a biholomorphic map from D, onto D.
Therefore, T is a rotation of Dy, i.e. T(z1) = nz1, where || = 1. 4

Using Laurent expansion we may write ¢»(z) = Z;i_oo cj (Z])Zé, where
¢j € O(Dy). In virtue of Lemma 2.4.12, ¢,(z1,-) is a biholomorphic mapping

"Recall that ¥; (21) = 557 [y %d;, z1 € D.
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from C, onto itself. Hence, ¢2(z) = f(z1)z5!, f(z1) # 0. Then the uniqueness
of the Laurent expansion leads to ¢; = 0, j # *l,and c_y = f,c; = Oor
c—1 =0,c1 = f,z1 € Ds. So we are led to the following shape of ¢,, namely
02(2) = f(z)zil, z € D(; ), where f € O*(Ds). O

In order to continue we observe that any domain D, o € Z*, o1, oy relatively
prime, is biholomorphically equivalent to D(1 0)- In fact, choose integers ¢, d such

that ald — azc = 1 and define the following mapping ¢: C2 — C2, ¢(z) =

(z%,z§ ) Then ¢ gives a biholomorphic mapping from D onto D(1 0)-

Corollary 2.4.14. Let D, Dg, o, B € 72, where ay, s, respectively By, Ba, are
assumed to be relatively prime. Then D, and Dg are biholomorphically equivalent
and a biholomorphic mapping is given by @c, where C € GL(2,Z) and BC = «.
Proof. Choose ¢,d,¢,d € Z with ard —are = ﬁlc? — B>¢ = 1. Recall that @4
and @p induces biholomorphic mappings from D, to D("; o) and from D to D(*; 0y’
where 4 := %' %] and B := [;’351 %2], respectively. Thenset C := B~ '4. 0O

In the case where @ € Zi, a0 # 0, a1, oy relatively prime, we have the
following description of the automorphism group of D,

Lemma 2.4.15. Leta = (o1, a2) € Z2 such that oy, oy are relatively prime. Then

Au(Dy) =T o7 o Pplp; 1L € T2, f € O%(Da),
P € GL(2,Z) withaP = a}.?

Proof. Let x: Dy — D] ;) be the biholomorphic mapping from above, i.e. y(z) =
Dy(z) = (2%, 2528 4y where ¢,d € Z witha;d —apc = 1. Observe that y~1(z) =
(z8z,% z1 22‘) Then any automorphism ¢ of D; can be written in the form
¢ =y Loyoy, where Y € Aut(D . 0)) What remains is to apply Lemma 2.4.13
(EXERCISE).
Conversely, any map given in Lemma 2.4.15 belongs to Aut(D,) (EXERCISE).
O

Now we turn to the irrational case, i.e. @ = («1,1), ;7 € R\ Q. Here the
method of proof has to be changed; one has to use a covering argument.

Lemma 2.4.16. Let @ = (a1, 1), @1 € R\ Q. Then
Aut(D)) = {®e 4 : ¢ € C:, A€ GL(2,Z) such that D¢ 4 € Aut(D))},

where ®¢ 4(2) := (L1271 252, L2121 2572). In particular; any automorphism
of D is an algebraic one.

12Recall that @p (z) = (z¥'z4, z| z5). Moreover, note that g is defined on D}, o € Z2.



202 Chapter 2. Biholomorphisms of Reinhardt domains

In order to prove Lemma 2.4.16 we need the following auxiliary considerations.
Put 2, :={£ € R? : o1 &; + & < 0V and Ty, := 2, + iR?. Then we study the
following holomorphic mapping

®: Ty, — D}, &)= (¥, e2™2),

Observe that (EXERCISE) @ is a covering map, i.e. for any point z € D, there is
a suitable open neighborhood U, C D/ such that @1 (U,) is a union of pairwise
disjoint open sets V;, j € Z, such that chV is a biholomorphic mapping from V;
onto U,. Moreover, it is easily seen that £2,, and hence T, is convex; in particular, it
is simply connected. Therefore, Ty, is the universal covering of D, (cf. [For 1981]).

Recall a few properties of the universal covering @ : T, — D

e For any simply connected domain D C C2, any holomorphic mapping
f: D — Dy, anypointz® € D,and any pointw® € T, with ®(w®) = f(z°) there
exists a uniquely determined holomorphic function f: D — T, with f (2% = w°
suchthat @ o f = f. f iscalled the lifting of f. We advise the reader to look into
general books on topology for this result.

e In particular, for any pair of points w’, w” € Ty with @(w’) = ®(w") there
isan f € Aut(Ty) such that @ o o f =®and f(w') = w"; f is uniquely defined.

In fact, f is uniquely defined since it is the lifting of @ : T, — D,,. In virtue of
the former property of the universal covering we find a holomorphic map f Ty —
T, with f(w’) = w” such that CD f = &. We have to show that f € Aut(Ty).
Changing the role of w’ and w” we also have a holomorphlc g: Ty — T, with
g(w”) = w' suchthat ® = Pog. ThenPo(fo0d) =D, oo f) =,
go f(w ) = w/, and f o g(w”) = w”. Using again the first property of the
universal covering we conclude that f og =id|r, and go f id |1,,. Therefore,
f € Aut(7y).

Moreover, it is easily seen that

Aut?(Ty) = {¥ e Au(Ty) : @ oy = D} = {0y, : n € Z%},

where 0y, (z) :=z +in,z € Ty.

Now we are going to apply the above lifting properties for a given ¢ € Aut(D,)).
Then there is a lifting ¢ € Aut(7y) such that @ o ¢ = ¢ o @ (EXERCISE).

Moreover, for a fixed n € Z2, $ ooy 0~ € Aut®(T,). Therefore, we find an
n' € Z? such that ¢ o 5, = o,y o . Itis easily seen that the mapping 7 — 7’ leads
to a group isomorphism of Z2. Therefore, there exists a matrix P € GL(2,Z)
such that ¢ o 0,y = oyp o @, € Z>.

So we are led to study the group of automorphisms of the domain 7,. We get
the following lemma.

Lemma 2.4.17. Let ¢ € Aut(D)). Assume that its lifting ¢: Ty — Ty is a
complex affine transformation, i.e. $(¢) = A + B, where A € GL(2,C) and
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B € C2. Then ¢ is of the form ¢(z) = (a1z}"'z5"%, az{>'252?%) = @4.4(2),
where A € GLL(2,Z), a = (a1,az) € C?, i.e. ¢ is an algebraic automorphism
of D.

Proof. From the discussion before we get

Goon() =0onpo@(t)., ¢e€TynelZ’

Using the form of ¢ it follows that A = P. Finally, the equality p o @ = @ 0 ¢
leads to the form of ¢ claimed in the lemma. |

After all these preparations we proceed with the proof of Lemma 2.4.16.

Proof of Lemma 2.4.16. Let g € Aut(Dy) and ¢ € Aut(7y) beits lifting. In virtue
of Lemma 2.4.17 we have to show that ¢ is a complex affine transformation. In
a first step we will show that there are a T € Aut(H7), an f € O*(H™), and an
he O(H™)(H™ :={z € C:Rez < 0}) such that

PO = (fCG +h(E™), (€)= ar(f(E") + h(EM)).

where ¢ = ({1, ¢2) € T, and (to simplify notation) ¢* := a1 ¢y + &s.

In fact, put ¥ : C2 — C2, ¥ (¢) := (&1, &*). Obviously, ¥ is a biholomorphic
mapping and ¥ |1, maps Ty, biholomorphically onto C x H™. Its inverse mapping is
givenby ¥~ (z, w) = (z, w —a;z). Thus, Aut(Ty) = ¥ Lo Aut(C x H™) o .13

Moreover, let g: H™ — D be any biholomorphic map. Then

g:CxH —-CxD, g(z,w):=(z,gw)),

is also biholomorphic. So Aut(Ty) = ¥ ' o g7 o Aut(C x D) o g o y. Then,
in virtue of Theorem 2.4.5 (a), there are f € O*(D), h € O(D), and m € Aut(D)
such that for ¢ € T, we get

&) =y og T (fog(C)e +hog@*), mog(l)),

and therefore, for ¢ € Ty,

G(0) = (fog(C* )1 +hog(L*), g  omog(*)—ar(fog((*)l1+hog(L*))).

which proves the above claim with f := f og,h:= ho g.andt:=g lomog.

In virtue of Lemma 2.4.17 it remains to verify that ¢ is a complex affine mapping.

Indeed, in virtue of the properties of the covering mappings we have a matrix
P = [21] € GLL(2, Z) such that for all pairs (k, ) € Z? the following identities
are true:

P+ ik, +il) =@)+ ik, )P, (€T,

13To be precise ¥ should be understood as ¥ |7, .
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In particular,

F@& +ilank +0)(&1 +ik) +h(C* +i(aik +0))
= f(C) 4+ (&) +ilkp + Lr), (" +i(aik +0))
—o (fC* + ik +0)(&1 + ik) + h(C* + i(az2k + £))
=1({*) — o1 (f(E)1 + h(E¥)) + i(kq + Ls).

From these identities we deduce that f is a constant function.
In fact, fix a point wy € H™. Then, applying the first of the above identities for
points (&1, wo — a1¢1) € Ty, gives

S(wo +i(ark + €)1 + ik) + h(wo + i(ark + £))
= f(wo)l1 + h(wo) +i(kp + €r), ¢ €C.

Hence, f(wo + i(a1k + £)) = f(we) =: Ao # 0, k,£ € Z. Recall that the
number «; is an irrational one. So the set {wg + i(x1k + {)) : k,j € Z} has an
accumulation point in the plane. Then, in virtue of the identity theorem, it follows
that f = Ao.

Applying the first of the above identities, we claim that % is a complex linear
function.

Indeed, the above identity implies that

irdok +h(Z +i(e1k +4£) =h(Z) +i(kp +Lr)
for all Z = {* € H™. Differentiation in direction of Z leads to
W(Z +i(k +0) =h(2).

Fixing some Z = Zy € H™ we have i/ (Zy +i(a1k +£)) = W' (Zy) := 1. So
is constant, i.e. 1(Z) = pu1Z + o for a suitable pg.

It remains to show that 7 is a complex affine mapping.

In fact, using the second identity, we arrive at the following equality:

(Z +i(ark +0) —ay(Ao(Cy + ik) + n1(Z +i(ark +£)) + o)
=1(Z) —a1(Aol1 + 1 Z + po) +ilkg +€s), ZeH™.

Again differentiation gives t/(Z + i(a1k + £)) = 7/(Z), Z € H™. As above,
fixing Z = Z and using the identity theorem, we arrive at t/ = 7/(Zo) =: 11 # 0
(recall that 7 is a biholomorphic mapping). As a consequence we conclude that
©(Z) = 11Z + 79 for a suitable 7.

Finally, rewriting ¢, we see that

@) = (Aol1 + p1(&*) + po. 11 () + 0 — a1 (Aol1 + p1(¢*) + o)),
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or
5(0) =t |:)Lo +opr ap(ty — Ao — pian)

+ ,To— .
[ T — o i :| (Ho, 70 1/40)

Obviously, the matrix is a non-singular one, and therefore, ¢ is complex affine.
Hence, Lemma 2.4.17 gives the end of the proof. (|

Now we return to the proof of Theorem 2.4.5.

Proof of Theorem 2.4.5 (b). Obviously, any of the given mappings belongs to
Aut(Dy). To prove the converse we will use the holomorphic Liouville foliation
(F¢)¢ep, where Fr := {z € C? : z% = {}. Fix a¢ € Aut(Dy). Then, applying
Lemma 2.4.12, there exists a bijective mapping 7 : D — Dsuchthato(F;) = Fy(),
¢ € D. Observe that the fiber Fy is the only one with a “singularity”. So one con-
cludes that 7(0) = 0 (EXERCISE) which means that ¢|p» defines an automorphism
of D;. Using Lemma 2.4.15 shows that

0(2) = (L1 (f ()220 z3. L(f(z") " z{z3). z € Dy,

where ¢ = (£1.8) € T2, f € O*(Dy), and P = [29] € GL(2,Z) with
aP = «. Since aj € Z, one concludes that P = I, if oyz # 1, and (P = 1,
orp=s5s=0,g=r=1)ifa; = ay = 1, which gives the description of .

We will only discuss the case when ¢ = id (the case when 0 = § may
be taken as an EXERCISE). Observe that K := %ID* x {1} € D,. Therefore,
@2(z1,1) = L(f ()™, 71 € %[D*, is bounded. Applying the Riemann theorem
of removable singularities we see that f extends holomorphically to D. Taking into
account that ¢ is bijective, it even follows that f € @*(D). Finally, a continuity
argument leads to the description of ¢ on the whole of D,. |

Finally, we discuss the case of normalized elementary Reinhardt domains of
irrational type.

Proof of Theorem 2.4.5 (c). Here we use the psh Liouville foliation (F);¢[o,1) from
Example 2.4.11. Let ¢ € Aut(D,). Then there is a bijection t: [0,1) — [0, 1)
such that ¢ (F;) = Fr(), t € [0,1). In particular, Fy is homeomorphic to F),
which implies that 7(0) = 0. So ¢|p> € Aut(Dy). Applying Lemma 2.4.16, ¢|p*
is of the form

o(z) = (é‘lz?l.lzgl.z’Zzzilz.lz;lz,z)’ e D;,

where A = [z} 33| € GL(2,Z). Observing that the coordinate axes belong
to Dy, it follows that a; ; € Z, and, therefore A = I,, which implies Theo-
rem 2.4.5 (c) (EXERCISE). O
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Summarizing, Theorem 2.4.5 has been completely proved.

Now we turn to the proof of Theorem 2.4.7. We start with the discussion of
bounded holomorphic functions on elementary Reinhardt domains. First, recall that
an elementary Reinhardt domain D, of rational type carries at least one bounded
holomorphic function that is not identically constant. On the other hand, we have

Lemma 2.4.18. Any bounded holomorphic function on an elementary Reinhardt
domain of irrational type is identically constant.

Proof. Take an f € H#H°°(Dy). Then |f| € PSH(Dy). Therefore, in virtue
of Example 2.4.11, f|F, is identically equal to a constant s;, where (F;);efo,1)
denotes the psh Liouville foliation from that example. Recall that

F; ={z € Dy : |z1|*"|z2| = t}.

In particular, f(z;,1) = s; whenever |z{|*! = ¢. Applying the identity theorem,
it follows that s, = 5,1 € [0,1). Hence, f = s on D,,. |

Proof of Theorem 2.4.77. (a). In virtue of Lemma 2.4.18 and the remark before, it
is clear that D, and Dg are not biholomorphically equivalent.

(b) Suppose that there is a biholomorphic map ¢ : Dyg ;) — Dy. Then, using the
holomorphic Liouville foliation (F¢)¢ep of Dy and (F, g/ )¢ep of Dy o), respectively
(see Example 2.4.9), there is a bijection 7: D — D suchthat ¢(F¢) = FT’(;),E e D.
Inparticular, 9| r,, = Fy. Using that F{j has a singularity at (0, 0) we get, as before,
a contradiction.

(c) Assume that D, and Dg are biholomorphically equivalent. In virtue of (a)
there are two cases.

Case 1: Assume that D, and Dg are of rational type. Suppose that o = (1, 0),
then 8 = (1,0) or 8 = (0, 1) and a biholomorphic map is given either by the identity
or by §. Therefore we only have to discuss the case where ajay # 0 # B182,
a7y, 0, resp. B1, B2, relatively prime. Take a biholomorphic map ¢: D, — Dg.
As in the proof before using holomorphic Liouville foliations we conclude that
¢lpz € Aut(Dy). Following Corollary 2.4.14 there is a biholomorphic mapping
(U Dg‘ — D of the form ¥ = @4, A € GL(2,Z) withdet A = 1 and 4 = B.

Hence, {/ := g o/ € Aut(Dg). In virtue of Lemma 2.4.15, ¥ may be written as
V(z) = Trogro®p(z), ze€ Dg.

Therefore,
¢lpg =TrogroPpo®y1 =T ogr o Ppy-i
and BPA™! = «. Thus,

T, op(2) = (FEP) P2l (f(P)*2425), zeDy,
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where PA™! =: [29]. Observe that T;_1 o ¢ defines a biholomorphic mapping
from Dy, onto Dg.

Recall that the left-hand side is holomorphic on D,,. In particular, the functions
Dy 3 A > (f(AP1FP2))=P2)p+d and D, 5 X > (f(AP17F2))P12r+S extend
holomorphically to D. Therefore, f has a pole at 0, i.e. (1) = A¥ (1), A € Dy,

where f € O*(D) and k € Z. Hence,

_ ~ _ —k —kp?
T o p(z) = ((f (P Pezp P00

- 2
(f(zﬂ))ﬁlz;"‘kﬂl Z;'i'kﬂlﬂz)’ s D;.

Finally, we define an automorphism of Dg, namely,
x(2) =g 7(2), ze€ Dg.
Then, for z € D, we get

¥ o T@' o (P(Z) — (Z{J—kﬁlﬁzzg_kﬂzz7Z;+kﬁ1225+kﬂ152)'
Taking into account that the mapping on the left-hand side is holomorphic on Dy, it
is easily seen that ¥ := yoT; o =id |p, or y = S|p,. Hence, Case 1 is verified.
Case 2: Assume that D, and Dg are of irrational type, i.e. @ = (a1,1), B =
(B1,1), where a1, B1 € R4+ \ Q. Applying psh Liouville foliations, one gets that
¢lpr: Dy — Dﬂ* is a biholomorphic map. Following the proof of Lemma 2.4.16,
one may show (EXERCISE) that ¢|p+ = @P¢ 4|pz. Applying now that the left
mapping is holomorphic on Dy, it follows that either ¢(z) = T (z) or ¢(z) =
T; o S (z) whenever z € Dy.
In the first case observe that |£;|#1|Z,|f2 = 1. Then ¢Z,H2|Dﬁ € Aut(Dg),

where ¢ 1= (¢7',¢51). Hence ®; 1, © ¢ = id on Dy. A similar argument for the
second case is left to the reader (EXERCISE). O

Remark 2.4.19. Anindependent proof of Theorem 2.4.7 may be found in [Edi-Zwo
1999].

2.5* Miscellanea

Besides the problem of biholomorphic equivalence of Reinhardt domains D1, D, C
C", one can try, for instance, to characterize all proper holomorphic mappings
F: Dy — D,.'"* In the remaining part of this chapter we collect several results
related to this area of problems. More precisely:

14Recall that a mapping f: X — Y is proper if £~1(K) is compact for every compact K C Y.
Every homeomorphism is proper.
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§ 2.5.1 Biholomorphic equivalence of Reinhardt domains.
§ 2.5.2 Automorphisms of Reinhardt domains.

§ 2.5.3 Proper mappings.

§ 2.5.4 Non-compact automorphism groups.

In general, the methods of proofs of the presented results (based, for example, on
the Lie theory or rescaling methods) are beyond the scope of the book. Nevertheless,
we decided to put them here as illustrations of various streams of research. The
results in this section may be also a starting point for further studies of the reader.

2.5.1 Biholomorphic equivalence of Reinhardt domains
It seems that in the category of Reinhardt domains one has

bih alg
Dy ~Dy <= D) ~D,

(cf. Definition 1.5.12, Theorems 2.3.6, 2.4.7). Several particular cases are known
(they were proved by methods based on the Lie theory). We like to point out
that, unfortunately, we do not know any alternative methods of proof (without the

Lie theory).
Theorem® 2.5.1 ([Sun 1978]). Let D; C C" be a bounded Reinhardt domain with

bih
0e€ D, j =1,2. Then D1 = D, iff there exist ry, ..., r, > 0 and a permutation
o € &, such that

Dy = {(r1zo(1)s - -+ TnZomy) : (21, ..., 2n) € D1}.

. bih alg
In particular, D1 >~ D, <& D1 >~ D».
Observe that the case n = 2 was already discussed in Theorem 2.3.6.
Definition 2.5.2. Fork = (ki,...,ks) € N®and p = (p1,..., ps) € R, let
S
Ek,p:= {(zl,...,zs) e Ch x...x Chs Z ||z]-||2P./ < 1}
j=1

be the generalized complex ellipsoid.
In the case where k1 = --- = ky = 1 the generalized complex ellipsoid reduces
to the standard complex ellipsoid [E; cf. (1.18.5).

Theorem 2.5.1 implies the following classification theorem for generalized com-
plex ellipsoids (the case where p € N*, g € N’ was solved in [Naru 1968]).
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Theorem 2.5.3. Let By p, ¢, C C" be two generalized complex ellipsoids with:
o k=(k1,....ks) € NS, £ =(Ly,...,4) €N,
n=ky+--+ks=4Lr+---+ 4,
PL=""=PDsq1 =" =(q1
#lic{l,....s}:pi=1<L#ie{l,...;t}:qi =1} < 1.
Then Eg , = Eeqiffs =t k =4 and p = q. In particular, E, = E, iff
p = q up to a permutation (cf. also [Jar-Pfl 1993], Theorem 8.5.1).

Proof. Use Theorem 2.5.1 — EXERCISE. O

Let D C C" be a Reinhardt domain satisfying the Fu condition. Recall (cf. Re-
mark 1.5.11 (a)) that, after a permutation of variables, we may always assume that:

(*) thereexistsk = F(D) €{0,....n}withDNV; #3,j =1,...,k,
DNV,=a,j=k+1,...,n.

Observe that if 0 € D, then §(D) = n.

Exercise 2.5.4. Let T := {(z1,22) € D? : |z1| < |z2|} be the Hartogs triangle
and let T* := T \ ({0} x D) = {(z1,z2) € D? : 0 < |z1] < |z2]}. Observe
that F(7) = 1 and F(T*) = 0. Prove that T and T* are not biholomorphically
equivalent.

Hint: Observe that T = D x D, and T* = D, x D,.

Theorem* 2.5.5 ([Bar 1984]). Let D1, D, C C" be bounded Reinhardt domains
bih

satisfying the Fu condition with (*). Then D ~ D; iff §(D1) = §(D2) =: k

and Dy, D, are algebraically equivalent via a biholomorphism @, 4 such that

1 if i <kandj =o0o(i),
ai; =10 if i <kandj #o0@G), i=1,....,n, j=1,...k,
0 if i >k,

where 0 € ©y.

Observe that if F(D1) = F(D2) = n, then A(z) = (Z5(1),---» Zo(n)) for a
0 € &,,. Thus the above result generalizes Theorem 2.5.1.

Theorem* 2.5.6 ([Shi 1988]). Two bounded Reinhardt domains D1, D, C C" are
biholomorphically equivalent iff they are algebraically equivalent.

Theorem* 2.5.7 ([Kru 1988]). Two hyperbolic (cf. § 4.7) Reinhardt domains
D1, Dy, C C" are biholomorphically equivalent iff they are algebraically equiva-
lent.

Notice that any hyperbolic Reinhardt domain of holomorphy is algebraically
equivalent to a bounded domain (see Theorem 4.7.2), so, in fact, Theorem 2.5.7
follows from Theorem 2.5.6.
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Theorem* 2.5.8 ([Sol 2002]). Two Reinhardt domains Dy, D, C C? are biholo-
morphically equivalent iff they are algebraically equivalent.

We do not know whether Theorem 2.5.8 remains true for n > 3.

2.5.2 Automorphisms of Reinhardt domains
Theorem* 2.5.9 ([Naru 1968]). If p € N3, then Aut(Ey_,) ~ T".
Theorem* 2.5.10 ([Lan 1984]). Assume that0 <k <n > 2, p € {1}*¥ x N7k,

Then
Aut(E,) = {Fg¢: H € Aut(By), L € T"F}, (2.5.1)
where
Fr(2)
N2 N\ PRI R
= (H(Z/)»§k+12k+1(%) e ,---,CnZn(%) ” )
2= Zk41.....zn) € E, C Ck x C"*, and a’ == H=(0)).

In particular, the group Aut(E,) depends on k* +k +n real parameters (cf. Ex-
ample 2.1.12(b)); ifk = 0, then Aut(E,) ~ T" (c¢f. Theorem 2.5.9).

Remark 2.5.11. Notice that in general, for arbitrary pg41,..., pn € Rso \ {1},
the set {Fp¢ : H € Aut(By), ¢ € T} is a subgroup of Aut(E,) (EXER-
CISE); cf. [Jar-Pfl 1993], Lemma 8.5.2. We do not know whether (2.5.1) remains

true.

Theorems 2.5.10, 2.1.20 and Lemma 2.1.21 imply the following

j—m;

Example 2.5.12. Letn = ny + -+ +ng, 0 <m; <nj;, p/ € {1}™ x INZ’ ,
J =1,...,k. Assume thatif n; = 1, then m; = 1. Then the group
Aut(E,1 x -+ x E k)

dependsond = n+ Zle m;(m; + 1) real parameters. For instance, for arbitrary
D1, P2, P3, P4, Py» Py € Na, we have:

n=2:
k=i 5=z
2 [E(Pl,Pz)
41 Ea.p)
6 D?
8 B,
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n=23
(a ] k=1 k=2 |k=3]
3 [E(Pl,Pz,IB)
5 [E(I,Pz,l)s) D x [E(pl,Pz)
7 D X Eq,p,)
9 1l Eaipy D
11 D x B,
15 B3
n=4:
d k=1 k=2 k=3 k=4
4 E(pi.p2.03.04) Epi.po) X Epr pt)
6 [E(lspz,l’3sp4) D x [E(Plsﬂz,Ps)’ [E(Pl,Pz) X [E(p’l.pé)
8 D % E1,p2.p5)s Ep) X Etpyy | D? X Epypo)
10 [E(l.l.ﬁ3.p4) [E(ﬂl.ﬁz) x Bz D? x [E(l.ﬂz)
12 IDX[E(I,I.pg)»[E(l,pz)X[BZ [D4
14 |D2 X [Bz
16 Ec1,1.1.040 B, x B>
18 D x |B3
24 B4

Remark 2.5.13. Let D C C” be a hyperbolic Reinhardt domain such that Aut(D)
depends on d real parameters. Recall that the group Aut(B,,) depends onn?+2n real
parameters. There are the following general results (cf. [GIK 2000], [Isa 2007]):
e Ifd >n?+2,then D = B, up to rescaling of variables.
o If D % B,, thend € [n,n? + 2] and d is of the same parity as 7.
e d =n?+2iff D = DxB,_; up to permutation and rescaling of variables.
e Ifd = n?, then D is algebraically equivalent to one of the following do-
mains:

i) {zeC":r <|z|| < R},0 <r < R < +o0o (cf. Exercise 2.1.13);
(i) D* (n = 3);

(iii) By x By (n = 4);

(iv) Eq,....1,pn)> Pn 7 1 (cf. Theorem 2.5.10);
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W {(Z"zn) € Buoy x C o r(1 = [IZ'[7)% < |zal < RA = [IZ'[?)*}, 0 < r <
R < +o00,a € R;

i) {(z/,z) e C* 1 x C: Pl i |zn| < Re“”z/nz}, 0<r <R<+o0,
o € Ryand (R = 400 = «a > 0).

Some intermediate cases where n% < d < n? + 2 are also discussed in [GIK 2000]
and [Isa 2007].

Forp = (p1,...,pn) € R and 1 < s < n—1, define the generalized Hartogs
triangle
Fp = {(zl,.. ,Zy) € C" Z EARZEE Z ERRZES 1}
j=s+1

If n = 2, then [y 1),; is the standard Hartogs triangle (cf. Remark 1.5.11 (c)).
Theorem* 2.5.14 ([Lan 1989]). Let0 <k <n —1, p € {1}¥ x N2k Then

Aut(Fp 1) = {Fye : H € Aut(By), ¢ € T" %}, (2.5.2)

where, for z = (z/, Zk 41, ...+ Zn) € Fpn—1 C CK x C" % and a' := H=(0'), we

put
la'|12 )2,,,3+1
(== aye)

1—
(z
2 N\
zn—lzn—l( 1( //”Za ”’ ) ) agnzn)-

In particular, the group Aut(F, ,—1) depends on k% + k + n real parameters.

Fig(z) = ( HE =), ;kﬂzkﬂ(

Remark 2.5.15. (a) To prove that Fiy ¢(F, ,—1) C [y n—1, note that

n—1
((Fa,)n (27227 Y |(Frg) (2) 7

j=1
la"]I?

1- 2
TS Z 1)

] =k+1

-2 2 2
= |zl 2 (1227 1 H (2]

1 — 7112 1— ! /-Pn|2 1— 2
(1—la"]*)( pllZ /zn" %) |z, |20 ||C;|| Z 1277
11— (z'/za" . a’)|? [1—(z'/zn",a j Zht1

L=l (e S 1 20
STy v Ul CUR (IR DRI )

j=k+1

=1—-
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(b) Observe that in general, for arbitrary pg41,..., pu—1 € Rxo \ {1}, the set
{Fye: H € Aut(By), ¢ e T"K}
is a subgroup of Aut([F, ,—1) (EXERCISE). We do not know whether (2.5.2)
remains true.
Theorem* 2.5.16 ([Che-Xu 2002]). Let2 <s <n—20<k <s5,0<{ <n-s,
p e {1F x NS7F x {134 I]\lg_s_e. Then
Aut(Fy) = {Frpre s H € Uk), H" € U(t), L e T" %4, (253)

where, forz = (2, zg41, ..., 25, 2", Zs1441+ - - - Zn) € Fp s C Ckx Cs* x Ct x
C" 57, we put

Frpre(z) = (H'(2'), SerZigrs - - G5z H'(2"), Coqtg1 Zs a1 - - CnZin).
In particular, the group Aut(F, s) depends on k? + €% +n — k — £ real parameters.

Remark 2.5.17. Observe that in general, for arbitrary pg41,..., Pss Ps+e+1s -+
Pn € Rso \ {1}, the set

{Fye: H € Aut(By), ¢ e T"7K}

is a subgroup of Aut([F, s) (EXERCISE). | ? | We do not know whether (2.5.3) remains

true.

2.5.3 Proper mappings

Theorem* 2.5.18 ([Bar 1984]). Let D1, D>, C C" be bounded Reinhardt domains
satisfying the Fu condition. Then any proper holomorphic mapping F: Dy — D,
extends holomorphically to a neighborhood of D .

Theorem* 2.5.19 ([Lan 1984]). Assume that n > 2. For arbitrary p,q € N" the
following conditions are equivalent:

(i) there exists a proper holomorphic mapping F: £, — Eg4;

(11) (pl/CIl’ cee pn/Qn) € INn

Moreover, any proper holomorphic mapping F: £, — [, is, up to an auto-
morphism of £, of the form

F(z) = (zfl/q‘,...,z,f"/q"), z=1(z1,...,2n) € Ep.

In particular, any proper holomorphic mapping F : £, — [, is an automor-
phism (see [Ale 1977] for the case [, = By).
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Remark 2.5.20. The implication (ii) = (i) is obvious and remains true for arbitrary
p.q € RZ,. We do not know whether the implication (i) = (ii) remains true.

Theorem* 2.5.21 ([Lan 1989]). (a) If n > 3, then for arbitrary p,q € N" the
following conditions are equivalent:
(i) there exists a proper holomorphic mapping F: [p 1 — Fgn_1;
(i) A= eN:s;:=Uq—pn)/qg €Z:j=1,....n—1} # & and
ri=pi/gieN, j=1....n—1
Moreover, any proper holomorphic mapping F: F, 1 — Fyn—1 is, up to an

automorphism of Fy ,—1, of the form

F(z) = ('8, .. 20m s 2, te A

 Zy
(b) If n = 2, then for arbitrary p,q € N? the following conditions are equiva-
lent:

(1) F: Fp,1 — Fy,1 is a proper holomorphic mapping;
(i) F(z1,22)
(&1 Zﬁqz/ql—kpz/mzl o zﬁ) if p2/p1 & N,
= tg2/q1 —kp2/p1 € Z,
(61277 B(z212;72/71), 022) if pa/p1 € N L2 /g1 € N,
where £1,(, € T, k,£ € N, and B is a finite Blaschke product.

Remark 2.5.22. (a) In the case n > 3 the implication (ii) = (i) is elementary and
remains true for arbitrary p, g € R% . Indeed

n—1 n—1
F,(z)| "2 Fi(2)|2 = |z,|2tn 20|25 |z, |2 U
J J

Jj=1 j=1
n—1 n—
= Z |Zn|2(€qn/q,'—pn/q,')qj—ﬂqn|Zj|2pj = |z, 727" Z |z; 277
j=1 '
Observe that F is biholomorphic iff £ = ry = -+ = r,_y = 1iff p; = ¢;,

J=1L1...,n—1and (pn —qn)/pj € Z, j = 1,...,n — 1. In particular,
there are p,q € N” such that F,,—1 # Fy,—1 but Fp 1 ~ F4n—1. Take for
instance p; = ¢q;, j = 1,...,n — 1, and p, # g, such that (p, —q.)/p; € Z,
j=1....,n—1

We do not know whether the implication (i) = (ii) remains true.

(b) In the case n = 2 the implication (ii) = (i) is elementary and remains true
for arbitrary p,q € R2,. Indeed

(Iz1]]z2|7P2/P)2ka1 i py/py ¢ N,

Fo(2)| 7292 | Fy (z) |29 =
REOFERE B1z; /PP if pa/pr € N,



2.5*. Miscellanea 215

Observe that F is biholomorphic iff

t=k=1,q/q—p2/pr €Z ifpr/p1 ¢ N,
ZZI,BEAut(D),L]z/ql e N ifpz/pl € N.

We do not know whether the implication (i) = (ii) remains true.

Theorem* 2.5.23. Assume that p € N, 2 <s <n —2.
(a) ([Che-Xu 2001]) The following conditions are equivalent:

(i) there exists a proper holomorphic mapping F: Fp s — [Fp g,
(ii) there exist permutations 0 € &g and § € ©,_g such that ps(j)/p; € N,
j= 1,...,s, ps+8(k)/Ps+k eN,k=1,....,n—s.
(b) ([Che-Xu 2002]) Any proper holomorphic mapping F: [, — [Fp 5 is an
automorphism (cf. Theorem 2.5.16).

Let ¢ € C*°([0, 1], R4 ) be such that there exists an / € (0, 1) for which
* ¢l =0,
e o()=1,
e ¢ >0and¢” >00n]0,1],
e ¢ >0and¢” >0o0n (h1).
Define
Dyp={(z1.22) € D* : |21 > + ¢(|22|?) < 1}.

Exercise 2.5.24. (a) D,y is a normalized (cf. (2.3.1)) bounded pseudoconvex
complete Reinhardt domain with (3D) x (D) C 0D .

(b) Dy ¢ {D?, E1,0), E(,1). @ > 0}. Consequently, by the Thullen The-
orem 2.3.6, every biholomorphic mapping F': Dy, p, — Dy, n, is of the form

F = Ty for some { € T2. Hence, Dy, p, L Dy, i, iff by = hp and 1 = @.

(c) Dy is strongly pseudoconvex at a boundary point a = (a,az) € 3Dy p,
iff |az| > h (cf. § 1.18%). In particular, the set of weakly pseudoconvex boundary
points is not contained in V.

Theorem* 2.5.25 ([Lan-Pat 1993]). The following conditions are equivalent:
(i) there exists a proper holomorphic mapping F: Dy, pn, — Dy, h,s
(ii) there exist m € N and Cy,¢; € T such that:
o Ny =ht, e1(t) = 2(™), t €[0,1],
o F(z) =(8121,8223"), z = (21, 22) € Dy ;-

Theorem* 2.5.26 ([Lan 1994]). Let D C C? be a bounded smooth pseudocon-
vex complete Reinhardt domain whose weakly pseudoconvex boundary points are
contained in V. Then any proper holomorphic mapping F: D — D is an auto-
morphism.
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Theorem* 2.5.27 ([Lan-Pin 1995]). Let D1, D, C C? be bounded pseudoconvex
complete Reinhardt domains such that there exist a complex analytic variety W and
an open neighborhood U of a point a € 0Dy such that W N U C dD;. Then any
proper holomorphic mapping F = (Fy, F»): D1 — D5 is such that Fy and F,
depend only on one variable.
Moreover, if D1 = D5 is not a bidisc, then F has the form
F(z1,22) = (5120(1), szo(z)),

where £1,8, € T, 0 € Gs.

Theorem* 2.5.28 ([Ber-Pin 1995], [Lan-Spi 1996], [Spi 1998]). Let D1, D, C C?
be bounded complete Reinhardt domains such that at least one of them is neither a
bidisc nor a complex ellipsoid. Then any proper holomorphic mapping F: D1 —
D, has the form

F(le 22) = (CIZ;n(ll)chZ;n(zz))s
wherec; € C,m; e N, j =1,2,0 € G,.

Moreover; if D1 = D5, then F has the form

F(z1,22) = (&1Z6(1): $2Z0(2))

where 1,5 € T, 0 € Gs.

Remark 2.5.29. The full description of proper holomorphic mappings F: D; —
D,, where Dy, D, C C? are bounded Reinhardt domains, may be found in
[Isa-Kru 2006].

For the case of proper holomorphic mappings between unbounded Reinhardt
domains we mention the following result.

Theorem* 2.5.30 ([Edi-Zwo 1999]). Let a, f € Z2 and let

F
C2> Dy, — Dg C C?
be a proper holomorphic mapping. Then
F(z) = (HYP1(z%) 2% ok p=1/B2 (52)),

or
F(z) = (HYP1(z%)zE cz2 H= VB2 (2%)),

where H € O(D,Cy), ¢ € T, and ky,k,,41,45 € Z 4+ are such that
Bk = a1Baka, a1B1l1 = azxf2ls;

compare with Theorems 2.4.5, 2.4.7.
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Theorem* 2.5.31 ([Din-Pri 1987]). Let D C C" be a Reinhardt domain and let
F: D — E, be a polynomial proper mapping with p € N*. Then F(z) =
(Zf1 R Z,‘,l”) withdy,...,d, € N, upto actionof T" on D and an automorphism
bih

of[Ep.15 Moreover, D & E, withq; :==d;p;, j =1,...,n.
Theorem* 2.5.32 ([Din-Pri 1988]). Let D C C" be a Reinhardt domain with
0 € D and let p € N". Then the following conditions are equivalent:

(i) there exists a proper holomorphic mapping F: D — [Ep;

(ii) there exists a proper polynomial mapping F: D — [Ep.
Theorem* 2.5.33 ([Din-Pri 1989]). Let D, C C" be a Reinhardt domain and
let Dy C C" be a bounded simply connected strictly pseudoconvex domain with

C° boundary. Then any proper holomorphic map F: Dy — D is, up to an
automorphism of D», of the form F(z) = (Zfl1 e ,Z,”,l”) withdy,...,d, € N.

Remark 2.5.34. Fora = (a1, a2) € (R?)x and 0 < r~ <r™ < +oolet
Dy -+ = 1(z1,22) € CHo): r~ < |2% < rt).

Recently L. Kosinski [Kos 2007] gave the full characterization of all proper holo-
morphic mappings F: Dy, ,— .+ — Dg g— gp+. More precisely, let

P, :=A(l/r,r), Dy, :={(z1,22) € C*: 1/r <|z1||z2|” <1},
yeR\Q, r>1.

One may prove (EXERCISE) that D, ,— .+ is algebraically equivalent to a domain
of one of the following three types:

Pr X (]:, ifO(lolz = 0,
Pr xCy, ifaz/o; € Qux, 2.5.4)
Dy, ify:=a/o ¢ Q.

If Dy, D, are of type (2.5.4), then there are no proper holomorphic mappings
F: Dy — D, except for the following four cases:

(1) Dy = PrxC,Dy = PrmxC(m € N), F(z) = ({z5™, P(z)),where € T,
e € {11}, P(z) = Y\ Pi(z0)z3, N € N, Py.,....Py € O(P,),
P(zy,-) £ const, z; € Py

(2) Dy = P, xCy, Dy = P;m x C (m € N), F(z) = ({25™,2;% P(2)), where
teT ee{-11} P(z) = XN Pi(z0)z3. k. N € N,O < k < N,

Po.....Py € O(Py), Y520 |Pi(z0)] > 0. X0y 41 |Pi(z1)| > 0, 21 € Py

15That is, there exist { € T” and @ € Aut(E,) such that @ o F o T¢(z) = (zijl s, zmy,
z€D.
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(3) D1 =P, xCy, Dy = Prm xCyx(m e N), F(z) = ({me,zlz‘g(zl)),where
teT,ee{-1,1}keZi gecOFP).
4) Dy =Dy, Dy = Ds g with
log R
logr

log R
— k1 + 046, yf’i — ko + £28
ogr

for some k = (ki,kz), £ = (£1.4») € Z2, F(z) = (az®, bz%), ¢ €
{—1,1}, a,b € C, |a||b|® = 1.

2.5.4 Non-compact automorphism groups

Theorem* 2.5.35 ([Bed-Pin 1998] (see also [Bed-Pin 1988])). Let D C C? be a
bounded domain with real analytic boundary such that Aut(D) is non-compact.'®
Then

bih
D~ Eqm ={(z1.22) € C* 1 |21 > + [z < 1},
where m € N. In particular, D admits a proper holomorphic mapping onto B,.

We say that a bounded domain D C C” with smooth boundary is of finite type
if there exists an m € N such that for every point a € dD and for every complex
one-dimensional manifold V' passing through a, the order of contact of dD and V
does not exceed m, i.e. for any @ € dD and ¢ € O(D,C") with ¢(0) = a we
have ordg(u o ¢) < m for any local defining function u: U — R defined in a
neighborhood U of a with ¢(D) C U.

Notice that Theorem 2.5.35 remains true if D is a pseudoconvex domain with
smooth boundary of finite type.

Theorem* 2.5.36 ([Bed-Pin 1991]). Let D C C"*! be a bounded pseudoconvex
domain with smooth boundary of finite type such that Aut(D) is non-compact.
Assume that the Levi form of a defining function of D has rank at least n — 1 at
each boundary point. Then

n
bih
D~ Ea,..im = {(zl,...,zn,w) eC"xC:|w*+ Z |Zj|2 < 1},
j=1

where m € N.

Theorem* 2.5.37 ([Bed-Pin 1994]). Let D C C"*! be a convex bounded domain
with smooth boundary of finite type such that Aut(D) is non-compact. Then there
existmy,...,m, € Nanday,pg = agq € C such that

ih
D= {(z,w) eC"xC:|w)?+ Zaa,ﬂz"‘zﬂ < 1},

15That is, there exist a point @ € D and a sequence (,)5°; C Aut(D) such that @, (a) — dD.
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where the sum is taken over all a, B € Z" with ay/my + -+ + ap/my, = 1 and
Bi/my+ -+ Bn/mn = 1.

Theorem* 2.5.38 ([FIK 1996a]). Let D C C"*! be a bounded Reinhardt domain
with C%°-smooth boundary such that Aut(D) is non-compact. Then

bih
D ~{(z,w) eC"xC:|w|*>+ P(z1],....|za]) < 1},

up to permutation and rescaling of variables, where P is a non-negative polynomial
with real coefficients.

The case where dD is only of class ek was solved in [Isa-Kra 1997] — in this
case P is a non-negative e*_function.

Theorem* 2.5.39 ([Isa-Kra 1998])). Let D C C? be a hyperbolic Reinhardt do-
main with CX-smooth boundary (k > 1) such that D N Vy # @ and Aut(D) is
non-compact. Then D is algebraically equivalent to one of the following three types
of domains:

o {(21.22) € C?: |z1|® + |z2|*™ < 1}, wherem < 0 orm >k orm € N;

° {(Z],Zz) eDxC: (1_|1

AL e R
e < |22l < gome } where 1 < R < 400,

a >0
o {(z1,22) € C? : exp(B|z1|?) < |z2] < Rexp(B|z1]?)}, where 1 < R <
400, B € Ry and (R = +o00 = B > 0).

Remark 2.5.40. (a) Some of the above results may give the impression that every
domain with non-compact automorphism group is biholomorphic to a Reinhardt do-
main. This is not true — the following bounded pseudoconvex circular domain with
real analytic boundary and non-compact automorphism group is not biholomorphic
to any Reinhardt domain ([FIK 1996b]):

{(z1.22.23) € C* 1 |21 + |z2|* + |z3|* + (Gaz3 + Z322)* < 1}

(b) In [KKS 2005] the reader may find a characterization of those “analytic
polyhedra” in C? whose automorphism groups are not compact.

(c) For general domains with non-compact automorphism groups the reader
may contact the survey article [Isa-Kra 1999].



Chapter 3

Reinhardt domains of existence of special classes of
holomorphic functions

3.1 General theory

Let D be a Reinhardt domain of holomorphy and let 8 C @ (D) be a natural Fréchet
space (cf. § 1.10), e.g. 8§ = HK(D), AK(D), L,f”‘(D), oM (D), OO (D),
cf. Example 1.10.7. Our aim is to find geometric characterizations of those Rein-
hardt domains D which are §-domains of holomorphy. We like to point out that
such geometric characterizations are not known for more general classes of do-
mains (e.g. balanced domains of holomorphy). Except for § 3.1, all results pre-

sented in this chapter are more elaborated and detailed versions of some results
from [Jar-Pfl 2000], § 4.1.

Remark 3.1.1. Consider the case where § = O™)(D) (Example 1.10.7 (f)).

(a) First recall some known general results. Let G C C” be a domain of
holomorphy (Reinhardt or not). Then:

e ([Jar-Pfl 2000], Corollary 4.3.9.) G is an @ ?"+#)(G)-domain of holomor-
phy for any ¢ > 0.

e ([Jar-Pfl 2000], Corollary 4.3.9.) If G is a bounded domain, then G is an
O +#)(G)-domain of holomorphy for any & > 0.

e ([Jar-Pfl 2000], Theorem 4.2.7.) If G is bounded and fat, then G is an
lel (G)-domain of holomorphy; in particular, in this case G is an @™ (G)-domain
of holomorphy (cf. Example 1.10.7 (c), (f), (g)).

We do not know whether the above results are optimal, e.g. whether there
existsa jt < 7 such that every bounded fat domain of holomorphy is an @ “)-domain
of holomorphy.

(b) In contrast to the above general situation, in the case where D is a Reinhardt
domain of holomorphy, we are able to show that:

e D is an @M-domain of holomorphy (Theorem 3.4.4).

e If D is fat, then D is an 9®-domain of holomorphy for any & > 0 (Theo-
rem 3.4.3).

The following notion will be useful in the sequel.

Definition 3.1.2. Let D C C” be a Reinhardt domain. We say that a natural Fréchet
space 8 C O(D) is regular if for every function f € & with the Laurent expansion

f(z) = Z aof;z“, zeD,

aeZn
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we have:
e %c8 acX(f)={aecZ": al #0)
e the set {a({z“ o € X(f)}is bounded in & (cf. Definition 1.10.3).

Remark 3.1.3. Observe that there are natural Fréchet spaces which are not regular.
For example, § := C - f, where f € O(D) is not a “monomial” of the form cz%.

Example 3.1.4 (Examples of regular natural Fréchet spaces). (a) § = O (D).

Indeed, by the Cauchy inequalities, for any Reinhardt compact set K C D we
have [lag 2% < || fllx. @ € Z(f).

(b) 8 = HX(D).

Indeed, by the Cauchy inequalities, we have ||a0{ z*Ilenp = | flBeynD>
aeX(f),r>0.

(c) & = H>°(D).

Indeed, by the Cauchy inequalities we have ||a0{2“ o <Iflp,a € Z(f).

(d) 8 = 0N (D) (N > 0).

Indeed, the function dp is invariant under n-rotations. Hence, using once again
the Cauchy inequalities, forr € D N R”,, @ € Z(f), we get

>0

SN (M)al r®| < 85 M f laoery = 185 flaopry < 118N flip-

Thus (|85 ad 2% (b < 185 £ lp. @ € B(f).

()8 =Ly (D) (1 < p < +00) (cf. Example 1.10.7 (c)).

(f) 8 = A(D) in the case where D satisfies the Fu condition.

Indeed, in virtue of (b), we only need to observe that z* € (D), « € Z(f)
(EXERCISE).

Remark 3.1.5. (a) Let §; be a natural Fréchet space in @ (D) with the topology
T(Q;) generated by a countable family Q; of seminorms, j € N. Consider the
space 8 := ) ;en §j with the topology generated by the family U;’;l Ojls. We
know that § is also a natural Fréchet space in @ (D) (Remark 1.10.7 (h)).

Observe that if each space §; is regular, then § is regular.

In particular, the spaces Ly (D), OO (D) are regular.

(b) Let A C Z", 0 € A, and suppose that &, is a natural Fréchet space in
O (D) with the topology 7 (Q,) given by a countable family of seminorms Q,,
v € A. Define 84 := {f € O(D) : D’f € §,, v € A}. We know that 84 is
a natural Fréchet space with the topology generated by the family of seminorms
842 f—>q(D'f),ve A qge Q, Remark 1.10.7 (i)).

Observe that if each space &, is regular, then 84 is regular.

Indeed, if f(z) = ) yezn alz%, z € D, then

DVf(z) = Z D¥al z%) = Z w(Malz*v, zeD.
aeX(f) aeZ(f), (¢)#0
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Hence, for every v € A, the set {D“(aérz"‘) :a € X(f)}is bounded in &, which
implies that the set {ao{z“ s € X(f)}is bounded in 8y.
In particular, the natural Fréchet spaces J¢°° (D), J2°K (D), L,’l”k (D) and

loc

L;’k(D) (k € N U {oo}) are regular. Moreover, the space A (D) is regular
provided that D satisfies the Fu condition.

Proposition 3.1.6. Let @ # D ~>C" be a fat Reinhardt domain andlet 8 C O(D)
be a regular Fréchet space. Then the following conditions are equivalent:
(1) D is an 8-domain of holomorphy;

(ii) thereexistsan f € 8, f(z) =Y yezn a,{z"‘, z € D, such that the set ()
is unbounded and

D ={zeC"E(f):v"(2) <1},

where v(z) := limsup |aZ z¢|'/1¥], z € C*(Z(f));

la|—>—+o0

(il") thereexistsan f € 8, f(2) =) yezn a({z"‘, z € D, such that the set Z( f)
is unbounded and

D = G(int ﬂ {ze([j"(z(f)):lao{za|<l});
v=1

a€X(f): |al=v

(iii) there exist an unbounded set & C (Z")x (X C (Z"))« if 0 € D) and
(ca)aes C Rag with (1.15.1)" such that:
- D ={z € C(2) : v*(z) < 1}, where v(z) := limsup |cqz®|'/1?],
z e Cn(z)’ |41|—>+OO
- z%e 8, a el andthe set {cqz® : @ € X} is bounded in §;
(iii") there exist an unbounded set & C (Z")s« (X C (Z%)« if 0 € D) and

(c)aex C Rsg with (1.15.1) such that:

-D =52, (intNges: ajsviZ € C(D) : calz®¥] < 1}),
—-z% e 8, a € X, and the set {cqz% : o € X} is bounded in §;

(iv) for every point a € C" \ D there exist sequences ()2, C (Z")«
((@(k)p2, C(Z%)« if0 € D) and (d (k)2 C R=q such that:
= la (k)] = +oo,
- D Cc C"(X), where & := {a(k) : k € N},
— z20) ¢ 8 k € N, and the set {d(k)z“(k) 1k € N} is bounded in 8,
- d(k)|a*®| > +o0.

IThat is, sup{cd/'*! 1 @ € T} < +o0.
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Observe that condition (iii’) gives an effective geometric characterization of
&-domains of holomorphy. Notice that the result need not be true for non-regular
natural Fréchet spaces (cf. Remark 3.1.3).

Proof. The equivalences (ii) < (ii’) and (iii) < (iii’) follow from Lemma 1.15.13.

(i) = (ii): By Proposition 1.11.11, there exists an f € & such that D is the
domain of existence of f. Let f(z) = ) ,ezn a({z"‘, z € D, be the Laurent
expansion of /. By Proposition 1.11.6 the domain of convergence Dy of the above
series is a domain of holomorphy. Thus D = Dy. In the case where X ( f) is finite
we have Dy = C"(X(f)), which contradicts our assumption that D ~>C" is fat.
Now, it remains to use Proposition 1.15.15.

(ii) = (ii): Put X := Z(f)«, cq 1= |a,{|. The regularity of § implies that the
set {ao’:z"‘ :a € X} is bounded in §.

(iii) = (iv): Fixa pointa € C" \ D. By Lemma 1.15.13 (h), v(a) = v*(a) >
n > 1. Thus, there exists a sequence (a(k))p2, C X such that |a (k)| — +oo and
ca(k)|a°‘(k)| > n""(k)| — 400, k — +o00.

(iv) = (i): Suppose that D is not an §-domain of holomorphy and let Dy,
D be as in Proposition 1.11.2 (*). Since D is fat, we may assume that D c (S
and that there exists a point a € D \D. Let Q = {g; : i € N} be a countable
family of seminorms generating the topology of § with ¢; < ¢g; 41,7 € N. Since
& is a natural Fréchet space, the extension operator § > g +— g € (9(5) is
continuous (Remark 1.11.3 (n)). In particular, there exist C > 0 and ip € N such
that |g(a)| < Cqi,(g), g € 8. Since the set {d(k)z*® : k € N} is bounded in 8,
there exists a constant M > 0 such that g;, (d (k)z*®) < M,k € N. In particular,
d(k)|a®®| < CM, k € N; a contradiction. |

Proposition 3.1.7. Let @ # D ~>C" be a Reinhardt domain and let 8 C #H°°(D)
be a natural Banach algebra which is moreover regular (e.g. 8 = H°* (D) with
the norm || f || s := 2K max{| D f |p : |v| < k}; ¢f. Example 1.10.7 (j)). Then the
following conditions are equivalent:

(1) D is an &-domain of holomorphy;

(ii) thereexistsan f € 8, ||flls < LI fllp <1, f(2) = > gyezn aO{Z"‘, z€D,
such that the set X ( f) is unbounded and

D ={zeC"(Z(f):u'(z) <1},

where u(z) = sup{lal 2%/ : ¢ € T(f)s}, z € CHE(S));

(il') thereexistsan f € 8, | flls <L | flp <L f(2) =) yezn a‘{z"‘, z €D,
such that the set X ( f) is unbounded and

D =int ﬂ {zeC"(Z())): |a({Z°‘| < 1};
acX(f)
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(iii) there exist ¥ C (Z")x (¥ C (Z")« if 0 € D) and (ca)acz C Rso with
(1.15.1) such that:
o D ={zeCZ):u*(z) < 1}, where u(z) := sup{|caz®|"/1® : a €
¥}, z € CH(D),
o z%c Sand|cyz%|s <1, aeX;

(iii") there exist £ C (Z")« (X C (Z%)« if 0 € D) and (ca)aecs C Rso with
(1.15.1) such that:
e D =int(\yexiz € C"(2) : calz*| < 1},
o z*c Sand|cyz%||s <1, a € X.

Proof. The equivalences (ii) < (ii’) and (iii) < (iii’") follow from Lemma 1.15.13.
(i) = (ii): There exists an f € & such that D is the domain of existence of
f (Proposition 1.11.11). We may assume that || f|ls < 1, |fllp < 1. Since

f is not holomorphically continuable beyond D, D coincides with the domain
of convergence of the Laurent series ) _,czn ao{ z% of f. Observe that X(f) is
unbounded (because D is fat (cf. Corollary 1.11.4(a))). It remains to apply the
second part of Proposition 1.15.15.

The implication (ii) = (iii) follows from the regularity of § (cf. the proof of
Proposition 3.1.6).

(ili) = (i): Notice that, by (iii’), D must be fat. Suppose that D is not an
&-domain of holomorphy and let Dy and D be as usual. We may assume that
D c C™(%). Since § is a natural Banach algebra, we have gl <llglls.g €8

(Remark 1.11.3 (n)). In particular, ||(:O[Z"‘||1D~/W| <1,a € . Hence u* < 1 on D.

Since & # Do C DN D, the maximum principle implies that u* < 1 on D. Thus
D C D; a contradiction. a

Corollary 3.1.8. Let D ~>C" be a Reinhardt domain and let k € Z . Then the
following conditions are equivalent:

() D is an H K -domain of holomorphy;
(i)
D = int ﬂ Doz,c(oz)»

aEeX

where ¥ C (Z™)«, c: ¥ — R, and
2FBY(§) e @2 Plp <1, ae, |Bl <k, (§) #0.

In particular, Dy (o0 # 0) is an K Kk _domain of holomorphy iff k = 0 and
aelR-Z".

Exercise 3.1.9. Prove that #°* (D, .) ~ C for k > 1.
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3.2 Elementary Reinhardt domains

This section is devoted to the most elementary case where D = Dy . is an ele-
mentary Reinhardt domain. The reader should consider the results below as an
illustration of problems we will meet in the sequel.

Theorem 3.2.1 ([Jar-Pfl 1987]). Let D := D, be an elementary Reinhardt do-
main with a € (R")4.> Then:
(a) Forany N > 0 the domain D is an O _domain of holomorphy.
(b) Foreveryk € Z 4 the domain D is an AK -domain of holomorphy.
(c) The following conditions are equivalent:
(1) D is an H°°-domain of holomorphy;
(i) D is an O -domain of holomorphy;
(iii)) ¢ € R- Z".
(d) Ifa ¢ R-Z", then (D) ~ C.
e Ifa = (x1,...,an) € Z" and aq, ..., o, are relatively prime, then the
operator
H®(D) > g g e HX(D),

where g(z) := g(e™z%), z € D, defines a Banach algebra isomorphism
v
H (D) — H*(D).

) Ifa € R-Z", then (D) ~>OCT) (D) and, consequently, #°(D) is of
the first Baire category in QT (D).
(2) L,’:(D) = {0}, so D is never an Li—domain of holomorphy, 1 < p < +o0.

Observe that the only problem in (e) is to prove that ¥ is surjective. Indeed,
since Dy C {e7€z%:z € D}, wesee that ||Z|lp = |lgllp-

Proof. We may assume that « € R? (EXERCISE). Moreover, we may assume that
o1, ..y g >0, 00541,...,0, <0forsome0 <s <n.

(a) Fix an N > 0 and suppose that D is not an @ ®™)-domain of holomorphy.
Let Do, D be as in Proposition 1.11.2 (*) with 8 = O™)(D). Since D is fat, we
may assume that D C C”.

Put ¢ := N/(3n). By the Kronecker theorem (cf. p. 97), there exist sequences

(i) CN, j=1,...,n, (gv)52; C N

such that
|pjv—qulejll <e, j=1,...,n, ¢y, — +oo.

>Thatis, D C". Recall that D is a fat log-convex domain with log D = Hy .
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We may assume that ¢, > e(1/a; +---+ 1/ag), v =1,2,.... Put
gu(z) 1= eT et Py g P P e C(a).
Observe that
1gv(2)|V? — e7¢|2%| =: 0(z), z e C"(a)=C*xC"™.

Suppose for a moment that we already know that (S'g lgvl < 1,v=1,2,....
Then, by Remark 1.11.3 (n) (with § = @) (D)), for every compact K C D there
exists a constant Cg > 0 such that |[g,[| g < CK, v=1,2,.... Hence 6(z) <1
forz € K and, consequently, 8(z) < 1 for z € D The maximum pr1nc1ple for
the plurisubharmonic function 6 gives 6 < 1 on D, which implies that DcC D;a
contradiction.

We move to the proof of the estimate Sg(z)|g,,(z)| <l,zeD,v=1,2,....
Fix an a € D. We may assume that a ¢ Vy (EXERCISE). Let n := 8(a) € (0, 1).
For j € {l,...,n}, put o= (al,...,a‘/_l,n_l/"‘f'a,,',a,,‘+1,...,an) € dD.
Consequently, .

pp(@) < lla =] = |1 — 5/ ||a; .

Put I :={j €{l,...,n}:|a;| > 1}. Forv € N we have

A . .
ndv lgv@] _ 4, N < nql’(njel |aj|)8

ntv [Tiogy laj|Prvtaves = [1igrla)l

lgv(a)| =

Finally,
53 (@)|gv(@)| < 53" (@)} (a)|gv(@)]
1/a: [Tierlaj\°
< qv 5271 <| | 1— 1/0‘] ) J )
7] ( 0 (a) P | n ||a]| 1—[/¢I |a]|

£
< (n—(l/a1+-~~+1/as)5§n (a) l_[ |aj |2)

jel

3

< 77‘111_(1/‘11“""""‘1/“.\‘)8 < 1, v = 1’2

which finishes the proof of the estimate.

(b) Fix a k € Z and suppose that D is not an A¥-domain of holomorphy.
Let Do, D be as in Proposition 1.11.2 (*) with § = A¥ (D) We may assume that
D C C". Take an ¢ > 0 so small that D ¢ Dy .+ =: G. By (a) (applied to
D, .+¢) and Proposition 1.11.11, there exists an f € (9(1)(G) such that G is the
domain of existence of f. We are going to show that z3¥+31 f e A¥(D), which
obviously will contradict the fact that f is not continuable beyond G.

Wehave [1—np~ V% | <p~ V% forj = 1,...,s,and [1—p~ V% | < 1forj = s+1,...,n
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It suffices to prove thatif 1 <s <n — 1, then

_lim Bk —opTry =0, ae@D)\C"().* |o|+ |t| <k.
DNC"(a)3z—a

(3.2.1)

First observe that there exists a neighborhood U of the set (D) \ C"(«) such
that

dg(z) = |22, zeUNDNC" (). (3.2.2)

Indeed, fix an @ = (ay,...,a,) € (0D) \ C*«). Note that aj---as; =
asy1:-an = 0. We only need to prove that there exists a neighborhood U of
a such that P(z,|z2]) C G forany z € U N D \ ¥ (EXERCISE). Let U be a
neighborhood of a such that [z27¢/| < 1,z e U, j = 1,...,n, and

1_[(1 + |22 )% ]_[ 1=z )% <e®, zel.

J=s+1
Then
S n
[T0z1+1220% [T (21— 122D
Jj=1 Jj=s+1
— |leot1 3 |Zn|0tn l_[(l + |ZZ e; )(x, l—[ (1 2 e )otj < eC-i-b"

Jj=s+1

z € U N Dy, which shows that P(z, |z2]) C G,z e U N D \ V.
We need the following lemma.

Lemma 3.2.2. Let 2 C C" be open and let §: §2 — (0, 1] be a function such that
e §=<pqo,
o [6(z') —8(z")| = |2/ = 2"
ple 1.10.7 (g)).
Then

1Y DTl o < e!(V/m) 2N T §N gl o, N >0, 1€ Z%, g € O(R).
Proof of Lemma 3.2.2. Fix N, 7, g, and a € 2. Let r := 39 < lgo(a).

2Jn =
Observe that §(z) > %S(a), z € P(a, r). By the Cauchy inequalities we get

|, 2/ € 2, 2/ € B, pe(z)) (¢ Exam-

7!
V@) D (@) = 8" @) lgle@n = 2@V Y @llglpn

< tl@Vm)T2Y 18V gllpn < (V) T2V I8V g o,
which finishes the proof of the lemma. a

“Ifa € (AD)NC" (@), thena € G and, consequently, the function zBk+EI1=0 DT £ 5 obviously
continuous at a@. Observe that (D) \ C" (@) C G \ C"(x) C 9G.
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We come back to (3.2.1).
Fix ana € (D) \ C"(«x). By Lemma 3.2.2, we get

SLYFIDTf| < coon G, |t <k,

where c is a constant. Consequently, for z € U N D N C"(«), z near a (z should
be so near a that §g(z) = pg(z)), using (3.2.2) we get

— — — k — — k
|Z(3k+3)1 oDrf(Z)| < C0|Z(3k+3)1 a|5G(1+ )(Z) < 01|Z(3k+3)1 a|dG(1+ )(Z)

(3k+3)1—a—2(1+k)1| — Cllz(k+1)l—a| 0

E 61|Z zZ—a

where c; is independent of z, which proves (3.2.1).

(c) The equivalence (i) < (iii) follows from Corollary 3.1.8. The implication
(i) = (ii) is obvious. It remains to show that (ii) = (iii).

Suppose that @ ¢ R - Z". Take an f € O©T) (D),

f(z) = Z a{z", z € D.
veX(f)

To get a contradiction we will show that f = const.

Suppose that there exists a v € X (f)«. Let w € R” be such that w L «,
|w| = 1,and s := (w,v) > 0. Fix0 < N < s and x° € H,.. Note that
x%+tw € Hye,t € R Putr(t) := e* v 1 € R. Since r(t) € D, the Cauchy
inequalities imply (cf. Example 3.1.4 (d)):

af| < 1/ Maoperay _ 183 f llao®ery)

VT () T )N ()
o IS5l o183 flp
B (e'S/NSp(r(t))N ~ MN

where M := sup{Sp (r(t))e’/N : t € R}. It suffices to show that M = +o0.
Suppose that M < 4+o00. Put T := {t € R~¢ : pp(r(2)) > So(r(¢))}. Ift € T,
then

e—2ts/N + iez(x})-i-twj—ts/N) > M—Z.
j=1
Consequently, 7" is bounded. Therefore, 6p (7(t)) = pp(r(¢)) fort > to. Now, we
estimate pp.

Let d := dist(x* + Rw,dH, ) = dist(x°,0H,.). Fixat € Rand z €
(0D) \ W such that pp (r(t)) > %HZ —r(@)|. Write |z;| = rj(t)e*/ (uj € R),
Jj =1,...,n. Note that ||u|| > d. Fixa j = j(¢) such that |u;| > d/\/n. Then
we obtain

pp(r(t)) = L|z; = rj ()| = Alzj| — r; ()] = Lrj ()| — 1] = dor; (1),
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where dy = %(1 — e~d/Vn), Finally, choose jj such that there is a sequence
()72, C [to, +00) with j(tx) = jo for all k and limg_, o txr = oc. Then

0 .
M = pp(r(1))e'*/N = doe™so TN s o0,
k—o00

a contradiction.
(d) Let f € H®(D), f(z) = D ,ezn a,{z", z € D. In view of Proposi-
tion 1.6.5 (b), for v € ('), we have

[y

Hx,c C I{v,c(v)’ C(U) = log 7
|ay |

Consequently, () C (R4 -a)NZ". Inparticular, if ¢ R-Z", then f = const.
(e)For f =3 gezn a/_{;zﬂ € H*°(D) define

o0
g = Za,{aekclk, A e D.
k=0

Since Dy« C {7 ¢z% : z € D} C D, for every A € D there exists a z € D such
that A = e “z%. We know that X(f) C (R4 - o) N Z". Observe that in fact

¥(f) C Z4+ -« (because ay, . . .,y are relatively prime). Thus
S oo
> laf e eAk| = > laf e*¢ (e 2k | = > Iagzﬁl < +o00
k=0 k=0 Bezn

and, therefore, g is well defined, g € O(D), and g(z) = g(e “z%) = f(z2),z € D.
Hence, g € #°°(D) and ¥(g) = f.

(f) Recall (Example 1.10.7 (j)) that the inclusion #*°(D) — O (D) is con-
tinuous. Consequently, by the Banach theorem (Theorem 1.10.4), either #°*°(D) =
OO (D) or H°(D) is of first Baire category in the Fréchet space @ ©) (D).

Define

1
f(z):==Log———, zeD,
l—e¢

Z(X

where Log stands for the principal branch of the logarithm. Obviously, f is holo-
morphic and unbounded. We are going to prove that f € @) (D). Fixan N > 0.
Then

| f(2)| <7 +log zeD,

1
1-6(z)
where 0(z) := e ¢|z%|, z € D. In particular,

SN f(2)] <7 +1log2 if O(z) < 1/2.
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Recall (cf. the proof of (a)) that
pp(z) < |1 =07V (2)||z,], z e D.
Suppose that 1/2 < 8(z) < 1. Then
pp(2) =27 (1 =07(2))|zal,

where y := 1/|oy,|. Finally,

1 2/N
85PN < 80(2)27 (1 — 9“2))'2”'(” log 77— e<z‘>)

2/N
<2'(1 — 9”(2))(71 + log 1_;0(2)) .

Since

2/N
6}lim (1- 6”)(71 + log ) =0 (EXERCISE),
—>1—

1-6
we conclude that Sg f is bounded.

(g) Suppose that Li(D) # {0} for some 1 < p < 4o00. Then, by Exam-
ple 3.1.4 (e), there exists a v € (Z")4 such that z¥ € L}’;(D). On the other hand
we have

/ 2P dAgn(z) = Q)" / P AL ()
D R(D)
= Q27)" / P2 AL (x).
Hy ¢

We may assume that «;, # 0. Changing the variables
Hye>x = (' x,) ~ (X', {a,x)) € R" x (—o0,¢)

and, next, applying the Fubini theorem shows that the latter integral is infinite
(EXERCISE); a contradiction. O

3.3 Maximal affine subspace of a convex set 11

The present section is a continuation of § 1.4.

Definition 3.3.1. A log-convex Reinhardt domain D C C” is of rational (resp. ir-
rational) type if E (log D) is of rational (resp. irrational) type.

Exercise 3.3.2 (Cf. Exercise 1.4.9). Let
D :={(z1,22) € C? : c|z1|"* < |z2| < d|z1|*} (c.d,p > 0).

Decide when D is of rational type.



3.3. Maximal affine subspace of a convex set I 231

Remark 3.3.3. Let D C C” be a fat log-convex Reinhardt domain. Then D is of
rational type iff D = int (), )4 Do,c, Where A C Z" x R (cf. Lemma 1.4.11 (iv),
Remarks 1.5.7 (e), 1.5.8 (b)).

Definition 3.3.4. Let X C R” be a convex domain. Define

F(X):=(EX)tn@"*, Z(X):=X+ F(X),
Ko(X) =X, K;(X):=Z(K; (X)), j=12...,

Koo(X) := | K;(X).  M(X) := E(Kw(X)).
j=0

Remark 3.3.5. (a) Recall that E(X) C F(X) and E(X) = F(X) iff X is of
rational type (Remark 1.4.4 (c) (v)).
(b) Z(X) is a convex domain, X C Z(X),and F (X) C E(Z (X)).In particu-

lar,

Ko(X) C Ki(X) C Kx(X) C -+,
E(Ko(X)) C F(Ko(X)) C E(Ki(X)) C F(K(X)) C E(K2(X))C---.

OK/(X)=X+F(K,_1(X)),j=12,....

@ Kp(X) v Kpi1(X) & F(Kpo1(X)) v E(Kp(X)) v F(Kp(X)). In
particular, if K,(X) = K,41(X), then:

e K, (X) is of rational type,

o K,(X)=K;(X)forevery j > p+1,

o Ko(X)=KyX).

(e) If Ko(X) »»Ki(X) »> -+ »»K,(X), then

{0} »>E (Ko(X)) »F (Ko(X)) v wE(Kp—1(X)) »F (Kp—1(X)).

Consequently, dim E(X) > 1 and p < L%J <15l

) If X CY,then Z(X) C Z(Y) and, consequently, Koo (X) C Koo (Y).

(g) Koo(X) = K (X) = the smallest convex domain of rational type containing
X (cf. Remark 1.4.10).

Indeed, since Koo (X) is of rational type, the definition of K (X) implies that

K(X) C Kx(X). On the other hand, since X C K(X), we get Koo (X) C
Ko (K (X)) = K(X).

Example 3.3.6 (W. Jarnicki). There exists a convex domain X C R” such that
Ko(X) »w»Ki(X) v w Ky (X) with p = [ 5],
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Indeed, letr := /2, s := /3. Consider the following basis (b!, ..., b") of R":

bl :=(r1,...,1),
—
n—1
n
b = (0,...,0,1,....,1), k=1,2,...,L—J,
—— N—— 2
2k—1 n—2k+1
n—1
b= (0,....0,r,5,1,..., 1), k=1,2,...[ J
—— N—— 2
2k—1 n—2k—1
Put
n
L . |t2j+1|<lzj,j=1,2,...,k—1, |t2k|<1, when n = 2k,
X = ;Zt/b '{|12j+1|<l‘2j,j=l,2,...,k, whenn =2k + 11"
j=1

Observe that X is convex. The equality p = [7] follows directly from the
identities below.

(e Ke(X) = X + 758 o7 €= 0,12, | 254,
n

@) E(Ke(X) = Y25 Rb £ =0,1,2,..., L%

(e F(Ke(X) = S342R0, £=0,1,2, | 252

Since Rh! C X, we get (1)g. We will use induction: (1) = (2)¢ = (3); =
(D1

(1)¢ = (2)¢: The inclusion “D” in (2), follows trivially from (1);. Fix an
a = Z;’zl t;b/ € E(K;(X)). Suppose that there exists a j > 2¢ + 1 with
tj # 0. Let jo be the smallest of such j’s. We may assume that ¢;, = —1.
Put x := b2 + b* + b8 + .- + b = Yo x;b/, where g := L%J Then
x € X C Ky(X). Consider the vector x + a € Ky(X). Using (1), write

x+a=z+cwithz=3"_,zb/ € Xandc = Zi‘:{l c¢jb’. Observe that

zj=zj+c; =xj+a;, j =20+2,..., jo. Ineach of the following three cases
we get a contradiction with the definition of X:
e joisodd: Thenzj, =a;, = —1, zj,—1 = Xjp—1 = 1;
e jo<mnand joiseven: Thenz;y =1—-1=0;
e jo =nand joiseven: Thenz;, = a, = —1.
(2)¢ = (3)¢: It suffices to observe that (2), implies
EK(X)'NQ" =f{a=(a1.....an) € Q" : (a.b") = -+ = (a.b*"") = 0}
air+a» +---+a, =0
={ae®”:{a2k+-~+an=0 ifk5e+1/2}
QokT + Aok 415 + o2 + -+ ap =0 ifk <{

={aecQ":a; = =ay41 =0,a2042 + aze43 + - +a, =0}.
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(3)¢ = (1)g+1: The inclusion “C” in (1)¢4; follows trivially from (3),. To
prove the opposite inclusion, take x = Y7_; x;b/ € X and 1 = Zfi? tib/.

Define

t+1
Fi=x1b' + Z((|x2j| + |t2j4+1])b%
=
n

+(X2j+1 +12j+1)b2j+1)+ Z ijj e X,

j=20+4
t+1
f:=x1b' + Z(ij — |x2j] + t2j — |2j41)b* € F (K¢(X)).
j=1

Since x + ¢ = X + 7, we conclude that x +¢ € X + F (K¢ (X)) C K¢ (X) +
F(K((X)) = Kga(X).

Exercise 3.3.7. Let X be the domain from the above example. Write X in the form

n
X =Hpo N NHog, p=|5]

so that

n—1
KZ(X):HI22+1,62(+1m..‘m%2p,021)’ £:0a1729--'1t 2 J'

Hint. Tt suffices to choose ozj,cj, j =1,...,2p,sothat forevery x = Z;'zl tjbj
we have
2j—1 . n—1
(X,Ol )<C2j_1¢>l2j+1<l2j, ]=1,2,...,L 5 J,
2j . n—1
()C,Ol )<Czj<:>l2j+1>—l2j, ]=1,2,...,L 5 J,
(x,a" HY <1 &1, <1, n=2p,
(x,ad") < cp &ty > —1, n=2p.
Proposition 3.3.8. Let X = Hy1 ., NN Hyn ., wherea!,... .oV € (R"),
and letr 1= rank[al, ... ,ozN]. Further, let
d:={I =(i1,....iy): 1 <iy <---<i, <N, rank[a'!, ... a'"] = r},

A7 :=7" N (Rya™ + -+ Rya'), e,
Mp:={veR": (va) =0, a € A;} = A}, 1€,

M:=ﬂM,=(UA,)l.

Ied Ied
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Then M (X) = M and, consequently, K(X) = X+ M. Inparticular, K (X) = R"
iff Ar ={0}, I € 4.

Proof. Observe that for every I = (i1,...,i,) € J there exists an xI e R" such
that

ik, = X €R": (x—xliak) <0y =H5 . k=1...r
Put

r
. 1 . .
Y; ;= int ﬂ H, , X;:= ﬂHaik,cik, I =(,...,iy) €d.
a€A; k=1

Obviously, Y7 is of rational type. Moreover, X C X; C Yy and E(Y;) = M;j.
Thus M (X) C M(Y;) = My, I € 4, which implies that M (X) C M.
Now assume that M (X) ~»>R”" and let

K(X)=int () Hp..
(B,c)eB
where B C (Z")« x R. Then

M(X) ={veR":(v.p) =0, B €prga(B)}.
To continue we need the following lemma.

Lemma 3.3.9. Ler X; := H,; .. C R", a/ € (R")y, ¢c; € R j =0,...,N,
ro= rank[al,...,aN], and @ # Xl.ﬁ <N .XN C Xo. Then there exist 1 < i; <
.-+ <ip < N such that r = rank[e'!, ..., o] and X;; N--- N X;, C Xo.

Proof of Lemma 3.3.9. We use induction on n. The case n = 1 is trivial. Assume
that the result is true in R, ..., R”~! (n > 2). We may assume that N > 2 and

N X ¢ Xo. k=1,....N.} (3.3.1)
jefl,...k—1,k+1,..,N}

It suffices to prove that r = N. Consider the following two cases:

Casel.r <n(eg N<n—1):LetF:=R-a'+---+ R-a?. Observe
that dim F = r and o® € F (because X1 N---N Xy C Xo). We may assume that
F =R x{0}" 7. Leta/ = (8/,0) € R” x{0}"", j =0,..., N. Consequently,

Note that, after rejecting “superfluous” halfspaces, the rank of the new system of a’s may be
smaller. Nevertheless, if we find 1 <ij <--+ <iy < N,s <r,withs = rank[q“ ). _’qt.c] and
X, N---NX;, C Xo, then it suffices to take arbitrary ac’s+1, ..., a'" sothatrank[a'!, ..., a/r] =r.
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X; = Y;xR"", where Y; is an open halfspace in R” with g/ 1 9Y;,j =0,..., N.
Clearly, r = rank[B!,..., BV]. Moreover,

N Y; ¢ Yo, k=1,...,N.
jell,..k—=1,k+1,..,N}

Hence, by the inductive assumption, r = N.
Case 2. r = n: We may assume that Xo = {x, < 0} and (a¥,... ,a,llv_l) # 0.
Leta/ = (B/,a3), j =0,..., N. Observe that BV £ 0. Let

Y= eR ' :(p,0)eX;}={peR" 1 (y,/)<c;}, j=1,...,N,
Yo:={yeR":(».0) ¢ Xn}={y e R" " : (y.—pY) < —cn}.

Observe that

N-1

g# (Y CYo.®

Jj=1

Let s := rank[8',..., BV ~!]. By the inductive assumption, there exist 1 < i; <
-+ <ig < N—Isuchthat¥; N---NY; C Yy. Consequently, X; N---NX; NXny C
Xo.” Hence N = s + 1. Onthe otherhands <n—1=r—1. Thusr = N. O

Fix a (B,c¢) € B. Since X C Hg ., Lemma 3.3.9 implies that there is an
I = (i1,...,iy) € d such that X; C Hp .. Hence B € E(Hg )" C E(X1)* =
Ral 4 --- + Ra'r. Consequently, B = A1/t + -+ A&/, X := (A1,..., Ar) €
(R")«. It remains to show that A € R”_ (then prga (B) C (J;cq A7, which implies
that M C M (X)).

Let L: R” — R” be given by

L(x):= ({x,at),..., (x,a")), xeR".

Then
LX) ={E=¢,....6)eR g < xIa®), k=1,....r}
and
L(Hg.) ={£ R :(£ 1) <0}
Now, the inclusion L(X) C L(Hp,) implies that A € R, (EXERCISE). O
Y N---NY¥y_1 = &, then (X; N---N Xny_1) N {x, = 0} = &, which implies that

X;N---NXy_1 C Xo; acontradiction. If y € Y1 N---N ¥y_1, then (¥,0) € (X1 N---N
Xn-1) N{x;, = 0}. Consequently, (y,0) ¢ Xny. Thus Yy N---NYy_; C Yy, and finally,
YiNn---NYy_1 CYoy.

X, N--NX, NXy)N{x, =0} =Y;, N---NY; N(R"1\Yy) =@.
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The following examples illustrate Proposition 3.3.8.

Example 3.3.10. Let o! := (8,8 + 1,0),a®> :=a' +1 = (B+ 1,8 +2,1),
where 8 € R~ \ Q. Put

X :=Hy g N Hyp g = {(x1,x2,x3) € R*: By + (B4 Dx2 <0,
(B + Dx1 + (B + 2)x2 + x3 < 0}.
Then K (X) = R3.
Indeed, rank[ee!,0?] = 2 and A1 2) = Z> N (Ry - ! + Ry - a?) = {0}.
Exercise 3.3.11. Let
al = (o1, 02, 3), > =1—-0a' = (1—ai,1 —as, 1 —a3),
where 0 <o < 1,7 =1,2,3, 01 # az, (01 —a3)/(a1 —az) ¢ Q. Put
X = Hy g N Hyp g = {(x1,x2,x3) € R3 : a1x1 + aaxs + zx3 < 0,
(I —ap)x; + (I —az)x2 + (I —az)x3 < 0}.

Then
K(X) ={(x1,x2,x3) € R’ : x1 + X + x3 < 0}.

3.4 J°°-domains of holomorphy

In this section we characterize the most important class of special Reinhardt domains
of holomorphy, namely # °°-domains of holomorphy (cf. [Jar-Pfl 2000], § 4.1, for
the general theory). Recall that we already presented a general characterization in
Proposition 3.1.7.

Theorem 3.4.1 ([Jar-Pfl 1987]). Let D ~>C" be a Reinhardt domain. Then the
following conditions are equivalent:
(1) D is an H°°-domain of holomorphy;

(i) D is an O©)-domain of holomorphy;

(iii) D is a fat domain of holomorphy of rational type;

(iv) D = int(")(y.c)ed De.c for some A C (Z")x x R.
Proof. The implication (i) = (ii) is trivial. The equivalence (iii) < (iv) follows
from Lemma 1.4.11. The implication (iv) = (i) follows from Theorem 3.2.1 (c)
and Remark 1.11.3 (e). So, we only need to prove that (ii) = (iii).

Itis clear that D is fat (cf. Proposition 1.9.12). Put X :=log D and F := F (X)

(cf. Definition 3.3.4). Assume that E (X) is not of rational type. Then dim F >
dim E (X). Let f € OOD (D),

f(z) = Z ayz’, zeD.
vex(f)



3.4. H°°-domains of holomorphy 237
We will show that
S(f) c E(X)*. (3.4.1)

Suppose for the moment that (3.4.1) is true. Then for x € X, v € F we get

Z ave(x-‘rv,v): Z ave(x,v).

veX(f) veX(f)

Consequently, the series is summable in the domain exp(X + F). Since D is an
OO _domain of holomorphy, exp(X + F) C D, and hence, X + F C X; a
contradiction.

Now we are going to prove (3.4.1). Take a v ¢ E (X)1. Choose w € E(X),
|w|| = 1, such that s := (w,v) > 0. Fix0 < N < sand x° € X. Putr(¢) :=
X’ ¢ ¢ R. Now, we continue exactly as in the proof of Theorem 3.2.1 (c).

O

Proposition 3.4.2. Let D ~>C" be a Reinhardt domain that is an H °°-domain of
holomorphy. Then H*® (D) ~>©©) (D).

Proof. In view of the proof of Theorem 3.2.1 (f), we only need to prove that there

existana € (0D) N C% and aa € (Z")« such that D C Dy . with ¢ := log|a“|.
Indeed, by Theorem 3.4.1, D = int(\( r)eq Da,c With A C (Z")« x R. It

remains to use Remark 1.5.9. |

Theorem 3.4.3. Let D ~>C" be a fat Reinhardt domain of holomorphy and let
N > 0. Then D is an O™)-domain of holomorphy.

Proof. Since D = int( ), ¢)e4 De,c, Where A C (R")« x R, and

U 0™ (D)l c 0N (D),
(a,c)eA

we only need to use Theorem 3.2.1 (a) and Remark 1.11.3 (e). O

Theorem 3.4.4 ((HDT 2003]). Every Reinhardt domain of holomorphy D C C"
is an OW-domain of holomorphy (cf. Theorem 3.4.3).

Proof. ByTheorem 1.11.13, D = D*\ M, where D* is afat domain of holomorphy
and M := ;. v;np=g Vj- Suppose that Do, D are as in Proposition 1.11.2 (¥)
with 8 = O (D). We may assume that Dy is a connected component of D N D.
Leth € DNADy. Ifb € 3D*, then, by Theorem 3.4.3, D C D*. Thush € D*NM,
say b € V;. Then the function f(z) := 1/z; belongs to @(V(D) (recall that
V; N D = @). Since f does not extend through b, we get a contradiction. (|
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Remark 3.4.5. Observe that if D is a non-fat Reinhardt domain of holomorphy,
then by Proposition 1.9.12, D is not an @ ") -domain of holomorphy for0 < N < 1.

Theorem 3.4.6 ([Jar-Pfl 1987]). Let D C C" be a Reinhardt log-convex domain.
Then
E(D, #°(D)) = intexp K (log D))

(cf. Definition 1.12.1).
Proof. Put Gy := E(D, H>°(D)), G, := intexp(K (log D)). Recall that
K (log D) = K (log G;)

is the smallest convex domain of rational type that contains X := log D. Note
that both domains Gy and G, are fat and of rational type. Obviously, G, C Gy. It
remains to show that #°°(D) C O(G,). Fixan f € H*°(D),

f(z) = Z a({z“, z € D.
a€E (X)Lnzn

Looking at the definition of Z (X) and the form of the series it is clear that f extends
to a bounded holomorphic function on exp(Z (X)).® Repeating this argument leads
to a bounded extension of f on exp(K (X)). Finally, the Riemann theorem on
removable singularities gives the extension to G,. |

Example 3.4.7 (Cf. Example 3.3.10). For 8 € Roo \ Q, leta! := (8,8 + 1,0)
anda? := (B +1,8+2,1). Put

D :=D,i N Dy,
={(z1.22.23) € C: |21 PP < 1. |21)PH! |22 42 23] < 1
Then #°°(D) ~ C.
Exercise 3.4.8 (Cf. Exercise 3.3.11). Let
al = (a1, 00,03), a?:=(1—a1.1—az 1 —a3),

where 0 <o < 1,7 =1,2,3, 01 # az, (0] —a3)/(a; —az) ¢ Q. Put
D := D, N D,

= {(21,22,23) € C3 1 |21]%|22]%2|23]%3 < 1, |21 |V 2|1 722|251 73 < 1},

Then
E(D, H>(D)) ={(z1,22.23) € C?: |z12223] < 1}.

SFor x0 € X, v € F(X), and @ € Z(f), we have |af |(e¥°TV)® = |af |e** V@) =
lag e,
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3.5 Ak-domains of holomorphy

The next important space after the space #°°(D) is the space AX(D), 0 < k <
~+00. We begin with the case where k € Z ..

Theorem 3.5.1 ([Jar-Pfl 1997]). Let D C C" be a Reinhardt domain of holomor-
phy. Then the following conditions are equivalent:
() D is an A -domain of holomorphy for every k € Z . ;

(ii) D isan J(’]f)g’k—domain of holomorphy for every k € Z 4 ;

(iii) D is an H32-domain of holomorphy;

(iv) D is fat.

In particular, if D is an J*®°-domain of holomorphy, then D is an AF-domain

of holomorphy, k € 7 ..

Proof. The implications (i) = (ii) = (iii) are obvious. The implication (iii) =
(iv) follows from Corollary 1.11.4 (a). The implication (iv) = (i) follows from
Remark 1.11.3 (e) and Theorem 3.2.1 (b). O

We move to the case where k = +o00.

Theorem 3.5.2 ([Jar-Pfl 1997]). Let D C C" be a Reinhardt domain of holomor-
phy. Then the following conditions are equivalent:
(1) D is fat and satisfies the Fu condition;
(i) D isan Jfl?)ﬁ’oo-domain of holomorphy;
@iii) D is an A°°-domain of holomorphy;
(iv) D is an O(D)-domain of holomorphy.
Moreover, if D is an #°°-domain of holomorphy, then each of the above con-
ditions is equivalent to the following one:

(v) D isan (D) N O(D)-domain of holomorphy.
We need the following two lemmas.

Lemma 3.5.3. Let D ~>C" be a Reinhardt domain, 8 € O(D), and k € N. Then
the following conditions are equivalent:

(1) D is an 8-domain of holomorphy;
(i) D is an ¥ -domain of holomorphy, where ¥ := {DPf : f € 8, B € Sk},
where Sy :={B € 77 : |B| = k}.

Proof. The implication (ii) = (i) is obvious (Remark 1.11.3 (a)).
(1) = (ii): Suppose that D is not an ¥ -domain of holomorphy. Leta € D and
r > dp(a) be such that each derivative D? f extends holomorphically to P(a, r),

ﬁESk.
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Observe that if g € @ (D) is such that each derivative z?Z# extends to a function

gj € O(P(a.r)), j =1,...,n, then the function g itself extends holomorphically
to P(a, r). Indeed, the extension may be given by the formula

n 1
g(z) =g(a) +Z(Zj —aj-)/ gila+t(z—a))dt, zeP(a,r) (EXERCISE).
0

j=1

Consequently, using the above remark inductively, we easily conclude that every
function f € & extends holomorphically to P(a, 7); a contradiction. O

Lemma 3.5.4. Let D ~C" be a Reinhardt domain. Assume that D is an H°°S -
domain of holomorphy,’ where S is such that there exists a ko € Z . such that
Sky C S. Then

D=int [ {zeC@:l]alB!(F)z""F|<ID’flp}.
FeH>S(D)
aeX(f), BeS

a#B. (3)#0
Moreover, if S = (Z'})«, then D satisfies the Fu condition.

Proof. By Lemma 3.5.3, D isan ¥ := {DAf : f € #°5(D), B € S}-domain
of holomorphy. Observe that ¥ C H°°(D) is invariant under n-rotations (in the
sense of (1.12.1)). Thus we may apply Proposition 1.12.6 (b) (EXERCISE).

Now, assume that § = (Z% )« agldhlet (0D)NV;, # S torsome jo € {1,...,n}.
By Remark 1.5.7 (), to prove that D0} = D we only need to show that &, — 8, >
0 forany @ € Z(f), B € S witha # B, (z) # 0.

Suppose that there exists f € H#°S(D) and @ € Z(f) with aj, < 0. Put
B = (B1.....Bn) By := max{0,a,}, v = 1,...,n. Then B # a, and (g) # 0.

Therefore
2¢7h = 1_[ z%

ve{l,...,n}
ay <0

is bounded on D. Consequently, o, > 0 because of (3D) NV}, # &; a contradic-
tion. O

Now we are able to verify Theorem 3.5.2.

Proof of Theorem 3.5.2. We may assume that D ~>C”. The implications (v) =
(iv) = (iii)) = (ii) are evident.

(ii) = (i): Recall that D is fat (Corollary 1.11.4). Suppose that 0D NV}, # @
for some jo € {1,...,n}. Observe that for any r > 0 the open set D, := D NP(r)

Recall that S (D) := {f € O(D) : Vyes : DOf € H>®(2)}, B # S C VAl
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is fat and log-convex. We know that D, is an # 2% _domain of holomorphy
(cf. Remark 1.11.3 (e)). Hence, by Lemma 3.5.4, if D, N Vi, # 2, then 13§j°) =
D,. Consequently, DU0) = D.

(1) = (@v) (resp. (i) = (v) if D is an J#°*°-domain of holomorphy)): Suppose
that D is not an @(D)-domain of holomorphy (resp. #*°(D) N @(D)-domain
of holomorphy). Let Do, D be as in Proposition 1.11.2(*) with 8 = O(D)
(resp. § = H*®(D) N O(D)). Recall (cf. Theorem 1.11.13 (b) (resp. 3.4.1(iv)))
that D can be written as

=int [ Dec.

(a,c)eA

where A C (R")« X R (resp. A C (Z")« x R). Fix (&, ¢) € A and & > 0 such that
D C Dy, C Dycyeand D ¢ Dy cqe. Since Dy 4, is a domain of holomorphy
(resp. an #°°(Dy c+¢)-domain of holomorphy), we only need to observe that, by
Remark 1.5.11 (b), we have D C D, . C D, c+¢; acontradiction. O

Example 3.5.5 ([Sib 1975]). Let T = {(z1,22) € D x Dy : |z1| < |z2]|} be the
Hartogs triangle. Then:
(a) T is an A¥-domain of holomorphy for arbitrary k € Z (cf. Theorem 3.5.1).
(b) T is not an A°°-domain of holomorphy (cf. Theorem 3.5.2).

Exercise 3.5.6. Complete the following direct proof showing that 7" is an A* (T')-
domain of holomorphy for every k € Z .

Fixak € Z4 and let Do, D be as always with D =T and § = AX(T). We
may assume that D ¢ T. Leta = (ay,az) € (D \ V) \ T. We have the following
two cases:

e |a1| > 1: Then the function f(z1,22) := 1/(z1 — a1) belongs to O(T) C
AK(T) and is not extendible to D: a contradiction.

® |az| < |a1| < 1: Then the function f(zl,zz) = zl+2/(a122 — a»zy) belongs
to 4K (T') and is not extendible to D; a contradiction.

Exercise 3.5.7. Find a power series f(z) = Yoo axz®, z € D, such that f €
A(D) \ O(D).

3.6 L;-domains of holomorphy

Our aim in this section is to discuss the problem of geometric characterization of
Reinhardt & -domains of holomorphy D C C" with & C LZ (D). Recall the general
Proposition 3.1.6 and Theorem 3.2.1 (g) for the elementary Reinhardt domains.

The following lemma, which will be used in the proof of Theorem 3.6.4, is of
independent interest.
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Lemma 3.6.1. Let D C C" be a Reinhardt domain. Then H°*51(D) C A(D).
Consequently, #°¥(D) C A¥"1(D) for k € N. In particular, #°°(D) C
AX(D).

Exercise 3.6.2. Find a fat domain D C C \ (—o0, 0] such that
Log € H>®S1(D) \ A(D),
where Log stands for the principal branch of logarithm.

Before presenting the proof we recall a few well known facts from the theory of
metric spaces. Let (X, p) be an arcwise connected metric space. For a continuous
curve y: [a,b] — X define its p-length L,(y) € [0, +o0] by the formula

N
Ly(y) :=sup { Zp(y(tj_l),y(tj)) a=ty<---<ty=b, N € IN}.
j=1

Obviously, p(y(a), y(b)) < L,(y). One can easily prove (EXERCISE) that

Ly(y) = Lo(Yla,e]) + Lo(Vlie,p), a <c <b.

We define the inner metric p' associated to p by the formula

p'(x.y) :=inf{Ly(y) : ¥ € C(la.b]. X), y(a) = x. y(b) =y}, x.y € X.

Clearly, p < p'. One can easily prove (EXERCISE) that p' is a metric.

In the case where X is a subdomain of E, where (E, || ||) is a normed space, with
p(x,y) = |lx —yl, x,y € X, we have p' (x, y) = [[x — y|| = p(x, y) provided
that the segment [x, y] is contained in X. In particular, if B(x?,r) = {x € E :
|x —x°|| <r} C X, then

{xeX:px%x)<r}=B(x"r) (EXERCISE).

Nevertheless, one can easily find (EXERCISE) a bounded domain X C E such that
the metric p' is unbounded.

One can prove (EXERCISE) that if X is a subdomain of R”, f: X — C is
Fréchet differentiable, and || f'(x)|| < C, x € X, then

|f(x)_f(J’)|§CPl(va’)v X,yGX.

Proof of Lemma 3.6.1. Since D has a univalent envelope of holomorphy (cf. The-
orem 1.12.4), we may assume that D is a domain of holomorphy.'” Since the

OLet D be the envelope of holomorphy of D. Then, by Lemma 3.5.3, H oS5 (5)|D =
F0°°-S1(D). Moreover, 4(D)|p C A(D).
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case D = C" is trivial, we may assume that D ~>C”. Fix an f € #°51(D).
Obviously,

£ = fE) = (max | D% 1p) Ep(z'."), =" € D,

where &p denotes the arc-length distance on D with respect to the £'-norm | ||;.
To show that f extends continuously to D it suffices (EXERCISE) to prove that for
any a € 0D there are a constant ¢ > 0 and a neighborhood U, of a such that

Ep(@.2") =clz’ ="l + lps @I+ Ips D). 22" € DN Ua,

where
J=0rnds), 121 << js=n,
{J1.....jsy=4j e{l,....n} 1a; =0},
pr:C"—>C° pyzi,....z0) = (2j,.....2j;), pg:=0.
Fixapointa € dD. Wemay assumethatJ = GorJ = (1,...,5)(1 <s <n).

Take z/,z" € D.
If /] =@, thenputw’ :=z/, w” :=z".
If J # @, then put

w = (zi] o zgl Zegs o zy), W= (2] 2 2. 2y) € D

Obviously,
Ep(z'w) <2n(|zy| + -+ 1z, Ep(" w") < 2x (2] + -+ + [2]].

It remains to show that there is a constant ¢’ > 0 and a neighborhood U, such
that

Epw’,w”y <z =", 7.z e DnU,.

Using continuity it suffices to consider only the case where 0 # |z}| # || # 0,

j=1,...,n. Let Ly = .-- = Ly = Log be the principal branch of the loga-
rithm and let Ls 1, ..., L, be arbitrary branches of the logarithm defined in small
neighborhoods of a1, ..., a,, respectively. Define

(1-1)L; (w})-l—tLj (wj’»’)

Yy =W1,....¥): [0,1] > C", yj(t):=e j=1...,n.

Since D is logarithmically convex, y([0,1]) C D. What is left to be shown is
that for each j there is a cj’. > 0 such that the length £; of y; is estimated by
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¢j < cj|z; — z]/| provided that z’, 2" are near a. We have

1 1
6 =/0 Vi) di =/ ! [ ! | Ly (w)) — Ly )] d

ILj ) — L))
il =

- |10g|w | — log|w
ifj <s,

< . 7
< Iz =121l Liz))] ifj=s+1

ToaT=; etz | L (2) —
The case j < s istrivial. If j > s 4 1, then we only need to observe that
L) = LG < cflz) =)

in a small neighborhood of a; and

|u —v|
= |a;l,
uv—la;| |logu —logv]
0<u#v>0
el
so the term ———%—-L—~ remains bounded near a; .
[log |z} [—log |zl
The proof is completed O

Remark 3.6.3. (a) Recall that if D is a bounded (Reinhardt or not) domain, then
AK(D) c #°°¥*(D). Consequently, if D is a bounded Reinhardt domain, then,
by Lemma 3.6.1, #°K (D) c A¥1(D) c #°k~1(D), k € N. In particular, if
D is a bounded Reinhardt domain, then #°:*°(D) = A>(D).

(b) Let

D =T ={(z1.22) e DxD:[z;]| <[z},

22k
Ji(2) = Lk’ z=(z1,22) € D, k € N.
2
Then
fi € HK(D)\ A*(D) C AFH(D)\ AF(D).
Indeed,

8P+‘1f ok k ka_P ZZk—p

(1. 2) = = ek, ) 2—.

97029 7(z1.22) = (34! (q)Z§+q e p D g

Consequently, if p + ¢ < k, then
aPra fi

3772 (17| S ek p 2T S lekp gl (2122 €D,
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and so fi € H°K(D). Moreover, if p + ¢ = k, then

opt+a

S 21\
__7* =c(k _—
82{782;} (ZlaZZ) C( ’p’Q)(Zz) ’

which shows that 275 2Lk ¢ C(D).

azfazg
(c) In the case where D is an unbounded Reinhardt domain, Lemma 3.6.1 implies
that J¢2°51 (D) C A(D) if D satisfies the following condition:

loc

(*) for every point @ € dD there exists a bounded Reinhardt neighborhood U,
of a such that D N U, has a finite number of components.

In fact, take f € %1:,31 (D) anda € 0D. Let U, be as in (*). If S is a connected
component of D N Ug,, then Lemma 3.6.1 shows that f € A(S). Suppose that
D N U, has a finite number of connected components, D N U, = S; U --- U Sg.
Fixa® € Danda’/ € S;, j =1,...,k. Lety: [0,1] — D be a curve connecting
a® a',..., a* and let r > 0 be so big that ([0, 1]) U (D N U,) C P(r). Then
D N U, is contained in one connected component S of D N P(r). Hence, by the
first part of the proof, f € A(S) C A(D N U,).

In particular, if D satisfies (*), then %122’]( (D) C A 1(D), k € N.

Observe that (*) is satisfied if D is log-convex — we take U, = P(r,) with
sufficiently large r, > 0 and observe that D N P(r,) is log-convex and therefore
connected (cf. Remark 1.5.6 (d)).

We do not know whether the inclusion 625! (D) C A(D) is true for

loc
arbitrary (unbounded) Reinhardt domains.

Theorem 3.6.4 ([Jar-Pfl 1997]). Let D ~C" be a Reinhardt domain of holomor-
phy. Then the following conditions are equivalent:

(i) foreach k € Z 4+ the domain D is an LZ’k-domain of holomorphy; "
(ii) D is fat and there exists a p € [1, 00) such that LZ (D) # {0},
(iii) D is fat and E (log D) = {0}, "2
(iv) foreach k € Z 4 the domain D is an LZ’k N AX-domain of holomorphy;
(v) D 'is fat and for every a ¢ D UV there exist sequences (c; )71 C Rso,
(B/)72, € Z" ((B7)72, C Z7 provided that D is complete) such that

DcCB), NP ey <1, j €N, lim ¢jla?’ | = +oo.
j—o0

Proof. The implications (v) = (ii) and (iv) = (i) = (ii) are obvious. The impli-
cation (i) = (iv) follows directly from Lemma 3.6.1.

HRecall that Ly, ¥ (D) = L, (D) N #°°¥(D) (cf. Example 1.10.7 (h)).
12Recall that E (log D) = {0} for any bounded Reinhardt domain.
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(iii) = (v): Fixa ¢ D U Vyand j € N. Put X := log D and let
x%:= (log|ay|,....log|a,|).

Note that x° ¢ X. Since E (X) = {0}, there exist linearly independent vectors o',
Lot eZ (@, ...,a" € 7", provided that D is complete) such that

n
X C ﬂH;‘iO =: Xo;
i=1

.....

|det A| > j2n"|ay---an|?. Put B/ =:al + .- 4 a" —1,
Xi:={EeR & < (x%a'), i=1,...,n.

Then we get
12271122 ) = @)" / 2P 4N, (r) = (2m)" / el2BHD) g A, (x)
R(D) X

< (Zﬂ)n[ e(x,Z(ﬁj—l-l)) dAn(X) — (27{)"[ e(x,2(g¢1+...+an)) dAn(x)
Xo Xo

(27T)n 2(%- 1) JTn 2 0 1. n
— DA — (x,at +-4a')
[det A] Jx, © €)= Al
nl’l
- | det A|

Tyggh . J
ja® T2 < (1)) aP P

Letc; := j|a_’3j |. Then
||CjZﬁj lz2(py =1 and cj|aﬁj| =j.

Since D is fat, we have D C (/= Dyi (i x0y C [i=; C" (") C C"(B7) (EXER-
CISE), which finishes the proof of (v).

(i) = (iii): We argue as in the proof of Proposition 1.13.13 (b) (using Re-
mark 3.1.4 (e) instead of Example 1.10.7 (c)) — EXERCISE.

(iii) = (i): Fix a k € Z4 and suppose that D is not an LZ’k—domain of
holomorphy. Then we find domains Dy, D such that @ #DoC DN D, D ¢ D,
and for any f € LZ’k (D) there exists an f € O(D) with f = f on Dy. Since D
is fat, D ¢ D. Moreover, we may assume that DNV, =w.

Since E (log D) = {0} and D is fat, there are linearly independent vectors o',
Lot e”Zm cq,...,cn € R, and € > 0 such that

n n
D C Gy := m Daj,cj - m Daj’cj+s =: Gy,
j=1 j=1



3.6. Lj -domains of holomorphy 247

and D ¢ G1. Using the fact that the o/ ’s are linearly independent, we may assume
thatcy = -+ =c¢, = 0.13

Now, we fix ana € D \ Gy and then a j, such that |a
seta ;= a! +---+ " For N € N we define

J
@’ > ¢¢. Moreover, we

ZN(x

(@) =
z —d

o’ JANS Gl.

Obviously, fy € O(G1). Observe that if fy € LZ’k(D), then
fN(z)(Z“jO — ao‘jo) =zNonD

and we have a contradiction.
Consequently, it remains to prove that fy € LZ’k(D). Observe that DP fy
with 8 € Z", |B| < k, is a finite sum of terms of the form (EXERCISE)

ZNoH—Eoth—ﬂ

(z270 — qo/0)l+1’
where d € Z, ¢ € {0, ..., k}. Thus it suffices to find an N such that
12%PllrGey < 1. 1Bl <k, p el +oo}.
Let A := [0]]j4=1,..n € GL(n,C), B := A~". Put

n
Tj(x) 222355./‘)([, x=x1,...,xp) €R”, j=1,...,n.
=1

If p=1and v € Z", then we have

[ 12°] dAgn(z) = (27" f ) G A, (x)
Go

log Go

= Q2n)" /{ g . }e<B$’”+2)|detB| d Ay (§)
1<0,.‘., n<0

B Q)"
| detA|Ti (v +2)--- T (v +2)

provided that 7 (v + 2) > 0, j = 1,...,n. In particular, if

2 .
Tj(V)ZW—Tj(Z)a J=1....n,

3Use the biholomorphic mapping C" 3 (z1,...,2zn) P> (r1z1,...,7nzn) € C", where

J
Ap

o e .
Fi,...,Fp > Oaresuchthatr;' ---r," =e™%,j=1,...,n
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then ||z¥[|z1(p,) < l. Hence, if v = Na — f and if

21

~Tj@):j =10, |Bl <k},
then ||ZNa_‘B||L1(G0) < 1 for arbitrary || < k.

It remains to prove that [|zV¢—8 | geo0(Gy) < 1 forall |B| < k. Fix such a 8.
Write No — 8 = Aqa! +--- + A", A1,..., Ay € R. Then A; = T;(Na — B) =
N —-T;()>0,j =1,...,n. Consequently, ||ZN“_ﬁ||3goo(GO) <1 O

Remark 3.6.5. Notice that the following general result holds. If D C C" is a
bounded domain of holomorphy, then D is an Li—domain of holomorphy iff U \ D
is not pluripolar (Definition 1.14.18) for any open set U such that U N D # &
(cf. [Pl-Zwo 2002]).

Exercise 3.6.6. Using the above remark prove that every bounded fat Reinhardt
domain of holomorphy is an Li—domain of holomorphy.

Proposition 3.6.7 ([Jar-Pfl 1997]). Let D C C”" be a Reinhardt domain of holo-
morphy. Then the following conditions are equivalent:

(1) D is fat and there exist 0 < m < n and a permutation of coordinates such
that D = D’ x C"™™ with E (log D’) = {0},
(i) D is an ##°°'-domain of holomorphy;
(iii) D is an H°*-domain of holomorphy for any k € Z ;.

Proof. (i) = (iii) follows from Theorem 3.6.4. The implication (iii) = (ii) is trivial.
(i) = (i): Let F := E(logD) and m := dim FX. We may assume that
e1,....,es€ FLesiq,....en ¢ F+ for some 0 < s < m.
The cases m = 0 and m = n are trivial. Assume 1 < m < n — 1. Since D is
an J#°>1-domain of holomorphy, Proposition 1.12.6 (b) implies that

D = int ﬂ {ze([:”(a):la{zﬂ < 1}
fex>=tD), | flp=1
a€X(f)«
Thus
F* = span{a : Jregoo1(p) : @ € Z(f)}-
By Proposition 1.6.5 (b) we get
af

D C int N {z e C"(a) : lalajz*%| < ’ g

2
SR (D), ’
aeX(f), je{l,...,n}

aFte;, o #0

o
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Hence
Ft>o {a —e; 1 pegpoorpy Jjeft,.ny - @ € Z(f), @ #e¢j, aj # 0}.

Take an f € H1(D). If @ € T(f) is such that & # e; and o; # 0, then
a,0—e; € F+ and, consequently, e; € F~L. Thus,

Z(f) Clesyrs....eny U(Z° x {0}"77)

and, therefore, the Laurent expansion of f has the form

f(z) = ( Z aé,o)z/ﬁ) +Cl£:,+12s+1 4o —I—aglz,,,
BezZs

z=(z,z541.....20) € D C C°* x C"5.

Since D is the domain of existence of #°>1 (D), we conclude that D = D’ xC"~*.
Clearly, F = E(log D’) x R"~%. Hence s = m and therefore E (log D) = {0}.
O

Proposition 3.6.8 ([Jar-Pfl 1997]). Let D ~>C" be a Reinhardt domain. Then the
following conditions are equivalent:

(i) D is an S\ -domain of holomorphy;

(ii) there exist A C (Z™)« and functions ¢y, ...,cn: A — R such that
D = int (| {2eCa):|z%7%| <@} (3.6.1)
a€A, je{l,...,n}
aFej, ;70

Proof. The implication (i) = (ii) follows from Lemma 3.5.4. To prove that any
domain D of the form (3.6.1) is an #°>51-domain of holomorphy, observe that

D = int ﬂ int ﬂ {z e CMa): |z97%| < @} =: int ﬂ Gy.
acA je{l,...,n} acA
aFe;, a; 70

Thus, it suffices to consider only the case where

Gy, = ﬂ {zeCa): |z297%| < e @,
Jj€{1,...,n}
aFe;, a;7#0
We may assume that o; # 0, j = 1,...,n (otherwise G =~ G, x C* and we
consider a lower dimensional case). In particular, a_;é ej,j =1,...,n. Since Gy

is fat, it is enough to prove that for any point a ¢ G4 U ¥, there exists a function
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f € #°51(D) such that f cannot be continued across a. Fix such an a and let
jo €{1,....n}besuch that § := e%0@ — g% %o| > 0. Then the function

ZOl

f(z) = T

P z € Gy,

belongs to #°°51(G,) and evidently cannot be continued across a. Indeed,

0z (@ —ejy),; 2% %% G
E(Z) - 2% €0 _ g% €io - (Za—e_/o _aa—ejo)z ,  Z € Uy,

and so

cj (Ct)+c_1'0 (@)

af

aje @ (a—ejy)se
= +
BZJ'

Gu ] 52

Remark 3.6.9. There exists an o € (Z") such that 51 (Gg) ¢ H®(Gy).
For example o := (1,—1), c1(e) = ¢c2(@) = 0. Then

Ga = {(21,22) € (]:2 : |22| > 1, Ile < |22|2},

and the unbounded function f(z) := z1/z2, z = (21,22) € Gy, belongs to
FH°51(G4) (EXERCISE).

The problem of characterizing circular (in particular, balanced) # -domains
of holomorphy is still open for many of the natural Fréchet spaces ¥ we discussed
SO far.(Cf. [Sib 1975], [Sic 1982], [Sic 1984], [Sic 1985], [Jar-Pfl 1996] for pos-
itive results.)



Chapter 4

Holomorphically contractible families on
Reinhardt domains

4.1 Introduction

Recall from Chapter 2 that Bih(D",B,) = Bih(B,,L,) = @ for n > 2 and
Bih(D",L,) = @ for n > 3 (see Theorem 2.1.17). In this chapter we will study
other methods which may be useful to decide whether two given domains in C”
are not biholomorphically equivalent. The idea here is that two biholomorphically
equivalent domains should have the same amount of functions of a special class
(e.g. bounded holomorphic functions or psh functions with specific singularities)
or geometric data (e.g. analytic discs through corresponding pairs of points). To
give a rough idea of what we are going to deal with let us discuss again whether D"
and B, are biholomorphically equivalent domains.
We introduce the following function:

mp: D —[0,00), mp(z) :=sup{|f(2)]: f € O(D.D). f(0) =0},

where D is a domain in C” with O € D.
Let D ¢ C" and G C C™ be domains, both containing the origin. Note that if
F € O(G, D), F(0) = 0, then (EXERCISE)

ip(F(z)) < iig(z), z€G. “4.1.1)

In particular, if F is biholomorphic, then 77ip o F = fig.
In the case where D € {D", B, } we get

mp(z) =qp(z), z €D, 4.1.2)

where
Izloo if D = D",
Izl if D = B,,

qp(z) := zeC",

Indeed, let f € O(D,D), f(0) = 0. Then, in virtue of Proposition 2.1.9, it
follows that | f(z)| < ¢p(z), z € D. Hence, nip < qp, D € {D", B,}.
On the other hand, in the case of D = D" and z € D" \ {0} put

g:: D" - D, g:(w):=wj,
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when gpn (z) = |z;|. Therefore, mpn(z) > |g-(2)| = qo»(z). Now let D = B,
and z € B, \ {0}. Choose a rotation A, such that A,z = (Z1,0); in particular,
Izl = lAzz] = |Z1]. Put

g::B, =D, g;(w):=(A;,w);.

Obviously, g, € O(B,, D), g:(0) = 0; hence mp,(z) > |g-(2)| = |Iz]| = ¢B, (2).
So the above equations are verified.

Exercise 4.1.1. Prove formula (4.1.2) for an arbitrary norm ball in C”.

Now let F: B, — D" be a biholomorphic mapping, n > 2. Using a M&bius
transform ¢ : D” — D",

L Fi(z) — F1(0) Fn(z) — Fx(0)
o(2) .—( )

L e D",
1 — F1(0)Fi(2) 1 — Fy(0)Fy(2)

we may even assume that F(0) = 0.
Then, by (4.1.1),

mpn (F(z2)) = mp,(z), z€B,.
Therefore, we get the following equation:
IF~'(,1/2,...,1/2)| = max{r,1/2}, t € (0,1).

Note that the left function is differentiable on (0, 1), but, obviously, the right one is
not; a contradiction.

Observe that in the above argument the number of bounded holomorphic func-
tions on D" and B, is compared and this strategy finally has led to the result that
both domains cannot be biholomorphically equivalent.

Instead of dealing with the function #ip, i.e. with the family of bounded holo-
morphic functions, we may take all analytic discs ¢ € O(D, D) in D through two
given points, where D is a domain in C" with 0 € D. We define

kp(z) :=inf{r € [0,1) : 3pcom.0) : ¢(0) =0, ¢(r) =z}, zeD.!

Remark 4.1.2. Let G C C™, D C C" be domains both containing the origin. If
F € O(G, D), F(0) = 0, then (EXERCISE)

kp o F < ke: (4.1.3)

see (4.1.1). In particular, if F is biholomorphic, then kp o F = kg.

'Note that & p (0) = 0.
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We claim that kp = qp, where D € {ID" B, }

Indeed, fixaz € D\ {0}. Then (1) := A w (Z
with ¢(0) = 0 and ¢(¢p(z)) = z. Therefore, kp (z) <gqp(2).

On the other hand, let ¢ € O(D, D) with ¢(0) = 0 and ¢(r) = z, r > 0. If
D = D", then using the Schwarz lemma for ¢; we get that |z;| = |@;(r)| <,
j =1,...,n. Therefore, gpn (z) < kon (). In the case when ¢ € O(D, B,) with
©(0) = 0 and ¢(r) = z we see that gp,(z) = g, (¢(r)) = rgp,(@(r)), where
o(A) = A¢p(A), A € D, and ¢ € O(D,C"). Observe that g, (¢(1)) < 1/|A],
A € D\ {0}. Applying the maximum principle for the subharmonic function g, c
we obtain that @ € O(D, B,). Hence, gp, (z) < r and since r was arbitrarily chosen,

) gives a function ¢ € 9(D, D)

we have g, (2) < kg, ().

Observe that we may also use this geometric function to disprove the biholo-
morphic equivalence of D” and B, (EXERCISE).

Let us summarize what we have done so far. We have introduced a family

(dD)OeDcC", nelN

of functions dp : D — [0, 00) (dp € {mp, kp }) satisfying the following property:
(*)  for any domains G C C™, 0 € G, D C C", 0 € D, and for any
F € 0(G, D), F(0) = 0, we have dD(F(z)) < d(;(Z) ze€G.
In particular, dD(F(z)) = dg(z) z € G, if F € Bihg,0(G, D). Moreover,
these functions were explicitly described in terms of the geometry of D.

4.2 Holomorphically contractible families of functions

Let us begin with the following definition of a holomorphically contractible family
which puts the functions of the introduction in a general context. The interested
reader is referred to [Jar-Pfl 1993] and [Jar-Pfl 2005] for more information than is
given in this chapter.

Definition 4.2.1. A family (dp)p of functions dp: D x D — R, where D runs
over all domains D C C”" (with arbitrary n € N), is said to be holomorphically
contractible if the following two conditions are satisfied:

(A) dp(a,z) =m(a,z) = |{=5; a,z € D (m is the Mobius distance),

(B) for arbitrary domains G C (Em, D c C* any F € O(G, D) works as a
contraction with respect to dg and dp, i.e.

dp(F(a), F(z)) <dg(a,z), a,zegG. 4.2.1)

(Compare condition (B) and (*) from Section 4.1.)
Notice that there is another version of the definition of a holomorphically con-
tractible family in which the normalization condition (A) is replaced by the condition
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(A dp = p, where p = %log if—:n” is the Poincaré distance on D.

Both definitions are obviously equivalent in the sense that (dp ) p fulfills (A) and (B)
iff the family (tanh~! dp)p satisfies (A”) and (B). In our opinion the normalization
condition (A) is more handy in calculations.

Remark 4.2.2. (a) Recall that m and p are distances on D.
(b) If F € Bih(G, D), then F~! € O(D, G). Therefore,

dp(F(a), F(2)) =dg(a,z), a,ze€eg.

In particular, if F € Aut(D), thendp(a,z) = dp(F(a), F(z)),a,z € D.
(c) Moreover, it D; C C", j = 1,2, are domains, then

dp,xp,((a1,az), (b1, b2)) > max{dp,(ay,by).dp,(az,bs)}, (4.2.2)

whenever (a1, as), (b1, b2) € D1 x D, (EXERCISE, use (4.2.1) for the projection
maps).

If in (4.2.2) always equality holds, then we say that (dp)p satisfies the product
property.

The following holomorphically contractible families of functions seem to be the
most interesting ones.

Example 4.2.3 (Mo6bius pseudodistance).

mp(a,z):=sup{m(f(a). f(z)): f € O(D.D);
=sup{|f(2)| : f € O(D.D), f(a) =0}, (a.z) € DxD;

the function ¢p := tanh™! mp is called the Carathéodory pseudodistance.
Indeed, to prove (B) it suffices to note that for F € O(G, D) and f € O(D,D)
one has f o F € O(G, D). Moreover, the fact that

m(a,z) =m(f(a), f(z)), [ €Aut(D), a,zeD,

gives the second equality in the definition of m p. To obtain condition (A) it suffices
toobserve thatmp (0, -) = m(0, - ). And this equation follows immediately by using
the Schwarz lemma.

Observe that mp (resp. ¢p) is positive semidefinite, symmetric and it satisfies
the triangle inequality (EXERCISE). So mp and c¢p are, in fact, pseudodistances
on D. For D = C, Liouville’s theorem immediately gives that m¢ = 0; thus, in
general, mp (resp. cp) is not a distance.

Example 4.2.4 (Mobius function of higher order).

m®(a,z) == sup{| f(2)| V¥ : f € O(D.D), ordy f > k},
(a,z) e Dx D, k €N,
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where ord, f denotes the order of zero of f ata.

Indeed, in order to see (B) it suffices to observe that fora,z € D, F € O(G, D)
and f € O(D,D),ordr(,) f > k,onehas f o F € O(G,D)andord, f o F > k.
In particular, mgc)(a, z) = mgc)(F(a), F(2)) if F € Aut(D). Therefore, to see
(A) it suffices to show mgc) (0,z) = m(0, z) which is a simple consequence of the
Schwarz lemma.

Remark 4.2.5. Note that, in virtue of Montel’s theorem (see Theorem 1.7.24),
there exist extremal functions for mgc), i.e. for any domain D C C", any pair
(a,z) € D x D, and any k € N there exists an f € O(D,D) with ord, f > k
such that mgc)(a,z) = | f(2)|'/*.

Example 4.2.6 (Pluricomplex Green function).

gpl(a,z) :=supfu(z) :u: D —[0,1), logu € PSH(D),?>
dc=cw.a)>0 Ywep : u(w) <Cllw—al}, (a,z)e D xD.?

The point a is called the pole of the pluricomplex Green function.*

Indeed, to see (B) let F € O(G, D), where D C C" and G C C™ are arbitrary
domains. Fixana € G. If u: D — [0, 1) is log-psh satisfyingu < C| - —F(a)||
on D, then logu o F € PSH(G) and

(o F)(z) = u(F(2)) < C||F(z) - F@)|| < Cllz —al. zeB(a.r)€a,

where C and r are suitably chosen. Therefore, u o F < gg(a,z). Since u was
arbitrarily chosen, it follows that gp (F(a), F(+)) < gg(a, ).

In the case where D = D we fix au: D — [0, 1) such that logu is psh and
u(A) < C|A|. Observe that then u/|idp| € SH(D,) and that this function is
locally bounded in D. Therefore, it extends to a sh function on the whole of D. By
the maximum principle it follows that ¥ < |idp |. Hence we have that u = |idp |,
i.e. gp(0,-) = m(0,-). The situation for a general pole follows immediately using
(B) and a Mobius transformation.

While (dp)p, dp € {mp, mgc), gp}, are based on families of functions we
turn now to families defined by geometric conditions, namely by a set of analytic
discs.

Recall that PS I (D) denotes the family of all functions plurisubharmonic on D.

3Note that it suffices to have u(z) < C ||z —al|| forall z € B(a, r) \ {a} when r > 0 is sufficiently
small. Moreover, u(a) = 0 (EXERCISE).

“For relations between the pluricomplex and the classical Green functions in the unit ball see
[Car 1997]. For a different pluricomplex Green function see [Ceg 1995], [Edi-Zwo 1998].



256 Chapter 4. Holomorphically contractible families on Reinhardt domains
Example 4.2.7 (Lempert function).

kh(a,z) :=inf{m(X, 1) : A, ;p €D, Ipeom.py: ¢(A) = a, p(u) =z}
=inf{u € [0,1) : Ipeom,p) : ¢(0) =a, ¢(n) =z}
=inf{i € (0,1) : Ipeo@.p) : 9(0) =a, p(u) = z},

where (a,z) € D x D. Putkp := tanh™! Ef)

Indeed, first we have to show that the above definition makes sense. So let us fix
points a,z € D. Connect them by a continuous curve, i.e. take a y € C([0, 1], D)
with y(0) = a and y(1) = z. In virtue of the Weierstrass approximation theorem,
we may approximate y uniformly by a sequence of polynomial mappings (p;);.
Taking a sufficiently large j we may assume that

4lpj — vl < dist(y([0, 1]), dD).

Put p := p; and then

pA):=pA) +(a—pO)A -2+ Az —-p). AeC.

Note that p([0,1]) C D, p(0) = a, and p(1) = z. Then p maps even a simply
connected domain U, [0,1] C U, into D (EXERCISE). Applying the Riemann
mapping theorem leads to a v € O(D,U) with ¥(0) = 0 and ¥ () = 1 for a
suitable © € D. Hence, ¢ := p o ¢ gives an analytic disc through the points a
and z.

Observe that if F € O(G,D), a,z € G, and ¢ € O(D,G), ¢(0) = a and
¢(u) = z for some u € [0, 1), then F o € O(D, D) with F o ¢(0) = F(a) and
F o@(n) = F(z). Hence (B) is fulfilled. To prove (A) use the Schwarz lemma
in order to see that k(0,z) > [z| = m(0,z), z € D\ {0}. To get the inverse
inequality take simply ¢ € @ (D, D), (1) := A%

|z

Exercise 4.2.8. Prove that

kp(a.z) =inf{|u|: k€D, 3pco@p): 9(0) =a, p(u) =z}, a.zeD.

For many purposes it is important to know whether the infimum in the definition
of the Lempert function is taken by some analytic disc.

Definition 4.2.9. Let D C C" anda,b € D. A mapping ¢ € O(D, D) is called
a k7,-geodesic fgr the pair (a,b)° if there are 11, A, € D such that (A1) = a,
¢(Az) = b,and k7 (a,b) = m(Ay, A>).

SNote that the same remains true in the case when D is a connected complex manifold (see
[Win 2005]).
®We also say that ¢ is an extremal disc through a and b.
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Remark 4.2.10. In general such a geodesic need not exist. For example, take
D =By \ {(1/2,0)}. Observe that D is a non-taut domain. Fix now the points
a = (0,0) and b := (1/4,0) from D. For R € (0,1) put pg € O(D, D),
er(A) := (RA,s(R)A(A—1/(4R))), where s(R) < 1. Thenk7,(a,b) < 1/(4R).
Since R was arbitrarily chosen, we have I:;B (a,b) < 1/4.

Suppose now that there exists a Eg-geodesic v = (Y1, ¥2) € O(D, D) for
(a,b) with (A1) = a, ¥ (A2) = b, and I;*D(a,b) = m(A1,Az). Using Aut(D)
we may assume that ¢ (0) = a, Yy () = b, and u = I;B(a,b). Note that ¥; €
O (D, D) with ¥1(0) = 0. The Schwarz lemma gives 1/4 < I:B (a, b) and therefore,
Y1 = idp. Then, taking into account that ¥ maps D into B leads to the fact that
Y = 0 (use the maximum principle). And therefore, ¥(1/2) = (1/2,0); a
contradiction.

In the case of taut domains we always know that such geodesics exist.

Proposition 4.2.11. Let a, b be two points of a taut domain D C C". Then there
exists a k7,-geodesic for (a,b).

Proof. By definition we have a sequence (¢); C O(D, D) such that ¢;(0) = a,
¢(0;) = b with o; € (0,1), and g; I;B (a,b). By assumption, D is taut and
¢;j(0) = a, j € N. Therefore, we may choose a subsequence (¢;, ) such that
¢j, = ¢ € O(D, D) locally uniformly. Then ¢(0) = a and (p(lzz (a,b)) = b
(EXERCISE), i.e. ¢ is a geodesic we were looking for. |

Exercise 4.2.12. (a) Let D C C” be a domain and let a,b € D. A map ¢ €
O (D, D) is an mp-geodesic for the pair (a, b) if there exist A1, A, € D such that
¢(A1) = a,9(A2) = b,andmp(a.b) = m(A, A2).

Prove that any m p-geodesic for (a, b) is a k7,-geodesic for (a, b).

(b) Let ¢ € O(D, D) be an mp-geodesic for (p(A1), 9(A2)), where A; # A,.
Prove that mp (p(1'), (A")) = m(A',1"), A', 1" € D, i.e. ¢ is an mp-geodesic
for all pairs (¢(A), (1”)). Sometimes such a ¢ is simply called an mp-geodesic.
Hint. Study the function D \ {A;} > A — W and use properties of
subharmonic functions.

(c) Prove that any complex m p-geodesic ¢ € O(D, D) is a proper injective
mapping.

The next example relies on the normalization (A).
Example 4.2.13 (Kobayashi pseudodistance).

kp(a,z) :=sup{d(a,z) : dp apseudodistance on D, d < ED}

=:tanh ™' k% (a,z), a,z € D.
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Indeed, let ' € O(G, D) be as in (4.2.1). To any pseudodistance dp < kp
on D x D we associate a new pseudodistance dg on G x G by dg(w’, w") :=
dp (F(w’), F(w")). Then

dg (W', w") < kp(F(w'), Fw")) < kgw',w").

Therefore, dp (F(w’), F(w")) < kg(w’,w"), w',w” € G. Since dp was arbitrar-
ily chosen we end up with (4.2.1). For the normalization (A’) it suffices to mention
that p is a distance.

Remark 4.2.14. Note that (EXERCISE): 5

(a) kp is the largest pseudodistance on D below of kp;

(b)cp < kp;

(c) kp and EB are symmetric functions;

(d kp(a,z) = inf{Zjvzlgp(zj_l,zj) :NeN,a=z,...,zy =z € D},
a,ze€D.

To any pseudodistance dp € {¢p,kp}, D C C", one associates the dp-length
ofacurve : [0,1] — D as

N
Lg,(a) := Sup{ZdD(a(tj_l),O[(tj)) NeN, 0=ty <--- <ty = 1}.7
j=1

Exercise 4.2.15. Calculate L ([0, s]),® where s € (0,1). Here [0,s] is just an

abbreviation for the curve « : [0, 1] — D, a(?) :=

Itis clear (use (4.2.1)) that Ly, (F o) < Ly, (o) whenever F € O(G, D) and
a: [0,1] — G. Moreover, by the triangle inequality, dp («(0), (1)) < Lg,, (cx).
A more precise result is true in case of the Kobayashi pseudodistance.

Proposition 4.2.16. Let D C C" and a,b € D. Then

kp(a.b) = inf{Lg, (a) : a: [0,1] = D continuous and | - ||-rectifiable,
a(0) =a, a(l) = b}.
Proof. By Remark 4.2.14 (d) it is clear that kp(a, b) is less than or equal to the

right-hand side. Now fix an ¢ > 0. By definition we find points s; € [0, 1) and
analytic discs ¢; € O(D, D), j = 1,...,k, such that

@i (0)=a, @i(s;)) =¢j+100), 1 <j <k, @lsx) =0,
k
> p(0.sj) <kpla.b) +e.

Jj=1

"By Corollary 4.2.25, the length is finite if the curve « is assumed to be || - ||-rectifiable, i.e. there
exists an M > 0 such that Z;\;] lae(z;) —a(tj—1)ll < M whenever N € N,O =1y <t} <--+ <
tn = 1 (EXERCISE).

8Note that p is a distance on D. So L p, is defined in the same way as L, before.
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Obviously, we may assume that all the s;’s are positive. Put
. i—1 . i—1 .
a(t) = @;((t — L)ks)), ift e [L=, ¢land j = 1,... k.

Then « is a piecewise real analytic curve in D connecting the points a, b. Therefore,
we have

k
LkD (a) =< Z LkD (a|[11\;1,%])

j=1
k k

<Y Lip((0.5]) < D p(0,s5)) <kp(a,b) +e.
=1 =1

Since the choice of ¢ was arbitrary, the proof is finished. O

Looking at the proof of Proposition 4.2.16, one easily concludes the following
corollary (EXERCISE).

Corollary 4.2.17. Let D C C" and a,b € D. Then

kp(a,b) =inf{Lk,(a): a: [0,1] — D piecewise real analytic,
a(0) = a, a(l) = b}.
Remark 4.2.18. We have to point out that for the Carathéodory pseudodistance
Proposition 4.2.16 is no longer true. Already for the very simple domain D =

A(1/R, R) a counterexample can be given. For more details see [Jar-Pfl 1993],
Example 2.5.7.

Lemma 4.2.19. For any domain D C C" the following inequalities are true:
mp =mg)§mg)§gG§i€B, ep <kp <kp,
and for any holomorphically contractible family (dp)p we have
mp < dp < kp, (4.2.3)
i.e. the Mobius family is minimal and the Lempert family is maximal.

Proof. Fixana € D. Let f € O(D,D) with f(a) = 0. Then f¥ € O(D,D)
with ord, f*¥ > k. Therefore, | f(z)| = | f*(2)|V/* < mg{)(a,z), z € D. Since
f is arbitrarily chosen we end up with mp(a,-) < mg‘)(a,-).

Now let f € O(D,D) with ord, f > k. Putu := |f|'*. Then logu is
pshand u(z) < C|jz —al| and so | f(z)|"* = u(z) < gp(a,z), z € D. Hence
m®(a,-) < ggla.-).
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Fixaz® € D. Letu: D — [0, 1) be such that logu € PSH(D) and u(z) <
Clz—al|,z € D,and let ¢ € O(D, D) with ¢(0) = a and ¢(u) = z° for a
certain u € [0, 1). Then u o ¢ € PSH(D), u o ¢(0) = 0. Therefore, applying the
Schwarz lemma for psh functions, we get u o (1) < |A|, A € D. In particular,
11(20) = uo@(i) < w. Since u and ¢ were arbitrarily chosen, we have gp (a, z%) <
k7 (a,z%).

Now let (dp)p be an arbitrary holomorphically contractible family. Fix a do-
main D C C” and points @,z € D. Letnow f € O(D, D) with f(a) = 0. Then
dp(a,z) = dp(0, f(2)) = m(0, f(2)) = | f(2)|. Hence, dp(a,z) = mp(a,z).

Finally, let ¢ € O(D, D) with ¢(0) = a and ¢(u) = z for a certain u €
[0, 1). Then dp(a,z) = dp(¢(0),¢(n)) = dp(0.n) = m(0, ) = p. And so
dp(a,z) < kp(a.2). O

Remark 4.2.20. (a) Observe that EC = 0 on CxC (EXERCISE). Then also k c, =0
via (4.2.1). Therefore, k p is, in general, not a distance.

(b) Moreover, the following result is true (see [Jar-Nik 2002], [Nik 2002]): Let
F; c Cbeaclosed subset, j = 1,...,n,n > 2, such that F'; # C # F,. Put
D :=C"\ (F; x---x F,). Thenkp = 0on D x D. In fact, for any two points
a,b € D there exists a ¢ € O(C, D) such that ¢(0) = a and ¢(1) = b.

For balanced domains we have the following formulas.

Proposition 4.2.21. Let D C C" be a balanced domain given as
D={zeC":h(z) <1},

where h = hp is the associated Minkowski function. Then:
(@) k5 (0,-) < h|p.
(b) If, in addition, D is pseudoconvex, then

gp(0.) =kp(0.-)=h onD.
(c) Even more, if D is a convex domain, then
0,) =m®0,.) = gp(0,-) = k%(0,-) = h|p.°
mD(a) mD(a) gD(?) D(v) |D'

Proof. (a) Fix a z® € D. If h(z°) = 0, then Cz° C D. Therefore, using the
holomorphic contractibility, k},(0,z%) < k£ (0,1) = 0 = h(z°). So we may

assume that 2(z%) # 0. Then (1) := h(§0)20, A €D, givesa g € O(D, D) with

¢(0) = 0 and ¢(h(z°)) = z°. Hence, I:B (0,2% < h(z%).

9Recall that a convex (pseudoconvex) complete Reinhardt domain is in particular a convex (pseudo-
convex) balanced domain.
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(b) Recall that by assumption logh € PSH(C") (see Proposition 1.15.11) and
h(z) < ||z||h(”§—”) < C|lz|l, z € (C")4 (use that & is upper semicontinuous and
therefore bounded on dB). Since 0 < & < 1 on D it follows that 4 < gp (0, -).

(c) In the last case just apply the Hahn—Banach theorem to get #|p < mp (0, -).
O

In particular, (b) implies the following result for biholomorphic mappings.

Corollary 4.2.22. Let D; = {z € C" : hj(z) < 1} be a pseudoconvex balanced
domain, j = 1,2. If F € Bih(Dy, D;) with F(0) =0, then h o F = hy on D;.

Remark 4.2.23. In fact, much more is true, namely if Bih(Dq, D,) # @, then
Bihgo(D1,D3) # @ (see [Kau-Upm 1976], [Kau-Vig 1990]), where D; are
pseudoconvex balanced bounded domains in C”. Later we will even see that if
Bih(D1, D3) # @, then D is linearly equivalent to D, (see Proposition 2.1.9 in
the case of norm balls).

Moreover, we have the following explicit formulas.

Corollary 4.2.24. Leta,z € B,. Then

(A =al®» - ||Z||2))1/2

mg, (a.2) = kg, (a.2) = kg, (a.2) = (1 11— (z.a)2

where kg, = tanh ™! kEn. In particular, all functions introduced so far coincide
on B,,.
Proof. Fora € B, \ {0}, apply h, € Aut(B,),

V1= lal?(z = &%) — (z.a)
L= lall?(= — gz ) —a + jape

1—(z,a)

ha(z): N ZG[B,,

(cf. Example 2.1.12 (b)), and the above proposition. O
Corollary 4.2.25. Let D C C" be a domain and B(a,r) C D. Then
Iz —all

Ez(a,z) <——, z€B(a,r).
r
In particular, E% is locally bounded from above by the Euclidean norm.
Proof. Fixaz € B(a,r) C D. Then
ki(a.z) < ky . (@.2) =k, 0.2 —a) = ||z —al /r,

since () () = [IC]|/ 7. O
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Remark 4.2.26. (a) Put D := C2 U (({0} x D) U (D x {0})). Then D is a
balanced domain which is not pseudoconvex (EXERCISE). For R > 1 put pg(4) :=
(A(RA-1), g)t),)t € D. Thengg € O(D, D) withgpgr(0) = (0,0) andpg(1/R) =
(0,1/2). Therefore I:B((O, 0),(0,1/2)) =0 < hp(0,1/2).

(b)Let D := {z € C? : |zy| < 1, |z2] < 1, |z122| < r}, where 0 < r <
1/4. Obviously, D is a pseudoconvex complete Reinhardt domain (in particular, a
balanced domain) which is not convex. Its Minkowski function is given by /(z) :=

max{|z1]|, |z2|, /7 1|z122|}. Therefore, EB(O, (t,1)) = %, r <t < ./r. Then

kD(Ov (t’ t)) =< kD(O, ([, O)) + kD((Ov t)v (lv t))
< tanh~'(m(0,1)) + tanh_l(mK(r/,)(O, 1))

1 141 r+1?
= tanh™'(¢) + tanh ™' (¢%/r) = =1 (— )
anh™ " (t) + tanh™" (t°/r) Slog\T— T

1 Jr+t -
—1 =kp(0,(t,1)),
<20gﬁ_t p(0.(z.1))

when ¢ is sufficiently near r. In the second inequality we have used that the above
functions are holomorphically contractible.

Note that this example shows:

e kp is not identically equal to tanh™! ok|p.

e mp isnotequal /i|p.

e kp does not satisfy the triangle inequality. Hence the introduction of the
Kobayashi pseudodistance is justified.

Corollary 4.2.27. Let D C C" be a domain and a € D. Then
gpla,-): D —10,1)
is log-psh satisfying gp(a,z) < Clz —a||, z € D.

Proof. Setu := gp(a,-). Then u™*, its upper semicontinuous regularization, is
log-psh. Moreover, if B(a,r) C D, then

u(z) = gp(a.z) < gp@n(a.z) < E4 2 e B(a.r).

In virtue of the maximum principle, we getu™ < 1 on D. Therefore, u* = gp(a,-),
which obviously implies the corollary. |

Remark 4.2.28. There exists a pseudoconvex bounded balanced domain D C
C", n = 2, such that its Minkowski _function / is not continuous (see Proposi-
tion 1.15.12). Therefore, gp(0,-) = k7 (0, -) is not continuous.

Applying Corollary 4.2.24 we get
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Proposition 4.2.29. Let D C C". Then:
(a) The functions mp, kp are continuous.
(b) The functions mgc) and k7, are upper semicontinuous.

(c) If; in addition, D is assumed to be taut, then i;/*) is continuous.

(d) Fora € D, mg) (a,-) is continuous.
Proof. (a) Fix points a,a’,b,b’ € D andletdp € {kp,mp}. Then

ldp(a,b) —dp(a’.b")| <dp(a.a’) +dp(b.b).

*

Therefore it suffices to apply Corollary 4.2.24 and the fact that mp < k7,

(b) The case mgc): Let D 35 a; - aand D 5 b; — b. According to the
remark concerning extremal functions there are f; € O(D, D) withord,; f; > k
and |fj(bj)|1/k = m([l,()(aj,bj), J € N. Using a Montel argument gives an
f € O(D,D) withord, f > k and

k k
miy (@j,.bj,) = | fi bj)E = 1 fO)'* < mp(a.b)

for a suitable subsequence, i.e. mg) is upper semicontinuous.

The case l:;s: For an arbitrary ¢ > 0 choose an analytic disc ¢ € ©O(D, D)
with ¢(0) = a, ¢(u) = b, and (0,1) > u < E;‘)(a,b) + &. Then ¢(D) is
compact and therefore, dist(¢(D), dD) =: r > 0. Fix a’ € B(a, ur/6) C D and
b" € B(b, ur/2) C D. Now we define a new analytic disc ¥ € @(D, D) by

YA = 9A) + (k=)@ —a) + A"~ b)). A eD.

Therefore, I:B (@,b)y<u=< I:B (a,b) + .

(c) Assume that I;Z is not lower semicontinuous at (a,b) € D x D. Then
Ez(a,b) > 0 and there are sequences (a;);, (b;); C D witha; — a and b; — b
such that for all j,

k3 (a;.bj) < kh(a,b)—¢ € (0,00)

for a suitable ¢ > 0. Choose a ¢; € O(D, D) with ¢;(0) = a;, ¢(u;) = bj,
where [0,1) > pu; < EB (aj,bj) —e/2. Applying tautness we may assume that
n;j = pnel0,1)and ¢; — ¢ € O(D, D) locally uniformly in D. Then ¢(0) = a
and ¢(u) = b. Therefore, EZ (a,b) <u < EE (a,b) — &/2; a contradiction.

(d) is left as an EXERCISE. O

All the functions introduced so far in this section behave well under union of
domains; to be precise we have the following result.
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Lemma 4.2.30. Let D = U;’il D; c C", D; C Dj41, be the increasing union of
the domains D;, j € N. Then dDj — dp if j — oo, where d € {m(k),g,k*,k}.
Proof. We restrict ourselves to prove this lemma only for d = k*; the remaining

cases are left as an EXERCISE for the reader.
Obviously, we have

zj > }*)Hl >k}, JEN
In particular, we have lim I?B/, > EE Now fix points a, z € D and choose a jj
j—o00 -
suchthata,z € Dj, j > jo. Suppose that p := lim I;Bj (a,z) > I;g(a,z). Then
j—o00
there exist an analyticdisc ¢ € @ (D, D) and anumberr € (0, p) suchthat (0) = a
and ¢(r) = z. Select an ¢ > 0 such that (1 + &)r < p. Put $(1) := (A1 /(1 + ¢)),
A €D. Theng € O(D, D), ¢(0) = a, and ¢(r (1 +¢)) = z. Note that ¢(D) € D.
Therefore, ¢ € O(D, D;), j > 1, which implies that k}“)j (@a,z) < (A +9er <p;
a contradiction. |
Recall that the pluricomplex Green function gp(a,-) = h,a € D, need not be
continuous (see Remark 4.2.28), where D = Dy, denotes a pseudoconvex balanced

domain with Minkowski function 4. With the help of Lemma 4.2.30 we get the
following continuity result for the pluricomplex Green function.

Proposition 4.2.31. Let D C C" be a domain. Then gp is upper semicontinuous
on D x D.

Proof. In view of Lemma 4.2.30 we may restrict ourselves to study only a bounded
domain D. To be able to continue we need the following lemma.

Lemma 4.2.32. Let D C C”" be bounded, assume that B(a,r) C D, and let ¢ > 0.
Then there exists a § € (0, 1) such that

(gp(z,w)'™ < gp(a,w), zeB(a,d), we D\B(a,r).
Proof. Puts :=r/3 and R := diam D. Then, by (4.2.1) and Proposition 4.2.21,

llz —wll
2s
Now fix an ¢ > 0 and choose a positive § € (0, s/3) such that

(ﬁ)l-i-e - i
2s R’

S if z € B(a, 26),
max {(gp (b, 2))'*, 222l iz € D\ B(a, 29).

gp(z,w) < gp(z29) (2. W) < z,w € B(a,s).

Fix b € B(a, §). Put

u(z) ;= {
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Note that (gp (b, 2))! ¢ < @ for z € dB(a, 28). Therefore, u is log-psh on D.
Moreover, it fulfills all other conditions to be a competitor in the definition of the
pluricomplex Green function with pole at a. Thus,

(gp(b.w)'** <u(w) < gp(a.w). we D\B(a,2).
It remains to mention that D \ B(a,r) C D \ B(a, 28). |

Obviously, gp is continuous at points (a,a) € D x D (EXERCISE). So without
loss of generality, let (a,b) € D x D with a # b. Choose an r > 0 such that
b ¢ B(a,r) C D. Assume now that gp(a,b) <« < B < 1. Then fix an & < 0
such that @ < B!*¢. Taking the corresponding § from Lemma 4.2.32 we see that

gp(z.w) < (gp(a, w)/I+9 2 € B(a,8), we D\B(a,r).

Recall that gp(a,-) € PSH(D); in particular, gp(a, -) is upper semicontinuous
in b. Therefore, gp (a, w) < o, when w € B(b,n) C D \ B(a, r) for a sufficiently
small 7 > 0. Hence, gp(z,w) < a0+ < B,z € B(a,§), w € B(b, n), which
proves the upper semicontinuity. |

Exercise 4.2.33. Prove the following slight generalization of Lemma 4.2.32.
(a) Let D, a, r, and ¢ be as in Lemma 4.2.32. Then there is a § € (0, r) such
that

(gp(z, W)™ < gp(z/,w), z,z €B(a.,8), we D\ Ba,r).

(b) Show (using (a)) that for a bounded domain D C C” the function gp (-, w)
is continuous if w € D is fixed.

Moreover, we have the following deep result due to Demailly (cf. [Dem 1987];
see also [Kli 1991]) which we will not prove in this book.

Theorem* 4.2.34. Let D C C" be a bounded hyperconvex domain. Then the
function gp is continuous on D x D, where g|pxsp = 1.

To get explicit formulas for the “invariant” objects on Cartesian products we
discuss the following result which is extremely useful.

Proposition 4.2.35. The family (EB) p satisfies the product property, i.e. for all
pairs of domains D; C C%, j = 1,2, and points (ai,az), (b1,b2) € D1 x D,
one has

igzlxDz((al,az), (b1,Db2)) = max{EZl (Cllybl),’;f)z(dz,bz)}-
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Proof. Because of (4.2.2) only the remaining inequality has to be verified. Suppose
that

p:= ’;f*jlxuz((al,az% (b1,b2)) —r
> max{ky, (a1,b1), kp, (a2, b2)} =k}, (a1, b1)

for some r > 0. We find analytic discs ¢; € O(D, D;) with ¢;(0) = a; and
@j(pj) = by, where k7, (a1,b1) < 1 < pand py € (0, 1) Put

9(A) = (p1(A). 92(422)), A €D.

Then ¢ € O(D, D1 x D2), 9(0) = (a1,az), and (1) = (b1,b2). Hence,
o> kzlxDz((al, as), (by, by)); a contradiction. O

Exercise 4.2.36. Use Proposition 4.2.35 and Corollary 4.2.24 to prove that D" x B,
is not biholomorphically equivalent to By, .

Remark 4.2.37. Note that also the family of Mobius pseudodistances (resp. of
pluricomplex Green functions) fulfills the product property; for details see
[Jar-Pfl 2005] (resp. [Jar-Pfl 1995], [Edi 1999], and [Edi 2001]). Obviously, if the
product property holds one can get new formulas for the invariant functions for
Cartesian products.

Proposition 4.2.38. Let D; C C" be adomain, j = 1,2, andlet F € O(D1, D»)
be such that

VaeD> YbeD,, F(h)=a YoeOD,D>), 9(0)=a Iyco®,D,) : ¥(0) =b, Foy = ¢.

4.2.4)

Then, for points a1,a, € D, and by € Dy with F(by) = ai, one has
k, (a1.az) = inf{k} (b1.b2) 1 by € Dy, F(b2) = az}:; (4.2.5)
kDZ(al, az) = inf{le (bl, b2) : bz S D], F(bz) = az}. (4.2.6)

Remark 4.2.39. (a) Recall the following definition: an F € O(Dy, D3), D1, D>
domains in C”, is said to be a holomorphic covering if for any z € D, there exists
a neighborhood V' = V(z) C D, such that F~1(V) = Ujes U, where U; is an
open subset of Dy, such that F|y; : U; — V is biholomorphic, j € J.

Any holomorphiccovering I': D — D5 satisfies (4.2.4). Thereader is referred
to [Con 1995]. Even more is true: for any b € D1, A € D, and ¢ € O(D, D,)
with ¢(A) = F(b) there exists a unique ¥ € O (D, D;) such that ¢ (1) = b and
F oYy = @; ¢ is called the lifting of ¢ with respect to F'.

(b) Recall that for any plane domain D C C there is a simply connected domain
D% € {C, D} and a mapping F € O(D°, D) with the property (4.2.4). D is the
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universal covering domain of D (cf. the uniformization theorem in the classical
complex analysis of one complex variable).

(c) In Example 4.4.16 (see [Zwo 1998]), an example will be given where the
infimum in equation (4.2.5) is not attained. This gives a negative answer to a long
standing question asked by S. Kobayashi.

Proof of Proposition 4.2.38. In view of (4.2.1) we obviously have
k3, (a1.az) <inf{k}, (b1,b2):ba € Dy, F(b2) = az}.

Assume that the above inequality is a strict one. Then there exists an analytic disc
¢ € O(D, D) with ¢(0) = a; and ¢(u) = a,, where

inf{k}, (b1.b2) : by € D1, F(by) = az} > p > k3 (a1, az).

Applying property (4.2.4), we find an analytic disc { € O(D, D) with ¥ (0) = b,
and F oy = ¢. Therefore,

p=kp (b1 Y (W) = inf{k}, (b1.b2) : by € Dy, F(b2) = a2} > s

a contradiction. Hence (4.2.5) has been verified. The equality (4.2.6) could be
proved in a similar way. Its proof is left as an exercise for the reader. |

Exercise 4.2.40. Find the formula for & *

114> Where HF := {1 € C : Re A > 0}.

One of the most important results in the theory of invariant functions is the
following one due to Lempert. Its proofis beyond the scope of this book. Therefore,
the reader is referred to [Jar-Pfl 1993].

Theorem* 4.2.41 (Lempert theorem). (a) Let D C C" be a bounded convex domain
and let a,b € D. Then there exists a complex mp-geodesic ¢ € O(D, D) such
that a,b € ¢(D). In particular, cp = kp on D x D.

(b) Assume that D C C" is a domain which can be exhausted by an increasing
sequence (Dj); of domains D; C C", where each of them is biholomorphically

equivalent to a convex domain. Then ¢cp = kp on D x D.

Note that (b) is a simple consequence of (a) and general properties of the Mobius
and the Lempert functions (EXERCISE).
As an application for pseudoconvex Reinhardt domains we have

Theorem 4.2.42. Let D C C’ be a pseudoconvex Reinhardt domain. Then
kp = k ponD xD.

In particular, k p is continuous.
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Proof. Recall that the logarithmic image log D is convex. Hence the tube domain
Tp = log D + iR" is convex. Therefore, by the Lempert theorem, we have
kTD = kTD on TD X TD.

On the other hand, observe that the mapping F: Tp — D, F(z) := €%, is a
holomorphic covering. Therefore, Proposition 4.2.38 immediately gives the proof
of the equality in the theorem. |

Recall from Remark 4.2.26 that for a general pseudoconvex Reinhardt domain
D the Kobayashi pseudodistance k p and the Lempert function k p are, in general,
different.

Example 4.2.43. Another application of Theorem 4.2.41 gives the following result
(see Exercise 2.1.13).

Let N be acomplex normon C”,n > 2. Recallthat B = {z € C" : N(z) < 1},
B(r)={zeC":N(z)<r},and A=A(r)={ze€B:r <N(z) <1}. Then

Aut(A) = {@|a : D € Auty(B)}.

Indeed, let F € Aut(A). Then there exists a @ € Aut(B) such that |4 = F and
N(®(z)) = r whenever N(z) = r (EXERCISE, cf. Exercise 2.1.13).

Let a € B(r) be such that @(a) = 0. Take a complex geodesic ¢ € O (D, B)
such that ¢(0) = 0 and ¢(«) = a for some @ € D N [0, 1) (EXERCISE). Since ¢ is
proper (see Exercise 4.2.12 (¢)), we find a 8 € («, 1) such that N(¢(8)) = r. Put
w := @(B). Then, in virtue of Exercises 1.1.1 (c) and 4.2.12 (b),

p(ov ﬂ) = C:B(OvCD(w)) = CB([I, w) = p(Ol, :3) = P(O’ ﬁ) - p(O,a)
Therefore, 0 = p(0,) = ¢5(0,a),i.e. a = 0. Hence, @ € Auty(B).

Remark 4.2.44. (a) We mention that recently a domain G in C? has been found for
whichmg, = k?fzz , but which does not fulfill the assumption of Theorem 4.2.41 (b).
Here we only give the definition of G,

Gp:={zeC?: |zy — Z122| + |22|2 < 1}

Letnm: C? — C2, (21, 22) := (21 + 22, 2122). Then G, = n(D?) and 7 : D? —
G, is proper (EXERCISE).

For more details and other sources the reader may contact [Jar-Pfl 2005]. This
is, at least at the moment, the only known example (up to simple modifications)
with these properties.

(b) The notion of a holomorphically contractible family (dp)p (Definition4.2.1)
can be extended to the case where D runs through all connected complex manifolds,
complex analytic sets, or even complex spaces. In particular, one can define the
Mobius pseudodistance m s, the Lempert function I:}'{,[ (defined as 1 for pairs of
points for which there is no analytic disc passing through them), and the Kobayashi
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pseudodistance k ps for an arbitrary connected complex analytic set M. For recent
results in case of the Neil parabola M := {z € C? : z? = z3} see, for example,
[Kne 2007], [Nik-Pfl 2007], [Zap 2007].

4.3* Hahn function

Note that in Definition 4.2.1 one can also consider conditions that are weaker than
(B), for instance:

(B’) Condition (4.2.1) holds for every injective holomorphic mapping F: G — D.
Example 4.3.1 (Hahn function).

Hp(a,z) :=inf{m(A, n) : Jpcom,p) : @ is injective, p(A) = a, ¢(n) = z}
=inf{|u| : Jpeo,D) : @ is injective, ¢(0) = a, p(un) = z},

where (a,z) € D x D, satisfies (A) and (B')."°

Remark 4.3.2. Observe that the infimum in the above definition is taken over a
non-empty set. Indeed, fix points a,b € D, a # b. Then there is an injective
Cl-curve a: [0,1] — D connecting a and b such that &/(¢) # 0, ¢ € [0,1]. By
the Weierstrass approximation theorem, we find a sequence (p;);en of polynomial
mappings p,; : C — C”" such that

k
pi(0)=a, p;j(l)=0>, ||P,(- ) —a® >0, k=01,
and
pi([0.1) c D, jeN.

If j > 1, then pj|o,1] is injective. Indeed, suppose the contrary, i.e. there exist
ti,t] €[0,1], ¢ # 1], with p; (¢]) = p;(t}), j € N. By the compactness of [0, 1]
we may assume that z; — ¢" and 1" — ¢". Then the uniform convergence of (p;),
implies that a(t’) = «(¢”). Applying the fact that « is injective gives ¢’ = t”.
Therefore,

n
0 =llp; ) = pi 7 = Y 1P, @ Pl — £
k=1

n
2 2
= 3 e ()| = 1) (z) = (@) Pl = 1|
k=1
1 2 2 .p o
> sl IF le; — 2/ 17 if j > 1,

where 7; i is between tj’- and tj’-’ . Hence t]’- = t]’-’ for j > 1; a contradiction.

19Observe that the definition of H 7}, is similar to the one of k7.
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Fix a j such that p; is injective on [0, 1]. Then there exists a simply connected
domain G C C with [0,1] C G, p;(G) C D, and pj|g injective (EXERCISE).
Arguing as in the case of the Lempert function we end up with an injective analytic
disc in D passing through a and b.

Remark 4.3.3. Obviously, k* < H}. But k* =0 H*

Indeed, fix two different points a, b € C.. Let XS (9(ID T «) be injective with
¢(0) = a, () = b for a suitable u € D. Applying the Koebe distortion theorem
(see [Pom 1992], Theorem 1.3 and Corollary 1.4) we have

|| ||
“aE S < 4dist(a, Bf([D))—( e

Taking into account that f(D) is simply connected we get

b —al = le(k) —eO0)] < |¢' (O)I

[l

b—a 4a—.
b =al =l

Hence H¢ (a,b) > 0.
On the other hand, the following result for n > 3 is due to M. Overholt.

Theorem 4.3.4 ([Ove 1995)). If D C C", n > 3, is a domain, then EB = HJ on
D x D.

Proof. Fix a,b € D, a # b. Without loss of generality, we may assume that
a = 0 € D (EXERCISE). Let & > 0. Then there is an analytic disc ¢ € (D, D)
with ¢(0) = 0, p() = b for a suitable 1 € D such that 0 < |u| < k* p(0.b)+¢/2.
We choose an R € (0,1) such that /R € D and |u/R| < k* (0,b) + &. Put
@Rr(A) 1= @(RA), |A| < 1/R. Obviously, pr|p € O(D, D) w1th ¢r(0) = 0 and
@r(1/R) = b. Since ¢g is continuous on D, we have dist(¢g (D), dD) =: 2s > 0.

Now we take a polynomial mapping p : C — C” coming from the power series
expansion of g such that dist(5(D), dD) < s/2 and

(&) ~7(7)] < 5%

P = 50+ > (o) = 5( ). Aec

Finally, put

Hence p|p € O(D, D) with p(0) = 0 and p(u/R) = b. Observe that p =
(p1, ..., pn) is a polynomial mapping with

m
pi) =) ajA*, 2eC.j=1..n
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where m > n is sufficiently large. Put A := [a; x]i<j<n, 2<k<m-
Now we will try to modify the coefficients a; x a little bit such that the new
polynomial mapping

gives an injective mapping from D to D with p(0) = Oand p() = b, L := /R,
i.e. a1 has to satisfy the equation

m
i1 = (b_, - Za,,kﬂk)/ﬂ, j=1,....n.
k=2

Assume that p is not injective. Then p(A;) = p(A,) for certain A, A, € C,
A1 # Aa. Therefore,

m

m
A k ~ k .
Yaudk = "aurs j=1....n
k=1 k=1

Or, after dividing by A1 — A,

m k—1
A A k—1— .
—dj1 = Zaj,k(zlilz s), j=1,....n.
k=2 s=0

Now, for an arbitrary n x (m — 1) matrix A = [Gjk]1<j<n,. put
2<k<m

m
M(/I) = {(22,...,Zm) eCcm!: Zdj,kzk = _dj,la j= 1,...,”},
k=2

where
m
G = (b= Y aei®) /. j=1.....n.
k=2

Observe that M (/I) is an (m — 1 — rank A)-dimensional affine subspace of C™1.

Therefore, there is a dense subset of matrices 4 in M(n x (m — 1); C) such that the

corresponding affine subspace M (ff) has dimensionm — 1 —n <m —1—3.
Moreover, define

I
S = {(;) w{wé_s)lslsm_l eC™ ! iw = (w,wy) € C?, wy # wz}.
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Note that the map

) € (Em_lv w1 ;ﬁ w2,
1<l=m—1

1
@ (wy, wy) 1= (Z w{wé_s
s=0

is a regular holomorphic mapping onto S with @(wq, w;) = @(W;, w,) if and

only if (wy, wp) = (W, W) or (wy, wy) = (W, Wy). Hence, S is a 2-dimensional
complex submanifold in C™~ 1.

It suffices to find a sequence of matrices (A(£))¢ C M(n x (m — 1); C) such

that A(£) — A when £ — oo such that S N M(A(£)) = @. |

So the dimension 2 is left in the general comparison of the Lempert function
and the Hahn function. Here we present an answer to what happens with the Hahn
function for the product of two plane domains. It shows that both functions can be
different also in the 2-dimensional case.

Before stating this result we ask the reader to solve the following exercise which
will be important in the proof of the following proposition.

Exercise 4.3.5. Let D C C” be a domain. Then the following properties are
equivalent:
(@ kj, = Hp;
(b) forany ¢ € O(D, D), 0 < o < § < 1 with ¢(0) # ¢(«), there exists an
injective ¥ € O (D, D) with ¥ (0) = ¢(0) and ¥ (§) = ¢(x).

Theorem 4.3.6 ([JarW 2001]). Let D; C C be a domain, j = 1,2.

(a) If at least one of the D;’s is simply connected, then I:Bl xDy = Hgl « Dy
(b) If at least one of the D;’s is biholomorphically equivalent to C, then
kBIXDz = HslxDz'

(c) Otherwise, E}SlxDz # Hp «p,

The proof of (c) will be based on the following nice lemma from classical
complex analysis and the uniformization theorem.

Lemma 4.3.7. Let D; C C be a non-simply connected domain that is not biholo-
morphically equivalent to Cy, j = 1,2. Denote by p;: D — D; the universal
covering mapping.'! Then there are two different points q,,q> € D and automor-

phisms f; € Aut(D), j = 1,2, such that p;(f;(q1)) = p;(fi(q2)), ] = 1.2,

and
(p1o f1)'(q1) (p1o f1)(q2)
det [(Pz o f2)'(q1) (p2o fz)/(Q2):| 7 0.

"Note that, in virtue of the uniformization result, the universal covering of D; is given by the unit
disc.
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Proof. By assumption the map p; is notinjective, j = 1, 2. Therefore, there exists
V; € Aut(D) \ {idp} such that p; oy; = p;, j = 1,2;in particular, v; is a lifting
of p;. Note that ¥; has no fixed points in D (otherwise, applying the uniqueness
of the lifting, it would be equal to idp). Therefore, it has one or two fixed points
on dD (see Exercise 2.1.4 (b)). Fix A’ € dD with y;(1") # A’ for j = 1,2. Then
m(tA,y;(tA)) - 1l whent /1, j = 1,2. Hence we find z1, z, € D with

m(z1,¥1(z1)) = m(z2,¥2(z2)) € (0,1).

Letd € (0,1) withm(—d,d) = m(z1,¥1(z1)). Then, by Exercise 2.1.4(b), there
exist 1; € Aut(D) with

hj(=d) = z;, hj(d) = ¥;(z;), J=12.

Assume that (p; o h;)'(—d) # £(pj o hj)'(d) for at least one of the j’s, say for
j = 1. Then one of the following determinants does not vanish:

det [(pl ohi)(=d) (pie hl)/(d>]
(P20 h2) (=d) (p2oh2)'(d)]’

det |:(P1 ohyo(—idp))'(=d) (p1ohio(— id[D))/(d):|
(p20h2)'(—=d) (p20hy)'(d) '
(EXERCISE, use that (p; o h3)'(d) # 0.)
So we may put fi = hy, fo = hy (resp. f1 = hy o (—idp), f = hy) and

g1 =—d,q2=d.
Now, for the remaining part of the proof we may assume that

((pj o 1)) (@))” = ((pj o b)) (=), j =1.2. 43.1)

Put Y/; := hi' oy o hj and p; := pjohj, j = 1.2. Then y;(—d) = d
and p;'(—=d) = (pj o ¥;)'(=d) = p;'(¥;(=d))y;(—d). Taking squares on
both sides we get (lﬁj’ (—01))2 = 1 (see (4.3.1)). Therefore, either &j (-d) = d,
Ji(=d) = —Lor i (—d) = d, ¥ (~d) = 1.

Applying Exercise 2.1.5 (b) to ¢ = —idp (in case of —) or ¢ = h. and the fact
that v; has no fixed points in D, it follows that

1//3=¢1=1Z2=hc withe ' = ——

Now fix ana € D and choose ¢ € Aut(D) suchthatp(a) = ¥ (a) and (¥ (a)) = a
(see Exercise 2.1.4 (b)). Note that such a ¢ exists.

Suppose that ¢’(a) = ¥'(a). By Exercise 2.1.4(b), ¢ = ¢ and therefore
Yoy (a) = a. Soy oy has a fixed point in D and, therefore, none on dD. On the
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other hand, ¥ is without fixed points on D. So it has at least one fixed point on D,
say b € dD. Then ¥ o iy (b) = b; a contradiction.

Fix anag € DN R. Let ¢ € Aut(D) with p(ag) = ¥ (ag) and ¢(¥ (ap)) = ay.
Then ¢ = h—ay © (—idp) © hh,y (v (ap)) © Mag- By a direct calculation it follows that
¢'(a0) # —¥'(ao).

Summarizing, we know that if ¢ € Aut(D) is such that ¢(ag) = ¥ (ao) and
oW (ag)) = ao, then ¢’ (ag) # £y¥'(ap). Then, by Exercise 2.1.4 (b), ¢ o = idp
(note that ¢ o ¢ has two fixed points in D) and so ¢’ (¥ (ag)) = m.

Finally, we put ¢ := ay, ¢2 := ¥ (ag), f1 := h1,and f5 := hy o ¢. Then

P1(f1(g2)) = (p1 0 h1)(¥(ao))
= (p1 oY1) (h1(ao)) = (p1oh1)(q1) = (p1 o f1)(q1),

P2(f2(q2)) = (p2 2 h2)(9(¥(ao))) = (p2 © h2)(ao) = (p2 o ¥2)(h2(ao))
= (p2 0 h2)(¥(ao)) = (p2 o (hao@))(ao) = (p2° f2)(q1).

Moreover, we have

det [(m o fi)(q1) (p1o ﬁ)’(qz)]
(P20 2)(q1) (P20 12)(q2)

~ det [ (p1 1) (@) (P12 1) (¥ (@0)) ]
(P2 © h2) (p(ao))¢’(a0) (2o h2) (p(¥(a0)))¢' (¥ (ao))

— det |:(P1 o h1) (Y (ao)) ¥’ (ao) (p1oh1) (¥ (ao)) :|
(P2 ©h2)'(Y(a0))¢'(@0)  (p2 ©h2) (Y (a0))/¢'(ao)

— ’ ’ V' (ao) 1
= (o) o) (pa ) (waop e | gen) L]

Hence this lemma is proved. O

Proof of Theorem 4.3.6. (a) Without loss of generality, we may assume that D is
simply connected (EXERCISE). Our task is to apply Exercise 4.3.5. So let ¢ =
(p1,92) € O(D, D1 x D3) and 0 < o < § < 1 with p(0) # ().

Assume that ¢1(0) # ¢1(«). Recall that I;Bl =H 51. Hence there exists an

injective ¥ € O(D, D) with ¥/1(0) = ¢1(0) and 1 (§) = ¢; (). Put

Y (A) := (Y1 (M), p2(%1)), A €D.

Then v € O(D, D1 x D5), ¥ is injective, and one obtains {(0) = ¢(0) and
¥ (6) = ¢(a).
Now let ¢1(0) = ¢1 () and ¢2(0) # @2(x). Take a d € (0, dist(¢1(0), dD1))
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and put
902(%)‘) — ¢2(0)
hA) = ————= 3.
W= @ -0 (*32)
od A
WI ()L) = ¢ (0) + m(h(l) — g), A e D, 4.3.3)

where M := |h||g. Observe that ¥y € O(D, Dy). Finally, define ¥/(A) :=
(¥1(A),92(51)), A € D. Then ¥ € O(D, Dy x D) with (0) = ¢(0) and
¥(8) = ¢(a). Moreover, one easily sees that i is an injective analytic disc.
Hence, (a) is proved.

(b) We may assume that D; = C, and D, # C (EXERCISE). Let, as in (a),
¢ = (p1,92) € O(D,D1 x D3),0 <@ <8 < 1, and ¢(0) # ¢(). Moreover,
applying a suitable automorphism of C, we may even assume that ¢;(0) = 1
(EXERCISE).

In the case where ¢,(0) = @, () define Dy := ¢,(0) + dist(¢2(0), 8D2)[D
Obviously, D, is a simply connected domain, ¢ = (¢1,@) € O(D, Dy x D»),
where @2(4) := ¢2(0), A € D. In virtue of (a), there exists an injective analytic
disc ¥ € O(D, Dy x D2) with ¥ (0) = ¢(0), ¥ (8) = ¢(a) = ¢(a).

Next, we discuss the situation when ¢, (0) # @, (o). For the moment we assume,
in addition, that ¢ (@) = 1 4+ §. Put

YA =141 ¢2(51)., AeD

Then ¢ € O(D, C« x D5) is injective and satisfies ¥ (0) = ¢(0) and ¥ (§) = ¢(a).
Now we turn to the remaining case ¢ () # 14 8. Then, for k € N, we choose
numbers dy € C \ {1} such that df = "’llJ(rog) and Arg(dy) — 0 when k — oo.
Note that d — 1.
Put

_ @2(a) — ¢2(0)
T 1—dy

Since |cx| — oo we choose a kg such that |cx,| > M := sup{|p1(A)] : [A| < §}.
Define

k € N.

Y = ((1+HEQ). 92(§2). 2 €D,
where
(,02(%/’\) — Cko
902(0) - ck() '
Then h € O(D, Cx) and so ¥ € O(D, D; x D;) with ¥(0) = (1, 92(0)) = ¢(0).
Moreover, a short calculation leads to ¥ (8) = ¢(«).
If y (M) = w(1”), then h(A') = h(A”), and therefore, A’ = A”, i.e. ¥ is also
injective. Hence, the proof of (b) is complete.

h(}) = A e D.
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(c) Recall that the universal covering of D; is D and that the covering mapping
pj: D — D;j is locally biholomorphic and surjective, but both are not injective,
j =1,2. Applying Lemma 4.3.7 we find a point ¢ = (¢1,q>) € D?, q; # g2, and
automorphisms f; € Aut(D), j = 1,2, such that with p; := p; o f;, j = 1,2,
the following is true:

Pi(q1) P (qz)] 0.

~ — P , ':1,27 and det|’. ~
pjlq1) = pj(q2). J |:p2((I1) P2(q2)

Moreover, choose anr € (0, 1) such that both mappings p; areinjective onmand
puta = (a1,az2) = (p1(0), p2(0)), b := (b1,b2) = (p1(r), p2(r)) € D1 x Ds.
Note thata; # b;, j = 1,2.

Then, in virtue of Proposition 4.2.35, Proposition 4.2.38, and the choice of r,
we have

k3 «p,(a.b) = max{k} (a1.b1).k} (a2.b2)} =r.

Assume now that I?leDz = Hz;lxDZ; in particular, r = I:leDz(a,b) =
Hglxz)z (a,b). Then there exist a sequence of analytic discs (¢;); C O(D, Dy x
D») and a sequence of numbers («j); C (1,1/4/r) withe; \ 1 such that ¢; (0) =
a and @;(ajr) = b forall j.

Then, applying Exercise 4.3.5, we find ¥; = (¥;,1,v¥;2) € O(D, Dy x D)
injective such that y;(0) = a and ¥, (e;r) = b, j € N.

Recall that p; are covering mappings. Therefore, we can lift the functions
Vik. k = 1,2, i.e. there are holomorphic mappings %,k € (O(D,D) such that
Pr oYk = Yjx and ¥ (0) = 0. Note that (Px o Y1) (@;r) = pr(r). Recall
that py is injective on K (r) and therefore injective on K (r +¢), where & € (0, 1—r)
is sufficiently small (EXERCISE). Then, for large j, we have that ﬁj,k (ozj?r) =,
k=12

By the Montel theorem we may assume that %j,k — 1/7k € O(D, D) locally
uniformly, k& = 1,2. Since ¥(0) = 0 it follows that, in fact, ¥ € O(D, D?).
Moreover, because of the previous remark, &k (r) = r, k = 1,2. Then, by the
Schwarz lemma, we have &k =idp,k =1,2.

Put ¢ = (g1.82): D> — C2, gr(A.p) = pr(A) — pr(n). Note that
g(q) = 0 with ¢ := (¢1.92) and det g’(g) # 0. Hence we find neighborhoods
U = K(q1,5) x K(g2,5) C D? of g and V = V(0) C C? such that g maps U
biholomorphically to V and K(q1,s) N K(q2.5) = @."2

Letnow g;: D - C2,j € N,

g 1) = W) = ¥ (0, ¥j2(A) = ¥j2() - (A, p) € D%

By the result before we conclude that g; — g uniformly on U. Then, in virtue of
Theorem 1.7.28, there exists a large index jo such that gj, vanishes in at least one

12Recall that g1 # ¢».
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point (11, 12) € U, i.e. ¥, (t1) = V¥j,(t2), which contradicts the injectivity of ;.
O

4.4 Examples I — elementary Reinhardt domains

In this section we will establish effective formulas for dp,, o € R, where

k ~
dp, € {mDa,m(Di,gDa,kBa,k*Da}

and
D, ={zeC"():|z]* < 1},

is an elementary Reinhardt domain. Notethat Dy . := {z € C"(«) : |z|* < e} and
D, are biholomorphically equivalent; so it suffices to study only D,. Generalizing
Definition 3.3.1 we say that Dy, is of rational type if @ € R - Z" and of irrational
type if it is not of rational type.

Note that if » = 1 and > 0, then D, = D and all the invariant functions
coincide withm on D x D. If n = 1 and @ < 0, then D, = C\ D. Thus D, is
biholomorphically equivalent to D.. Then itis easy to prove thatm = mp, = gp,
on Dy x Dy (EXERCISE). Moreover, applying Proposition 4.2.38, we are able, at
least in principle, to calculate kﬁs*. Firstly, we give the formula for the Lempert
function even for an arbitrary annulus.

Theorem 4.4.1. For R > 1 put A = A(1/R, R). Ifa € (1/R, R), then

x? + 1 —2xcos(n(s —t)))l/2 z = |z]e!?@ € A,

ala.2) = (x2+1—2xcos(n(s+l)) —m<0() =m

where a = R'™%5, |z| = R'™%, and x = exp (glgézl)e)'
Proof. Note that

AsdA—->A/aeQ:={weC:r <|w|<r},

where r; :=~(Ra)_1 and r, := R/a, is a biholomorphic mapping. Therefore,
ki(a,.z) = k*Q(l,z/a), z € A.

Put § := {z € C : logr; < Rez < logry}. Note that 1 € Q and that
expls: S — Q is a holomorphic covering. Moreover, observe that

. (w—logry)m

Y ogtra /1) — aw _ ,iB ~
S5 w L_f ¢ . fHw) eD,
juzlerpr o paw 4 pif
e log(ra/r1) + i
where ) )
i ogry
o:=———— and ﬁ;:n(l+—),
log(rz2/r1) 2 log(rz2/r1)
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gives a biholomorphic mapping H: S — D. Note that H 0) = }::,l; Then, after
a suitable Mobius transformation, we get the following biholomorphic mapping
H:S — D,

e — 1
Hw)=——, weS,
exw —l()

. 2mlogry

with H(0) = 0, where ¢ := ' *2/70_ Hence, h := exp|soc H': D — Q
is a holomorphic covering with #(0) = 1 (EXErcisg). Consequently, by Proposi-
tion 4.2.38, we get

NZ(l,é‘) =inf{|A|: X € 1)} = inf{|H(w)| : w € S, exp(w) = ¢}
= inf{|H(log|¢| +i(0 + 27k))| : k € Z},

where ¢ = |¢|e’? with —7 < 6 < 7. Calculating the last term leads to the function

etei(p -1 2
f@) = oo —oiw | € R,
where log [¢] |
og ogri
=gr———— and =2 —.
Y log(r2/r1) v log(ra/r1)

Note that f(t) = f(—t). A simple calculation shows that f”|,00) > 0,1i.e. f|r,
is strictly monotonically increasing (EXERCISE).

Note that ¢ in f corresponds to —W(Q + 2km), k € Z. Therefore, we
have the following possibilities:

(@)if @ = 0, then k35 (1,§) = |H(log [¢] +i0)[;

(b) if 8 € (0, ], then

K5 (1,8) = min{|H(log [¢] +i6)|, [H(log |Z] + i (6 — 27))|};
(c)if 8 € (—m,0), then
ky(1,8) = min{|H(log |¢| +i0)]. |H(log L] + i (6 + 27))]}.

Observe that f(t) > f(t + x) iff (1 —e*)(e?* — 1) > 0. In (b) (resp.
in (c)) we have t,,: —WQ < 0, chr = mbr, and so 2t +x > 0
(resp. t = —me >0, x = —m%r, and so 2t + x < 0). We get

k¥ (1.5) = |H(log || + i0)|. Hence,
Fria) = 1 (s £] 05 3))|.

where the argument is chosen in (—s, 7]. What remains is to evaluate the right-hand
side which is left as an EXERCISE for the reader. O
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Corollary 4.4.2. For any a € (0, 1) we have

02(z) + (log |z| — loga)z)l/2
02(z) + (log |z| + loga)?

~E‘)* (a,z) = (

whenever z = |z|ei9(z) € Dy and —m < 0(z) < 7.

Proof. Use either a covering argument as in the proof of the former theorem or
Lemma 4.2.30 (EXERCISE). O

As an immediate consequence of Corollary 4.4.2 we get the following identities.
Corollary 4.4.3. (a) Ifa € (0,1) and k € N, then

24 ;
k

EE*(ak,zk) = min{EE*(a,ze N:0<l<k—-1}, ze€Ds.
®)Ifa,b € (0,1)andt € R, then
kp (@', b') =kp_(a,b).
Proof. The proof is left as an EXERCISE. |
If D = D, x C¥, then (EXERCISE)
dp((@',b),(@",b")) =dp,(d',d"), a’,a" € Dy, b',b" € Ck.

Hence for the remaining part of this section we will always assume that:

o n>2;

e «p,...,05 <0and &541,...,05 > O0forans = s(x) € {0,1,...,n};

o ifs <n,thent = t(a) := min{ts41,...,0,};

e a = (ai,...,ay) € Dy, ay---ap # 0, apyy = - = a, = 0fora

k=k(a)€{s,...,n};

o ifk <n,thenr = r(a) = rq(@) := dg41 + -+ + an; if k = n (in
particular, if s = n), then r = r(a) = rq(a) := 1; observe that if « € Z", then
r(a) = ordg (z% — a%);

e if D, is of rational type, then @ € Z" and «y, . . ., «;, relatively prime;

e if D, is of irrational type and s < n, then ¢ («) = 1.

We are able to describe effectively some holomorphically contractible functions
of D, — the following formulas are known and will be discussed in the sequel.

Theorem 4.4.4. Under the above assumptions we have:

o mip, (a.2) g0, (a.2)
Rational type (m(@a®, z2) 17| (m(a®, z%) V"
Irrational type, k < n 0 |z V"
Irrational type, k = n 0 0
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a EBa (a,z) k,(a.z)

min tm(¢1. o)),k =n. 2 ¢ Yy

Rational, s <n | { %a_y! min {m(¢1,2)}

a®=¢

|Za|1/r’ k<n z"‘=§é

Rational, s = n kp, (a*, z%) kp, (a%,z%)

o, 1z%]), k =n, |4
Irrational, s < n m(|611 1251 nozgW m(|a®|,|z%])
|z /T, k<n
Irrational, s = n kp, (Ja®|, [2%]) kp, (Ja®]. 1z*%])

Note that, in fact, the above formulas cover all possible cases.

Before we start to prove this theorem we present some applications.
Remark4.4.5. (a)If D, C C" (resp. Dg C C")isanelementary Reinhardt domain
of rational (resp. irrational) type, then these domains are not biholomorphically
equivalent (EXERCISE).

(b)If D, C C",n > 2,is an elementary Reinhardt domain of rational type with
0 € Dy (ie. s(x) = 0)and if £ > 2, then

1.t 1.6
mi5) (0.2) = (m(0,z)T ¥ = |z Tel!, 2 e D\ W5,
Observe that %[I%] < 1. Therefore,

my) (2,0) =m(z*,0) = 2% <m$) (0.2). z€Dy\ V.
Hence we conclude that, in general, the function mg) is not symmetric.
(c) Let D, be asin (b). Fixab € D, \ ¥ and a sequence (a;); C Dy \ Vo
which converges to 0. Then
(O _ o o ay (o )
my, (aj.b) = m(aj,b%) - m(0,0%) = [b%| <myp (0,D).
Hence, the function mgi (-, b) is not continuous, £ > 2.
(d) Let D, C C" be as in (b). Then

gp,(0,b) = (m(0,6*) /% > |p% = m(b,0) = gp,(,0), be D\ V.

This shows that, in general, the pluricomplex Green function is not symmetric.
(e) Let Dy be asin (b). Fixab € D, \ Vo and a sequence (a;); € D, \ Vo with
a; — 0. Then

gD, (aj,b) = m@?,b*) — m(0,b%) < (m(0.b6*))"/1* = gp, (0, ).
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Therefore, in general, gp (-, b) need not be continuous. Recall that also gp(a,-)
is not necessarily continuous.

Using the formulas for the pluricomplex Green function for elementary Rein-
hardt domains, we get the following result (see Lemma 2.4.12).

Lemma 4.4.6. Let Dy, Dg be elementary Reinhardt domains in C", n > 2, of
rational type with s(a) = s(B) = 0, i.e. 0 € Dy N Dg, and let F € O(Dy, Dp).
Then there exists a ¢ € O(D, D) with

F(V(Dy,A)) CV(Dg.p(A), AeD,
where V (Dy,A) :={z € Dy : z% = A}.
Proof. FixaA € D. Put
a=a):=(1,...,1,1n),

where A1/% is a certain root of A. Obviously, ¢ € V(Dy, A) and k = k(a) = n.
Set
o) := FP'(a)--- FPr(a) = FP(a) € D.

Then F(a) € V(Dg,p(1)).
Now take another point z in V (Dy, A). Then

a® — z¢ |Vre(@
0= @el e

Fﬂ(a) _ Fﬁ(z) 1/rg(F (a))

F(a), F(z)) = FB(a)
2 80, (F(@. F() = |7

Therefore, F(z) € V(Dg,¢(4)).

Note that by taking locally a holomorphic root A'/®7 in D, it follows directly
from its definition that ¢ is holomorphic in D4. Hence it extends holomorphically
to the whole of D and this extension coincides with ¢(0) = lim FP(a(r)) =
tl_i)r(r)1+g0(t). So¢ € O(D, D). (=0 |

Corollary 4.4.7. Let D, and Dg be as in the previous lemma. Assume now that
F € O(Dy, Dg) is even biholomorphic. Then there is a ¢ € Aut(D) with

F(V(Dy, 1)) =V (Dg,p(A)), AebD.

To show how to use invariant functions like the pluricomplex Green function
we are going to prove the following result [Edi-Zwo 1999] (see also Section 2.3).

Theorem 4.4.8. Two elementary Reinhardt domains Dy, Dg C C", s(a) =
s(B) = 0, are biholomorphically equivalent if and only if there exist a permu-
tationo of {1,...,n}andat > 0 such thato; = tBs(), j = 1,...,n.
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Proof. From the very beginning we may assume that n > 2 and that both domains
are either of rational or of irrational type.

In the first case we know by Lemma4.4.6 that F (V5) = V (Dg, ) '* foracertain
u € D. Observe thatif u € Dy, then the latter set is an analytic set with only regular
points, but ¥ has 0 as an irregular point. Therefore, u = 0, or F(V) = W.

Now let both domains be of irrational type. Suppose that F'(Vy) ¢ V, i.e. there
isana € W with F(a) ¢ V. By Theorem 4.4.4 we conclude that

0# gp,(a.-) = gps(F(a),-) = 0;

a contradiction. So, F (V) = W also in this case.

Hence, there is a permutation o of {1,...,n} such that F(V;) = V;(), j =
1,...,n. In particular, F(0) = 0. Applying the formulas for the pluricomplex
Green function it follows that

1 +etay
(lzllal |Zn|0ln) /(ay an) _ gp,(0.2) = gp, (0, F(2))
1 +et By
= (IR @)1 |Fa(2)|Pr) /400 e

Moreover, for the points d; = (1,...,1,0,1,...,1) € V; we have that F(d;) is
contained in V() \ UZ:I, t+0(j) V- Therefore,

2% = gp,(d).2) = gp,(F(d)), F(2)) = |[FF(2)]/Po), 2 € Dy.

Combining the last equalities gives

apt+-tap o =1 "
Bit-+Bn Botpy o
which finishes the proof. |

Now we come back to prove almost all of the formulas stated in Theorem 4.4.4.
Proof of Theorem 4.4.4. The proof will be given in several steps.

Proof for m%i — the rational case. Define

w € D,.

L
Fw) (w"‘—a“)[ﬂ
w)i=(——— ,

1 —a*w®
Then f € O(Dy,D) with ord, f = r(%] > {. Hence m(lﬁi(a,z) > | f(2)|"*,

17e
which implies thatm%i (a,z) > (m(a“,z“))il_ﬂ.

3Note that ¥y C Dy N Dg.
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Now let f € O(D,, D) withordy f > £. Put ®(w) := w*, w € Dy. Applying

Theorem 3.2.1 (e), we get f = @o®, wherep € O(D, D) andord, f = r ordge ¢.
1.4

Hence, ordge ¢ > [%] and therefore, | f(z)|'/¢ < (m(a®, Z“))zrﬂ, which proves

the remaining inequality. |

Proof for mgi — the irrational case. According to Theorem 3.2.1 (d) we know that
H>®(D,) ~ C, which immediately proves the claimed formula. |

Proof for g p, — the rational case. Let B = (lay|, ..., |as|, ts4+1,...,0,). Ob-
serve that D, and Df? := Dg N C} are biholomorphically equivalent via the fol-
lowing mapping

F:C"a) > C"a), z+ (z7' .. zy  Zsstse s Zn).

Hence gp,(a.z) = ng(F(a), F(2)), z € Dy. In virtue of Proposition 1.14.25,
we even know that ng(F(a), -) = gps(F(a),-) (EXERCISE).'* Therefore, from

now on we assume that s = 0.
Using the equation for m p, from above, we know that

gp,(a,z)>mp,(a,z) = (m(a“,z“))l/r.

To getthe converse inequality letu : Dy — [0, 1) be alog-psh function satisfying
u(z) < C|lz—al|, z € Dy; in particular, u(a) = 0.
Fix a yu € Dy with u® = A. Then

. ~n—1 L a @ M
V:Co > Dy, Y(wr,...,wp—1) = (w0, e )
u) ..uw
1

n—1

is a holomorphic mapping onto V (D, A) (EXERCISE!®). Sou oy € PSH(C"1)is
bounded. By Proposition 1.14.25 we conclude that this function is, in fact, psh on
the whole of C"~!. Moreover, it is bounded from above. Therefore, the Liouville
type theorem for psh functions gives that v o ¥ =: v(4) € Ds. So we have
constructed a function v: D, — D, such that

Uly(pg,n) = v(A), A e Dy

v is sh on D,. Indeed, fix A9 € D« and p > 0 with K(1¢, p) C Ds«. Choose a
holomorphic o,-th root of idg (3,0, i.€. 2 g € O(K(Ag, p), D) with g** (1) = A,
A € K(Ao, p). Then

vA) =u(l,....1,g(1), A e Ko, p).

“Note that Dg \ Vo = Dg.
15Use the assumption that a1, . . . , ;; are relatively prime and therefore Z = o1 Z + -+ + a, Z.
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Hence, v is locally log-sh on D, and therefore log-sh on D,. As above, v extends
to a log-sh function ¢ on D.

First we discuss the case k < n, i.e. a* = 0. Recall that r = a1 + -+ + .
For A € D, we have

M) =vA) = ul@n, ..., ap, AT AT AN @Y ae )T ey
< C||(Al/r,...,)tl/r,)tl/r(a?l ---azk)_l/a")” < C‘IMl/r,

where C is a suitable number. Hence, 0" < gp(0, -). Inparticular,ifz € V (Dy, 1),
A € Dy, then
u(z) = v(z%) < (gp(0.2%)"" = |2*|"/".
Therefore, gp,(a,z) < |z%|V" = (m(a%, z%)"/" on Dy \ Vo. If z € Dy N
Vo, then the mean value inequality for psh functions leads to gp,(a.z) = 0 =
(m(aot’ Zot))l/r'
Now let k = n, i.e. a* # 0. Then we get for A € D, near Ay := a®*

O(A) = u(ar,...,an—1, Ao @' .- a1y~ on)
/\l/an - . R
<C —an| < C|AMen — 33/ < €A — Aol
ay/an an—1/an
al ..-an_l

which implies (1) < gp(a*,A) = m(1o,A), A € D. Hence, u(z) = v(z%) <
m(a®,z%), z € Dy, N C”%. By the same reasoning as above it follows that the above
inequality holds also on D, (EXERCISE). O

For further purpose we add the following observation.

Lemma 4.4.9. Ifs = 0 and k < n, then gp, (a,z) > |z%|"/", z € D,.

Proof. Note that the function u: Dy — [0, 1), u(z) := [z%|V/", is log-psh. For
z € D,, z near a, one has

u(z) < (|21|0¢1 ...|Zk|0tk)1/r(|zk_H _0|0tk+1 |Zn _0|an)1/r
<Cl(zkr.. . 20) = (0,...,0)| <Cllz —all.

Hence,u < gp,(a,-) on Dy. |

Before we will be able to discuss the pluricomplex Green function for the irra-
tional type we have to find the formulas for the Lempert function.

Recall that T, = {({1a1,...,¢nay) : ¢ € T, j =1,...,n}, wherea € CI.
Then T, is a group with the following multiplication:

(Grar,....lnan) o (Mmai, ... ,Muap) == (Cimar, ..., ¢uNnan).
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Let o € R%. Define T, () to be the subgroup of T, that is generated by the set

L% N7
i—2kim i~ ok, . .
{(e o Mg et e a1 < i g <o, kl,...,kneZ}.

Note that if « is of rational type, then

Ta(@) = {(g1a1,...,ena,) : sj.‘j =1,1<j <n},
i.e. T,(a) is finite. If o is of irrational type, then T, (o) = T, (cf. p. 97).
To get some information on the Lempert function we need the following result
on analytic discs.

Lemma 4.4.10. Let a,z € Dy, z € R?, and Z € T;(«x). Then for any ¢ €
O (D, Dy) with o(A1) = a, ¢(A2) =z, A1 # Az, A; € D, j = 1,2, there is a
@ € O(D, Dy) such that (A1) = a and p(A,) = Z.

In particular, E’ba (a,z) = I;}‘)a (a,?2).

Proof. First recall that the strip H := {A € C : —1 < ReA < 1} is biholo-
morphically equivalent to D (use the Riemann mapping theorem). Therefore, it
suffices to prove the lemma when we substitute D by H. So we may assume that
¢ € O(H, Dy) with ¢(0) = a and ¢(it) = z for a certain t > 0.

Fork, € Zand j € {1,...,n},let o: H — D, be defined as

a2k

A
QZ?(A.) = (@1 (A')7 s ‘Pn—Z(/\)v e_an”?(Pn—l(A)’ e ot @p (A))

o«
i —L 2k,

Then ¢ € O(H, Dy), $(0) = a, and $(it) = (z1,....Zn_1.€ @ """ z,).
Now we continue modifying the other coordinates in the same way as above
which finishes the proof. O

In the same spirit is the following lemma.

Lemma 4.4.11. Let L1, L, €D, L € Cy, and o € R}. Assume that
m(Ly, Ly) = inf{m(A1,A,) : Aj € Lj, j=12}>6§>0.

Then there exists a set L € Cs L C Z, such that for any zy,z, € Land A; € L;,
J =12 thereisay € O(D,Cy) suchthaty(A;) = z;, j = 1,2, andy(D) C L.
Moreover, there is a set K € Cy such that forany zy, . .., z, € L with |z%| = 1
and any w1, ..., wx € L, k < n, there are functions ; € O(D, Cy) such that
;D) C K, ¥j(A) =z, j = 1....n,and ¥j(A2) = w;, j = 1,....k, and
Q)Y (L) = e'? A e D.
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Proof. Without loss of generality we may assume that L.; = {A; = 0} and L, =
{A, = 8.1 Put ~
L :=exp '(L) N (R +i[0,27)).

Then L C (logey,logey) +i[0,2m), where 0 < &1 < &, and the ¢;’s depend only
on L. Set

L:= {e“)“rb :A €D, a,beCsuchthatad; +b € L. j =12}
Then L € C.. What remains is to choose v o= ei , Where / is an appropriate
function of the form as it appears in the definition of L.
To prove the last part of the lemma we take, in addition, wg41,...,Wy—1 € L

in an arbitrary way. For the pairs z;, w; we fix functions ¥; € O(D, C,) with

v, CL, Q) =2z. Yh)=w, j=1L....n—1L

Put ‘ iy
Yu () = O (P Q) -y (V)T A eD,

where the branches of the powers are chosen arbitrarily and 6 is taken such that

1//n(ln) = Zn. O

Exercise 4.4.12. Prove the following statement using the ideas from the proof of
Lemma 4.4.11.

(a)Leta € C4, X € C,and A € D be given. Then there existsa ¢y € O (D, Cy)
such that (1) = @ and ¥’ (1) = X.

(b) Moreover, if A € D,a € C?, X € Ck, where k < n, and a € R” with
|a®| = 1, then there is a ¢ = (Y1, ..., V¥,) € O(D, C%) such that

YA =a, (YA, Y ) = X, Y-yl = efidp.

Applying the previous lemmas in the case of elementary Reinhardt domains
leads to the following results.

Lemma 4.4.13. Let Dy, be of irrational type and a,z € Dy N C}. Then
kp, (a.z) =k} (a'.2), a €T, ' eT..
Proof. Note that it is enough to prove that k p,(a.2) = EB,, (a,z’) (use the sym-

metry), whenever z' € T,.
Suppose the contrary, i.e. there are points z/, z” € T, with

~*Da(a,z’) < I;”l‘,a(a,z”) =: L.

16To get the general case, recall that if m(A1,A2) > 8§ = m(0,§), then there is a ¢ € O(D, D)
with (A1) = 0 and p(A3) = 4.
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In virtue of Lemma 4.4.10, we have I?Ba (a,2) = £, Z € T,#(a). Observe that
7 € T, = T,n = T,v(). Therefore, 2’ is _an accumulation point of T~ (a),
which contradicts the upper semicontinuity of k*Da (a,-). |

Corollary 4.4.14. Let a € Dy N C%, where Dy, is of irrational type. Then
I;*Da(a,z) =0, zeT,

Proof for E*Da — the case k < n. In virtue of Lemma 4.4.9, we know that

b, (@.2) = gp,(a.z) = |z%V".
In order to prove the converse inequality for a z € Dy \ W, put v := |z%|!/".
Then all the points z, ..., Zg, Zk;” ..., 2 belong to Cy with
k n
. Z: .
(TTize)( IT 12m) =1
Jj=1 J=k+1
Moreover, ay,...,a; € Cy. Then, in virtue of Lemma 4.4.11, we find functions

¥ € O(D, Cy) such that
n
[Ty’ =e® 21eD.
j=1
Wj(T)ZZj, j=1,...,k,
yi(r) =%, j=k+1,....n,
vi(0)=a;, j=1,...k.
Put
9(A) == (1), .. k(D). AV 41 (A), ... AP (1)), A €D.
Then ¢ € O(D, D,) with ¢(0) = a and ¢(t) = z. Hence, l?;,a (a,z) < 1,ie.the
proof is complete.
Now we discuss the remaining case when z € D, N V. Note that necessarily
wehave z; #0, j <s.
First suppose that there is a coordinate z; = 0 with j > k 4+ 1. Then the
holomorphic mapping

—s—1
CoxC"  sw=(w1,...,Wj—1, Wj41,...,Wn)

= (W, Wi—1,0,Wjt1,...,wy) € Dy
leads to the following inequality

*Da(a7z) S k(]*:iXC”_S_l (dvz) = Oa 17

17Recall that one can map C onto C via the exponential map.
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where d := (a1,....aj-1,aj41,....ap)and Z := (Z1,...,Zj—1,Zj+1,-- ., Zn).

What remains is the case where |z;| 4 |a;| # O for all j’s. For B € (0,1) we
are going to define a ¢ = (¢1,...,¢n) € O(D, Dy), where

=y ifa; =0,

0; (V)= £Py; () ifz; =0, AeD.
vi(4) ifajz; #0,

The ¥; € O(D, C) have to be chosen in a correct way.
We need that the ;s satisfy ]_[?zl wj‘.x'" = ¢'? on D and that ¢(8) = a, and
¢(—p) = z. Note that then we would get I;*Da (a,z) <m(B,-B) = 0if B — 0.
Fix some j; such that a;, = 0. Then we would like the functions v; to attain
the following values in C:

aj ita;z; #0,
Y8 = { 4D ez =04 a;
1 ita; =0#z. j # .
_/011.1
vi® = ( TT w@®™ [T @) "
a;z;#0 z;=0

Moreover, at —f8 we only need to have

zj ifajz; #0,
(— = (1—B2
vi(=B) {Lﬂf) ifa; =0 # z;.

Note that there are fewer than n values we want to specify at —f. Therefore,
Lemma 4.4.11 works and gives such a mapping ¥ € @ (D, C?) which completes
the proof. O

The remaining case, i.e. s = n or k = n, for elementary Reinhardt domains
will be discussed later in this section. First we establish the formulas for the
pluricomplex Green function in the irrational case.

Proof for g p, — the irrational case. As in the proof of Theorem 4.4.4 we may as-
sume that s = s(a) = 0.
In the case where k = n we have gp,, (a,z) = 0,z € T, (see Corollary 4.4.14).

Then the maximum principle for psh functions implies that gp,(a,-) = 0 on
P(O, (lail,-....lanl)). Recall that loggp,(a,-) € PEH(Dy) and that either
loggp,(a,-) = —oo or the level set {z € D, : loggp,(a,z) = —oo}is a

pluripolar set. Thus, gp, (a,-) = 0 on D,.
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If k < n, then, by the formula for k ’l‘)a in that case, we know that
gp,(a,z) < E”ba(a,z) = |27,
To conclude the proof apply Lemma 4.4.9. (]

The last part in this proof is devoted to prove some of the remaining formulas
for the Lempert function.

Lemma 4.4.15. Ifa,ze D=D1NnW((1=(,...,1)), then
I;’l‘)l(a,z) =0.
Ifa e D1 NCL, z € Dy, then
kK, (a.z) = (m(ay--an. 21+ 2)) ",
where T := max{#{j : z; = 0}, 1}.

Proof. The first formula is a direct consequence of the one for k* which has been
proved before.

Now we will discuss the case where a,z € C7. In a first step suppose that
WL :i=aj---a, = z1 -+ zp. Then the holomorphic mapping

F
C" s (wy,..., we_1) — (e¥1,... e¥n—1 pe W1—""Wn-1) ¢ Dy

is onto V(Dy, u), i.e. F(w') = a and F(w"”) = z for certain w’, w” € C" 1.
Hence, 5 5
’l‘,l(a,z) < k;‘:,,,l(w’, w”) = 0.

So we may assume that, from now on, ay ---a, # z1---z,. Put

AM:=ay--ra, €D, Ap:=z1---z, €D.

Applying Lemma 4.4.11 we find a ¢; € O(D, Cy) such that

i) =a;, Yi(a) =z, j=1....n—1, Y1) = (@1---ap-1)"",
and Yy - Yy, = e'? on D;. Put
9() = (Y1), Y1 (A). e 7PAYn (1), A €D.
Then ¢ € O(D, Dy) such that ¢(A1) = a, ¥ (A,) = z. Hence,
m(ay---dn,z1°""Zn) = I;*bl(a,z) >m(ay---an, 21" Zn),

where the last inequality is a consequence of the property of holomorphic con-
tractibility.

It remains the case that a € C7 and z € V. Then again Lemma 4.4.11 gives
the desired formula. |
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What we have just discussed is the simplest case of an elementary Reinhardt
domain of rational type. The proof of the formula in case s < n needs deep results
on geodesics which are beyond the scope of this book. Therefore we skip its proof.
Details may be found in [Pfl-Zwo 1998] and [Zwo 2000]. Note that the case k < n
is contained in Theorem 4.4.4. So the difficult case is the one with k = n.

Now we turn to the irrational case for s < n.

Proof for k *Da — the irrational case with s < n. The case k < n was already veri-
fied. So we assume that k = n and z ¢ V. Recall that

kp,(a.z) =k} ((ail.....lan)). (|21]. ... |za]))

(see Lemma 4.4.13). Now we approximate the ¢/ ’s by rational vectors. We choose
a sequence (o)) i C QF such that

o) = o, t(oz(j)) =1, oeij),...,ozs(j) <0, aifr)l,...,a,(,j) >0, JjeN.
Applying Theorem 4.4.4 for points x, y € D,y N [R’jr we get

- ) ; ) ;
*Da(j_)(x,y) = m(x‘lx1 ---x,‘f'(f”,yf‘ ---y,‘;"(f/)), jeN. 4.4.1)
By employing a biholomorphic reordering of the coordinates we may assume that
1 =t(a) = .
Now suppose that
I;}")a(a,z) <m(|la®],]z*]).

Then there exist an analytic disc ¢ € O(D, D,) and A1, A, € D such that (1) =
(|a1|’ e |an|)’ QO(AQ) = (|ZI|’ R |Zn|)’ and

m(Ag, ) < m(|aa|, |Za|)-

Since ¢(D) is a compact subset of D, we can choose a large jqo such that ¢|p €
oD, Da</o))~ Therefore,

(Jo) (o) (o) (Jo)
m(Ay.A2) <m(jai[*v -lan|® |z M0 Lzl );

a contradiction to (4.4.1).

On the other hand put A; := |a%|, A, := |z%|. If A; # A,, then we find
analyticdiscs ; = e/ € O(D, Cx) withh; (A1) = log |a;|and &, (A,) = log |z;],
j=1,...,n—1 (use Lemma 4.4.11). Moreover, define

Yn(d) := exp(—a1h1(A)) — -+ —ap—1hp1(1)), A €D.

18Note that m(x, e’? y) > m(x,y), 6 € R, when x, y € [0, 1) (EXERCISE).
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Then A1, (A1) = |an|. Put
) = (Y1 (A), ..., ¥n-1(A). MY (1)), A €D.
Then ¢, (A1) = |a,| and ¢, (A2) = |z,|. Hence,
kK, (@.z) < m(a®|.|z%]).
If A1 = Ay, put de:=As+¢e€D,e>0small Put

A=A A=A

: . AeD.
T—ah 1-aa €

he(l) =

Then s, € O(D, D) withhe(A1) = he(A¢) = 0. Then, using an appropriate Mobius
transformation, we find an 4, € O(D, D) such that h.(A1) = he(Ae) = Aq.

As in the case before there are ¢; € O(D,Cy) with ¥;(A1) = |a;| and
Yi(Ae) =|zj|,j =1,...,n — 1. Putnow

o) i= (Y1) Yt ) AW ) -y (A)7Y), A eD.

Then ¢ € O(D, Dy), p(A1) = (la1], ..., lanl), and 9(A¢) = (|z1], ..., |zn]). Tak-
ing into account that ¢ may be taken arbitrarily small, we end up with k’l‘)a (a,z) =0,
which finishes the proof. O

In a last step we discuss the case when s = n,i.e. o; < Oforall j.

Proof for I;”ba — the case s = n. First observe that the map F: C"~! x Dy — Dy,
FA, ... Ap) i= (eM1on . ehnmton j—do=Aier==—An—1tn-1)

is a holomorphic covering. Note that F (1) = w iff

1
Aj = a—(log|wj| + i(Argw; +2lj71)), j=1...,n—1,
n

1 n-l an i n—1
— = wn( [ |wj|aj) ean =19 (Arga; +21;7)
Ay .

Jj=1

where 1, ...,l,—1 € Z. Applying Propositions 4.2.38 and 4.2.35 we are led to

~ ~ [ n—1 . X
K, (a,2) = inf (e}, (ja | onean X=1 s e

|2 | Ve emay L=t es ez t2limy g e 7

In the rational case we apply Corollary 4.4.3 and get I;’i)a (a,z) =k D, (@*,z%).
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In the irrational case we conclude via the Kronecker theorem that
]:*Da (a,z) = ~E*(|atx|—an’ |Za|—an)'

It just remains to mention that I;ES* (x,y) = I;E* (x*, y") fort > 0. Applying this
remark with t = —a;, gives the desired formula. (|

In a final step we discuss the Kobayashi pseudodistance in the case of elementary
Reinhardt domains with s < n, which so far we have not mentioned.

Proof for k”l‘)a — the case s < n. In the rational case it is easy to see that

Dy x Dy 3 (z,w) = (min{p(1,82) : $1.52 € D, a® = {7, 2% = §3})

=:d(z,w)

satisfies the triangle inequality and is majorized by k D, - Hence it follows that
kp, > d and both are equal outside of the axes. Then the continuity of the
Kobayashi pseudodistance gives the desired result.

In the irrational case the reasoning is analogous to the one before and therefore

left to the reader as an EXERCISE. O
Proof for kT, —the case s = n. This step is left as an EXERCISE. O O

In particular, the effective formulas from above make it possible to give a neg-
ative answer to the following old question asked by S. Kobayashi (see [Kob 1970],
p- 48), namely: is the infimum in Proposition 4.2.38 taken by a certain point in the
holomorphic covering.

Example 4.4.16 ([Zwo 1998]). Let D = D(—ﬁ,—l) and y: C x Dy — D,

V(A1 da) = (e—hsie\ml)’
X

be a holomorphic covering. Take a := (r,r) € D withr > 0 and z := (r,ir).
Then kp(a,z) = 0. Fix the following preimage (— logr, r_l_ﬁ) of the point a.
Then

0= 222 kcxp, ((—logr, p1mv2),
(—logr + 2mik, _ exp(x/z(— logr + Znik))))
r

= inf kp, (r_l_ﬁ, - exp(vV2(—logr + 2ik))).
kez r
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Suppose that there is a k' € Z such that
kp, (r_l_ﬁ, - exp (v2(—logr + 2nik’))) =0.
r

Then 1/2 + k'+/2 € Z;" a contradiction.

4.5 Holomorphically contractible families of pseudometrics

Recall from classical analysis that the Euclidean distance between two points x, y €
G = R” can be also given by the “minimal” length of all piecewise C!-curves in
G connecting these points. Let y: [0, 1] — G be such a curve. Then the length of
y is given by L(y) = fol ly'(¢)||dt, i.e. along the curve the lengths of its tangent
vectors ||y’ (¢)||, t € [0, 1], are summed up. Hence we have an assignment

(41X
G xR 5 (x.X) > ag(r: X) = Lim 1IX =&+l
R«37—0 |t]

’

with the following property: a(x;sX) = |s|la(x; X),x € G,s € R, and X € R".
This procedure will be transformed into the context of families of holomorphi-
cally contractible families of functions (dp)p.
Let us start with a general definition.

Definition 4.5.1. A family (6§p)p of pseudometrics §p: D x C* — R4, D a
domain in C”, i.e.

Sp(z;AX) = |A|dp(z; X), ze D, AeC, X €C", 4.5.1)
is said to be holomorphically contractible if the following two conditions are satis-
fied:

@A)
| X

dpla; X) = ;X)) =
p(a; X) = y(a; X) e

aeD, XeC, 4.5.2)

(B) for arbitrary domains G € €™, D C C", any F € O(G, D) works as a
contraction with respect to §g and ép, i.e.

Sp(F(a); F'(a)X) <8g(a;X), aecG, X €C™. (4.5.3)

Note that the Hermitian pseudometrics discussed in Section 1.19 are pseudo-
metrics in the sense of Definition 4.5.1.

In the following we will discuss the most important holomorphically contractible
families of pseudometrics.

"Note that m (A, ) = ki (A, ) < kg (A, ) = 0 implies that A = 1, when A, it € D
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Example 4.5.2 (Carathéodory—Reiffen pseudometric).

yp(a;: X) :=supf{| f(a)X|: f € O(D,D), f(a) =0}, ae€D, X €C",
4.5.4)

where D C C" is a domain. B B
Indeed, the properties (4.5.1) and (B) are obvious. To prove (A)let F € @ (D, D)
with F(a) = 0and X € C. Put

A+a
A) = F( ) A e D.
g?) 1+ ah
Then g € O(D, D) with g(0) = 0. By the Schwarz—Pick lemma it follows that
1 >1g'(0)| = |F'(a)|(1 — |a|?); hence, y(a; X) > yp(a; X). To get the converse

inequality just take the function F(A) := 1*_}‘1, A e D.

We begin by stating some simple properties of the Carathéodory—Reiffen pseu-
dometric (details are left as an EXERCISE):
e ypla;-)is aseminorm on C”.
e By the Montel theorem, there exists an f € @ (D, D) with f(a) = 0 and
| f'(@)X| = yp(a; X) (such an f is called an extremal function for yp (a; X)).
o PutMp(a):={|f|: fe€0OD,D), f(a)=0}. Then
u(a +1X)

yp(a;X) =supy lim ——=:ueMp(a);, a€ D, X eC".
C+3A—0 [A]
4.5.5)

Note that any function u € Mp (a) satisfies: u: D — [0, 1), logu is psh, and
u(z) < C|z —al|, when z € B(a,r) C D for certain C,r > 0.
o IfD = U;ozl D; c C", where D; C Dj11, j € N, are domains, then
(use Montel)
yp(a; X) = lim yp;(a; X).
J—>00

e For a balanced domain Dj, we have yp(0;-) < h.

Indeed, suppose first that #(X) = 0. Then C 3 A > AX € Dy is a well-
defined holomorphic mapping. By (4.5.3), yp, (0; X) < yc(0;1) = 0 = h(X).*°
Now assume that #(X) > 0. Then D 5 A %X € Dy, is holomorphic and,
therefore, yp, (0; X) < y(0: h(X)) = h(X).

e In particular,

X
yp(a; X) < ¥B@.r(@; X) = ype)(0; X) < u aeDcCC" XeC"

It turns out that the Carathéodory—Reiffen pseudometric is given as a derivative
of the Mobius pseudodistance, even in a strong sense (see Lemma 4.5.3 (b)).

20Use the Liouville theorem.
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Lemma 4.5.3. Let D C C" be a domain. Then:
(a) For any compact K C D and for any ¢ > 0 there is a § > 0 such that

Imp(z'.z") —yp(a;z' —z")| <e||z/ = Z"|, a€K, z/.z" € B(a,§) C D.

(b) For (a; X) € D x C",

|X|| = 1, one has

mn(z'. 2" P
mp(z,2") — yp(a;:X), whenz',z" - a, 2/ 47", ——— — X.
Iz —z"|| Iz —z"||

(c) In particular,

yp(@ X) = lim mp(a,a + AX)

, aeD, X eC".
Cx3A—0 [A]

Proof. (a) Fix an r € R~¢ such that B(b,4r) C D, b € K. Now, take a € K,
z',z"” € B(a,r), and X € C". We may assume that yp(z’; X) > yp(z”; X).
Choose an extremal function f € O@(D,D) for yp(z’; X), i.e. f(z/) = 0 and
|f'(z2)X| = yp(z’; X). Then

Yo X) = ypE"s X0 = 11/ )X = yp (" X) < | f/()X| = | £/")X]

< 1S1EX = F1ENXI = 17E) = S ENX
< max{ll /)] : 2 € [, 2 Bl = 2K |

1 / " \
< 5512 =" 1IX ). )

Using (*¥) it follows that

mp(',2") — yp(a:z = =)
< Imp(.2") =y (2 = )+ yp (37 = 2') — yplai ' = 2]

//”.

<|mp(z'.2") —yp ("2 =)+ ;5" —all -z

2r2
It remains to estimate the first term on the right-hand side. We may assume that
mp(z',z") > yp(z’; 2" — z’) (the other case follows in a similar way (EXERCISE)).
Solet f € O(D,D), f(z') =0, and f(z”) = mp(z’,z"), i.e. f is an extremal
function for mp. Then, by the Cauchy inequalities, we get with ¥ := z” — 2/
(Y] = 2r)

21
mp(',2") = yp (V) < 1 +Y) = f1EY] < Y SOy
k=2

00 k
||Y||) 1 2
<> (57) =lII~
- (3r _3r2” |

k=2
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Hence,
2" = 2"

1
e )l -2,

mp(' ")~ yplasz' ~ ) <

which proves (a).
(b) and (c) are easy consequences of (a) and therefore, the proof is left as an
EXERCISE to the reader. O

Corollary 4.5.4. The function yp is locally Lipschitz on D x C".

Proof. Use (*) from the proof of (a) in the previous lemma. O
Remark 4.5.5. Lemma 4.5.3 is also true when we substitute m p by ¢p (EXERCISE).
Example 4.5.6 (k-th Reiffen pseudometric).

1 1/k
y(Dk)(a;X) = sup{‘ Z aD“f(a)X“ : f€eO®(D,D), ord, f > k},
le|=k

aeD, X eC”,

where k € N and D C C” is a domain. Note that yp = yl()l).

The proof of the fact that (yl()k)) p is a holomorphically contractible family of
pseudometrics is left to the reader (EXERCISE).

First, let us state some simple properties of the k-th Reiffen pseudometric (Ex-
ERCISE):
e Thereexistsan f € O(D, D), ord, f > k, such that

" 1 1/k
7@ X) = | 2 X
o=

(use the Montel theorem); such an f is called an extremal function for yl()k) (a; X).
o PuMP(a):={|f|V*: f € O(D,D), ord, f > k}. Then

AX
LG Mg"(a)}, aeD, X eC"

(4.5.6)

k) .
S X) = { I
yp (@ Xy =supy lim =

Note that any function u € Mgc) (a) satisfies: u: D — [0, 1), logu is psh, and
u(z) < C|z —al|, when z € B(a, r) C D for certain C,r > 0.

o IfD = U;”;l D; cC",D; C Dj41,then y(ij)(a;X) N\ ygc)(a;X) (use
Montel’s theorem).

Moreover, we have the following results.
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Lemma 4.5.7. Leta € D C C", D a domain. Then:
® vy — 1 1. (k)
@yp(a:X)= C*I;rgl_)o M p (a,a +1X), X € C™.
(b) yl()k) (a;-) is continuous and y(Dk) is upper semicontinuous.
(¢) If we additionally assume that D is bounded and || X| = 1, then ygc) is
continuous on D x C" and

&Y,or ’ ”
mp°(z',z") ) ’on / n £ —Z
—_— a;X), whenz',z" —a, z z"', —

jor =z Yo @ X R P

Proof. 1t is obvious that the left-hand side is majorized by the right-hand side.
NowletC4 > A, — 0. Choose extremal functions f, € O(D, D),ord, f, > k,
such that

1 1/k
my@.a+2,X) = | 3 D f@)a+ax)|
le|=k "

By the Montel argument we get f,,, — f locally uniformly on D. Note that
ord, f > kand f € O(D, D). Then

1/k ) 1
= lim ——|f, (@ + A, X)|VK
n—>

(k)
yp (@ X)
b 0 |Ay,,|

A%

‘ 3 %D"‘f(a)X"‘

lal=k "~

= lim
n—o00 [Ay, |

m®(a,a +1,,X).

The proof of the remaining points are left to the reader as an EXERCISE. |

What we saw up to now is that the Mobius functions have led via (4.5.5) or
(4.5.6) to holomorphically contractible families of pseudometrics.
In the case of the pluricomplex Green function we put

Kp(a) :={u: D —[0,1) :logu € PSH(D),
Ay >0 u(z) < M|z —al, z € Bla,r) C D},

where D is a domain in C* and @ € D.>' Recall from Corollary 4.2.27 that
gp(a,-) € Xp(a). Moreover, for any X € C” the limit

1
limsup —u(a + AX)

C«3A—0 |/\|

always exists. Thus we can define

2INote that M5 (@) C K p ().
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Example 4.5.8 (Azukawa pseudometric).

1
Ap(a; X): = sup{ limsup —u(a +AX):u e JCD(a)} (4.5.7)
C4«3A—0 |
1
= limsup —gp(a,a+AX), aeD, X eC". (4.5.8)
Cu3i—0 [A]

Indeed, for D = D we have

1 1
limsup —gp(a,a + AX) = limsup —m(a,a + AX) = y(a; X).
Cao2—0 |2 Ci3i—0 |A]

Note that u o F € Kg(a) whenever F € O(G, D) and u € Xp(F(a)). Hence,
property (4.5.3) follows.

Lemma 4.5.9. Let D be as before. Then A p is upper semicontinuous.

Proof. Fix a € B(a,2r) C D and Xy € C". Suppose that Ap(a; Xo) < M’ <
M. Then |Tl|gp(a,a + AXo) < M’ when 0 < |A| < 2¢ for a certain positive
£ < m In particular, ﬁgp (a,a + AXp) < eM’, |A| = e. Then, applying
the upper semicontinuity of gp, there is a positive § < r such that

gp(b,b+AX) <eM’', beB(a.bd), | X —Xo| <6, |A| =&
Observe that for such an X the function

ﬁgp(b,b +AX) if0 < || <2e,
Ap(b; X) if A =0,

is psh on K(2¢). Hence the maximum principle leads to Ap (b; X) < M for all
b, X as above, which proves that A p is upper semicontinuous at (a, Xo). |

Example 4.5.10. Let D = Dy := {z € C" : h(z) < 1} be a pseudoconvex
balanced domain. Then Ap(0;-) = & on C”. In particular, Ap(0;-) need not be
continuous and is not necessarily a seminorm.

Indeed, we only have to recall that gp (0,-) = A.

The following example ([Zwo 2000a]) shows that, in general, the “lim sup” in
the definition of the Azukawa pseudometric cannot be substituted by “lim”.

Example 4.5.11. Let h: C2 — R, be the function from Proposition 1.15.12.
Recall thatlogh € PSH(C?), h(Az) = |A|h(z), h~1(0) is dense in C?, and i # 0.

Choose a € C2 with h(a) # 0. Then h(z) = ﬁh(zlal,zzaz) satisfies the same
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properties as 4 but now (1, 1) = 1. Finally, define l;(z) := max{h(z), ”li()"}. Note

that  is not continuous at the point (1, 1). Then
D={zeC?:h(z) <1}

is a bounded pseudoconvex balanced domain. _

Since 471 (0) is dense we choose a sequence (Zj)j withz/ — (1, 1)andh(z/) =
0. Therefore, ﬁ(zj) < 1/5 for large j and so ﬁ(l,zé/z{) < 1/4for j > 1. Then
there is a sequence (o;); C C, a; — 0, such that e% = zj /z{. Using a similar
argument we find another zero sequence (8;); C C satistying ﬁ(l, ebiy » 1
(EXERCISE??).

Let F € Aut(C?), F(z) := (z1,z2exp(—z;)). By Corollary 1.15.6, D’ :=
F~1(D) is a bounded pseudoconvex domain in C2. In virtue of Proposition 4.2.21
it follows that

1 1
—gp(0,(ar.ar)) = —gp(0, (ak.ar exp(ax)))
a ar

1 A A
= ;h(ak,ak exp(ak)) = h(l,exp(ax)) < 1/4,

when k — oo. In a similar way, we get gp/(0, (bg,br)) — 1, when k — oo.
Hence, this different behavior of ﬁ gp/(0,A(1,1)), when A — 0, verifies that we
cannot take the limit in (4.5.8).

Exercise 4.5.12. Try to construct a simpler example of a bounded pseudoconvex
balanced domain in C? with the same phenomenon as above.

Nevertheless, in the case when D is bounded and hyperconvex the “limsup” in
the definition of the Azukawa pseudometric can be substituted by just taking the
limit ([Zwo 2000a]).

Proposition 4.5.13. If D is a bounded hyperconvex domain in C", then:

(a) Ap is continuous,
(b) Ap(a;X) = lim ‘Tllgp(a,a +1X), (a.X)e D xC"
C4x3A—0
We should mention that there are similar results even under weaker hypotheses;
for more details see [Zwo 2000a].
The proof of the above proposition needs some preparation which will be dis-
cussed first. Let D be as in the proposition and a € D. Put

Ds = D&‘(a) = {Z €D :gD(a’Z) < e_s}v

where € € R~. Obviously, D, is open, a € D¢, and, by Theorem4.2.34, D, € D.
Even more is true.

22Use the mean value inequality for psh functions.
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Lemma 4.5.14. Under the above conditions, D, is a domain.

Proof. Suppose the contrary, i.e. that D, has a connected component U witha ¢ U.
We know that gp < e ®onU and gp(a,z) > e %,z € dU N D. Consequently,
the function

e ¢ ifzeU,

v(z) = i

gpla,z) ifze D\U,
is psh on D (EXERCISE). Noting that ¢ ¢ U we have v < gp(a,-) on D. In
particular, gp (a,- )|y > e~¢; a contradiction. O

Lemma 4.5.15. Let a, D, D, be as before. Then

gp.(a,z) =gpla,z)-e°, z € Dy (4.5.9)
Ap.(a;X)=Ap(a;X)-e®, ze D,, X € C". (4.5.10)

Proof. Note that gp(a,-)e® < 1 on D,. Thus, gp(a,z)e® < gp.(a.z),z € D,.
On the other hand, gp(a, z) > ¢~® when z € dD,. Therefore, the function

gp.(a,z)-e™® ifz e Dy,

v(z) = .
gp(a,z) ifze D\ Dg,

ispshon D. Hence, v < gp(a,-) on D, which finally gives (4.5.9). The remaining
equation is a simple consequence of the definition of the Azukawa pseudometric.
O

Proof of Proposition 4.5.13. (a) Fix (a, X) € D x C" with Ap(a; X) # 0;* in
particular, X # 0. Suppose that there is a number M > Ap(a; X) and a sequence
((aj, X;)); € D x (C"\ {0}) converging to (a, X) such that Ap(a;;: X;) > M,
j € N. Fix then e € R-g suchthat M > Ap(a; X) - €°. _
Put &’ := 2¢. Then Dy (a) € D.(a) (note that gp is continuous on D x D,
where gp = 0on D x dD).
Now we choose affine isomorphisms F; € Aut(C") (j > 1) such that
Fi(aj) =a, F/@)X; =X,
Dy (a) € Fj(Dg¢(aj)), Jj € N large enough.
Then, by (4.5.10),
Ap(aj; X)) e = Ap,@a;)(a;: Xj) = AF;(De(a;) (Fj(a)); Fj(a;)X;)
= AF,(D.(a;)(@: X) < Ap,@(a: X) = Ap(a; X) - ¢,

ie. Ap(a;; Xj) < Ap(a; X)-e® < M; acontradiction. Hence, A p is continuous.

2 Note that A p is upper semicontinuous.
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(b) Without loss of generality we may assume that a = 0 and Ap(0; X) > 0
(EXERCISE); in particular, X # 0. Suppose now that thereisasequence (A;); C Cy,
Aj — 0, such that

1
% |gD(o 0+ 1;X) <Ap(0;X)e ™, jeN.
Since D, = D,(0) € D, we find a 6 € (0, ) such that e’ D, € D, |0] < 6.
Moreover, we may assume that A; X € D, j € N. Then

1 1
—gp(0,e"2;X) < —g,i0p, (0,1, X) =

—8p,.(0,1;X)
4] 4] P

I/\I

1
|)L |g]_)(0 /\ X) e <AD(a X)e E, |9| < By, j € N.

Fix r > 0 such that B(r||X||) C D. Put

hep(0.8X) if ¢ € Ku(r),

HO=N %) i =o.

Then logu € SH(K(r)).
By the upper semicontinuity of u thereis a jo such that A; € K(r), j > jo, and

26p¢e
u(e’®1;) < u(0)e@2% 5% = u(0)ef, 6 € [, 7].

On the other hand we already know that
u(e®x;) <u(0)e®, jeN, 8] <6bp.
Applying the mean value inequality for the subharmonic function u yields for

large j,

2nu(0)§/ logu(eie)tj)dG

</|. (logu(0) — e)do +/ log u(eie)tj)dG

8l<6o 7=|0]>6o
< 20p(m(0) — &) + 2w — 26p)(u(0) + &) = 27wu(0);
a contradiction. |
Remark 4.5.16. Using the former argument one can even prove (EXERCISE) the

following sharper version of Proposition 4.5.13 when D is a bounded hyperconvex
domain in C” (cf. [Zwo 2000a]).

gp(z'.z")

z/, z”—)a || f— N”
z

Ap(a; X) = (a,X)e DxC", |X]| =1

’_

//” —-X

Tz7=z""1
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Example 4.5.17 (Kobayashi—Royden pseudometric).
xp(a;X):=inf{t > 0: Jyeom.p) : ¢(0) =a, t¢'(0) = X}, *  (4.5.11)

where D C C” is a domain and (a, X) € D x C".
Indeed, it is easily seen that xp is a pseudometric. Now, let D = D > a. If
¢ € O(D, D) is such that ¢(0) = a and t1¢’(0) = X € C,,t > 0, then

v ¢(A)—a
D A
SA— a0l

belongs to @(D, D), ¥(0) = 0. Therefore, by the Schwarz lemma, we have 1 >
v/ (0)] = O and sor = |X|/|¢'(0)] = |X|/(1 — |a|?). Hence, ¥p(a; X) >

1-la2”
. - - 1 _ At
¥ (a; X). To get the converse inequality for X = 1 it suffices to take p(1) = {737,

A eD.
The proof of (4.5.3) is simple and therefore left as an EXERCISE.

First we collect a few simple properties of the Kobayashi—-Royden pseudometric.

Exercise 4.5.18. Prove the following statements:

(@) #p(a: X):==inf{t >0:3 op p):¢0) =a, 1¢'(0) = X}.

(b) If (6p)p is a holomorphically contractible family of pseudometrics, then
¥p <ép <xp, D C C" adomain, i.e. (¥p)p (resp. (*p)p) is the minimal (resp.
maximal) holomorphically contractible family of pseudometrics.

() If D; /' D and (a,X) € D x C", then xp; (a; X) \y #p(a; X) when
Jj — oo.

(d) If D is taut and (a, X) € D x C", then there exists an extremal analytic
disc ¢ € O(D, D), i.e. ¢(0) = a and xp(a; X)¢'(0) = X. Such a ¢ is called a
xp-geodesic for (a, X).

(e) Let D, G C C” be domains andlet F: G — D be a holomorphic covering.
Assume that (Z,X) € G x C". Then xg(Z;X) = xp(F(2); F'(2)X). (See
Proposition 4.2.38.)

Moreover, we have:

Lemma 4.5.19. (a) If D = Dy C C" is a pseudoconvex balanced domain with
Minkowski function h, then

xp(0:X) = h(X), X eC".

In particular, ®p(a; -) need not be continuous.
(b) xp: D x C* — Ry is upper semicontinuous.
(¢) If D is taut, then xp is continuous on D x C.

%4Note that the infimum is taken over a non-empty set of analytic discs.
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Proof. (a) By Example 4.5.10, #p (0; X) > Ap(0; X) = h(X), X € C".

To discuss the converse inequality assume first that #(X) # 0. Then D >
PR AX/h(X) gives an analytic disc in D with ¢(0) = 0 and #(X)¢'(0) = X,
ie. xp(0:X) < h(X). TEh(X) = 0, then D 5 A % AkX, k € N, gives an
analytic disc in D with 19 (0) = X, i.c. 2p(0; X) = 0.

(b) Fix a point (a, X) € D x C" and assume that #p (a; X) < A for a certain
real number A. By Exercise 4.5.18 (d), there is an analytic disc ¢ € O(D, D) such
that ¢(0) = a and 1¢'(0) = X, where R~ > ¢ < A is suitably chosen. Then ¢(D)

is a compact subset of D. In particular, a full e-neighborhood of ¢ (D) is contained
in D. Now take z € B(a,e/4) and Y € C" with (1/¢)||Y — X|| < /4. Then

YA =)+ -a)+ A/D)F = X)

leads to a ¥ € O(D,D), ¥/'(0) = z and ty'(0) = t¢’(0) +Y — X =7,
ie.xp(z;Y) <t < A.
(c) is left as an EXERCISE. O

As a direct application we get

Corollary 4.5.20. Let Dj = Dp; C C" be balanced pseudoconvex domains,
J = 1,2. If F € Bihg,o(D1, D3), then F'(0): Dy — D5 is a linear isomorphism.

Proof. Let X € D;. Then
ha(F'(0)X) = %p,(0; F'(0)X) = #p,(0; X) = hy(X),
which immediately gives the proof. |

Remark 4.5.21. Let D; be bounded balanced pseudoconvex domains in C”. By a
deep result of Kaup—Upmeier (see [Kau-Upm 1976], [Kau-Vig 1990]) it is known
that if Bih(D;, D2) # @, then Bihgo(D1, D2) # @. In particular, if Dy is
biholomorphically equivalent to D,, then D is linearly equivalent to D>.

Exercise 4.5.22. Applying Lemma 4.5.19, prove:
X — x) = (X2 lax)P2 )1/2 2
(b) By, is not biholomorphically equivalent to D", n > 2.
(c) Decide whether B3 and the domain D := {z € C3 : |z |*+|z2|*+]|z3]* < 1}
are biholomorphically equivalent (use Remark 4.5.21).

There is also another way to define the Kobayashi—Royden pseudometric which
will be important in the proof of Proposition 4.5.25.

BTo get the equation for y use the fact that B is convex.
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Proposition 4.5.23. Let (a,X) € D x C", X # 0, where D is a domain in C".
Then

oF
xp(a; X)=inf{r € R~¢ : Ireco@,.n) : F(0)=a, ta—(O) = X, det F'(0) # 0}.
21

Proof. Only during this proof we will denote the right-hand side by xp(a; X).
Obviously, any mapping F in the formula for ¥p (a; X) induces an analytic disc
¢ € O(D, D) by (X)) = F(A,0,...,0). Hence, xp(a; X) < xp(a; X).

Now suppose that »#p(a; X) < m < ¥p(a;X). Then there exist a t €
(#p(a; X),m)and a¢ € O(D, D) such that ¢(0) = a and ¢’ (0) = X. Put

Fo(z) = (01(z1), 02(21) + €22, ..., 0n(z1) + €2,), ze€DxC" ! g>0.
Obviously, det F/(0) # 0, F¢(-,0,...,0) = ¢ on ID,tg%(O) = X. Nowfixr < 1,

near 1. Then F; (rl]_D, 0,...,0) is a compact subset in D. Thus we can choose a §
small enough such that F;(rD x 8D x --- x 8D) € D. Hence, if ¢ is sufficiently
small, F, € O(B,(r), D). Finally, define F(z) := F¢(z/r), z € B,, which gives
the desired contradiction for r very near to 1. |

Lemma 4.5.24. Leta,z € B, and let ¢ € O(D,B,), ¢(Ay) = a, ¢(Ay) = z,
and Ay # Ay such that k3 (a.z) = ki (p(A).¢(A5)) = m(Xy. A). Then
x, (p(A):¢'(A)) = y(A:1), A € D.

In particular, ¢ is a xp, -geodesic for (p(A), ¢’ (1)), A € D.

Proof. Observe that I:;n = mp, and xp, = yp, (EXERCISE). Put

mg, (a,¢(A))

u@d)i=— oy

AeD\{A).

Recall that mp, (a, -) is continuous; so, by its definition, it is log-psh. Therefore,
u is sh, v < 1, and u(Ay) = 1. Then, by the maximum principle, it follows that
u=1lonD)\{Az}. So

mg, (a,9(1)) = m(A5, 1), A €D.
Now we can repeat the same argument w.r.t. the first variable to get finally
mp, (p(1'), 9(1") = m(',1"), X', 1" eD.

Fix A¢ € D. Then, by Lemma 4.5.3, we have

. m(Lo, A)
Ao 1) = lim ——
y(oiD) AoFEA—Ao |Ao — Al

mg, (9(Lo), (1))

Ao#llrri)xo oA Y8, (¢(A0): ¢"(A0))
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Note that the definition of the Kobayashi—Royden pseudometric is of different
type than the ones of the previous pseudometrics. Nevertheless, if the domain D is
taut, then we have the following result (see [Pan 1994]).

Proposition 4.5.25. Let D € C" be a taut domain. Then

xp(a: X) = ED(a,a+AX)

lim
Cw3A— | |

= C*lar){l—w WkD(a a+AX), (a,X)e D xC".

We do not know any example of a non-taut domain for which this result
becomes false although such an example seems very probable.

Proof. Note that it suffices to prove only the second formula. Suppose it is not true.
Then there are a point (a, X) € D x C", X # 0, and a sequence Cx 3 A; — 0
such that

7y |kD(a sa+ A X)—xp(a;X) =g >0 (4.5.12)

for some gy. Applying Proposition 4.2.11, we may choose I?B—geodesics @; for
(@a,a + 1;X), ie. ¢ € O(D,D), ¢;(0) = a, ¢j(t;)) = a+ A;X,and t; =
I:*D (a,a+ A ;X) > 0 (recall that D is bounded). Moreover, D is taut, so we may,
without loss of generality, assume that ¢; — ¢ € O(D, D), ¢(0) = a, locally
uniformly.

Fix B(a,r) C D. Then, if j is sufficiently large,

Ckpaa+aX) K @i00).¢;())
a Iy tj
- 1l (0) — g ()|l
r lj

1
= —[¢' ).
.

Hence, ¢’(0) # 0.
Fix an ¢ € R~¢. Then, by Proposition 4.5.23, we find an F € O(B,,, D) and a
t > 0 such that F(0) = a, det F’(0) # 0, taF (0) = ¢/(0), and

0 <xp(a;¢ (0)) <t < xp(a;¢ (0)) +e.

Now we choose open neighborhoods U = U(0) C B, and V = V(a) C D
such that F|y: U — V is a biholomorphic mapping. Moreover, fix jo such that
a+ A;X €V and define ¢; := (Fly)~'(a + A;X), j > jo. Note that B, is taut.
Hence we have EEH -geodesics for all pairs (0, g;), i.e. there exist ¥; € O(D, B,),

¥;(0) = 0,9, (x)) = ¢j,and kjy (0,4;) =1, j = jo.
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In virtue of Lemma 4.5.24, we conclude that xp,, (0; w]’. ©0)=1,j > jo.

Applying again that B, is taut we may assume (without loss of generality) that
Y — ¢ € O(D, B,) locally uniformly. Obviously, ¥(0) = 0. Then, because of
Lemma 4.5.19, we obtain

1= xp, (0: (0)) — xg, (0: ¥/ (0)) = 1,

i.e. ¥ is a xp,-geodesic for the pair (0, ¥'(0)).

Note that
;=0 (Fly)"(a+1;X)—(Fly)"(a)
oo lj
_ (Flu) g (1)) = (Flu) ™ (,(0)) 1 v
= ; — (F™' o)/ (0).

In particular, this limit exists and it is different from zero.
Observe that

Foy;(0)=F(0) =a=g0),
Foy;(z) = Flg;) =a+ A X =g;1).
Therefore,
t =kp(a.a+ X X) = kp(F(y;(0). F(y;(5;) <k, (0;(0). 95 (5)) = 5
for j > jo. In particular, 1 < %
Recall that

F (ti)— F (0
tim 2oV @ = FoViO) _ o yy0) 20
Jj—o00 ‘L’j
and
04 ¢ = lim W=y attiX-a
Jj—00 i Jj—o0 tj
_ g FoVi@) = Foyi (07
j—o0 T; lj
Hence, lim % =: A > 1 exists. Moreover, we have

¢'(0) = A(F o 9)'(0) = AF'(0)y/(0).

Taking into account that thFl(O) = ¢'(0) finally leads to AY'(0) = te; =
t(1,0,...,0). Then

1= s, (0:9/(0)) = Lo, (1) = =
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ie. A =t and, therefore, | < A =t < %p(a;¢’(0)) + &. Then, letting ¢ \, 0,

gives 1 < xp(a:¢’'(0)) < 1. Hence, ¢ is a xp-geodesic for the pair (a, ¢’(0)).
Note that

9 (t) =90 . a+AX—a ey

lim ——— = X lim —.
tj jooo tj j—oo tj

¢'(0) = lim
] -0
So we conclude

k¥(a,a+2;X)

lim =xp(a;p (0)) hm /- =xp(0; X);
j—>00 |41 oo |A;]
a contradiction to (4.5.12). O

Working with the Kobayashi pseudometric we always have
Proposition 4.5.26. Let D C C" be a domain and (a, X) € D x C". Then
lim sup —kD(a a+AX) <xp(a;X).
C4«3A—0 | |

Proof. If ¢ > 0 is given, then we find an analytic disc ¢ € @O(D, D) with the
following properties:

0)=a, t¢'(0)=X, 0<t<uxp(aX)+e.

Then ¢ can be written as
A 2~
109 =a+?X+A o), AeD,

where ¢ € O(D,C"). Fix B(a,r) C D and then take only such A € C, with
|Alt < 1anda + AX € B(a,r). Hence,

—kD(a a+AX) < —kD(a eh)) +

7 IAI L h).a + 1X)

Al

kD(w(O) P(t1)) + —[2A%¢ 1) |

=7 Ill

lpA)].

2||

1
< —p(0,11) +
AP

Letting A — 0 leads to

lim Lk X) <1< X
cim ppkp@a+AX) st sxap@X)+e

Since & was arbitrarily small, the proposition is verified. |
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But even if one sharpens the notion of the “derivative” of k p there is, in general,
no equality with the Kobayashi—-Royden pseudometric as the following example
shows.

Example 4.5.27. Put
D :={z e D?:|z125| <r?}, where 0 <r < 1/2.
Fix points z’, 2" € D?, |z}| < r?, |z/| < r?, j = 1,2. Then
kp(z'.z2") =kp(z'.(z{.23)) + kp((z{,23).2") < p(z1.21) + p(25.23).

(Exercisg). If we discuss the following general differential quotient at 0 in direction
of (r, r), then by the former inequality we obtain

1

limsup —kp(a,a + AX)
a—0 |Al
X—(r,r)
C4«21—0
. 1 . 1
< limsup — p(ai,a; + AX1) + limsup — p(az,az + A X3) = 2r.
a—>0 |A'| a—0 I)\,|
X—(r,r) X—(r,r)
C4«32A—0 Cx31—0

On the other hand, #p(0; (r,7)) = 1 (use Lemma 4.5.19), i.e. the “differential
quotient” of the Kobayashi distance is different from the Kobayashi—-Royden pseu-
dometric.

The defect shown in the example has led S. Kobayashi to introduce a new
pseudometric (see [Kob 1990]).

Example 4.5.28 (Kobayashi—-Busemann pseudometric).
%#p(a;-) ;= sup{q : ¢ a C-seminorm, ¢ < xp(a;-)}, a € D, (4.5.13)

where D C C” is a domain.

Indeed, in the case where D = D we know that »¥p(a;-) = yc(a;-) is a norm.
Hence, #p = y. Tosee (4.5.3) let F € O(G, D) and a € G. Take a seminorm ¢
with g < »p(F(a);-). Then

q(F'(@)X) < xp(F(a): F'(@)X) < xg(a: X).

In particular, § := ¢q(F’(a)-) is a seminorm below of #¢ (a;-). Therefore, § <
#c(a;-). Since ¢ was an arbitrary seminorm, we have (4.5.3).

Note that, by definition, ¥p (a;-) is a seminorm.
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Exercise 4.5.29. Let D = D; C C” be a pseudoconvex balanced domain. Give a
formula for %p (0; X), X € C".

Finally, we mention the following result by M. Kobayashi (see [Kob 2000]) that
makes it possible to think of the Kobayashi—-Busemann pseudometric as a derivative
of the Kobayashi pseudodistance.

Proposition 4.5.30. Let D € C" be a taut domain. Then

1
xp(a; X) = li —kp(b,b+ 1Y), ,X)e DxC".
xp(a; X) (bggﬁmgf)lll pb,b+ 1Y), (a.X) X
Y

What we have seen is that sometimes the pseudometrics introduced here are in
a strong relation with certain pseudodistances, i.e. they might be thought of as a
derivative of the corresponding pseudodistances. Conversely, one may associate to
a pseudometric its so-called integrated form to get either a new pseudodistance or
even the one we start from. Here we will restrict ourselves only to the case of the
Kobayashi—-Royden pseudometric. For further information the reader is referred to
[Jar-Pfl 1993] or [Jar-Pfl 2005].

Let D C C". Note that xp is upper semicontinuous. Hence, if «: [0, 1] — D
is a piecewise C!-curve, then the integral Ly , (@) := fol x#p(a(t);a/(t))dt exists.
We call the number L, () the xp-length of the curve «. Using this notion we
define.

Definition 4.5.31. Let D be as above. Put [xp: D x D — Ry as

(f#p)(a,b) :=inf{L,,(a): € e 1[0, 1], D), «(0) = a, a(l) = b},
a,b e D.

J xp is called the integrated form of xp.

Note that (/' #p)p is a holomorphically contractible family of pseudodistances
(EXERCISE). Therefore, [ %p < kp. Even more is true, namely the integrated form
leads back to the Kobayashi pseudodistance.

Proposition 4.5.32. If D C C", then [ xp = kp.

Proof. It remains to show that kp < [xp. Suppose that the opposite is true,
i.e. there are points a, b € D and a piecewise C!-curve a: [0, 1] — D connecting
a and b such that Ly, (¢) < kp(a,b). Observe that there are numbers 1 =
so < 8§1 < -+- < sy = 1such thatall o; := 05|[s‘,_1,sj] are Cl-curves. Then

Ly, (o) = ZJN=1 Ly, () < Z;Ll kp(a(sj—1). ;). Therefore, without loss of

generality, we may assume that « is a @'-curve.
Put f(t) := kp(a,a(t)),t €[0,1].
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Fix a tp € [0,1] and B(x(tp),2r) C D. Then, if § is sufficiently small, we
conclude that a(f) € B(a(ty), r) whenever |t — o] < and t € [0, 1].
Ifnow t,s € [0,1] N (o — 8, o + §), then

| f(s) = f(@)| = |kp(a.a(s)) —kp(a.a(r))]
< kp(a(s),a(t)) < Cyllals) —a(@)] < Cyls — 1],

i.e. the function f is locally Lipschitz. Therefore, f is almost everywhere differ-
entiable and

1
kp(a,b) = [0 F(t)dt.

What remains is to estimate f”:

Ol < tim | f(t+h)— f() < Jim sup kp(a( +h), a(r))
h—0+ h h—0+ h
= i s KR@(.a(0) + b/ (1))
< lim sup
h—0+ h
: kp(a(t +h),e(r) + ha'(1))
+ lim sup
h—0+ h

=< ”D(Ol(l);a/(t)) + lim sup Cilla(®) + ha'(t) —a(t + h)||
h—0+ h

= xp(a(t);a' (1))

for almost all ¢ € [0,1). Here we have used Proposition 4.5.26 in the last line.
Hence, kp(a,b) < Ly, (a); a contradiction. O

Exercise 4.5.33. Formulate what is meant by [ %¥p and prove thatkp = [ ¥p.

4.6 Examples II — elementary Reinhardt domains

In this section we briefly discuss the formulas for some families of holomorphically
contractible pseudometrics with respect to the elementary Reinhardt domains.
In the one-dimensional case we have

Proposition 4.6.1. (a) Let A = A(1/R, R), where R > 1, anda € A N Ry. Put
a = R'7?5. Then

(a; 1) il

xala; = .
A 4alog Rsin(ms)
(b) Let a € Dy N Ry, then xp, (a5 1) = 55705

Proof. Note that A and D are taut domains (EXERCISE). Hence the formulas follow
directly from Theorem 4.4.1, Corollary 4.4.2, and Proposition 4.5.25. |
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Observe that yp, = yp, Ap, = Ap on D, x C.

Now we turn to the discussion of elementary Reinhardt domains D,, in higher
dimensions. Let D, C C” be given and fix a pair (a, X) € D, x C". For the
remaining part of this section we will always assume that (see Section 4.4):

o n>2;

e «y,...,05 <0and ®541,...,05 > O0forans = s(x) € {0,1,...,n};

o ifs <n,thent = t(x) := min{es4+1,...,0,};

e a = (ai,...,ay) € Dy, ay---ap # 0, agyy = - = a, = 0fora

k=k(a)€{s,...,n};
o ifk <n,thenr = r(a) = rq(a) := dg+1 + -+ + an; if k = n (in

particular, if s = n), then r = r(a) = ry(a) := 1; observe that if « € Z", then
r(a) = ord, (z% — a%);
e if D, is of rational type, then ¢ € Z" and a4, ..., ®, relatively prime;

o if Dy is of irrational type and s < n, then ¢ (o) = 1.

The following effective formulas for holomorphically contractible pseudomet-
rics for D, are known ([Jar-Pfl 1993], [Pfl-Zwo 1998], and [Zwo 2000]).

Theorem 4.6.2. Under the above assumptions we have:

o ” vp,(a; X) | Ap,(a; X) '
. ¢
Rational type || y(a®;a® Y7_; *2°0) (¥ (@®; Firy(a)(X))V"
Irrational type, k < n 0 (]_[;;1 la;|% ]_[;-'=k+1 | X[ )V
Irrational type, k = n 0 0

where F(z) := z% and Fy(@)(X) == Y52, g1 DP F(@) XP.

o ” xp,(a; X)
a®)V/t; (@)t g o X , k=n
Rational type, s < n y (@) @) Zf—l a; )
(layg|® -+ |ag | | Xjpq | %K+ - |Xn|‘xn)1/’" k<n
Rational type, s = n xp. (a®;a® Yy i, “-faj(-")
a%|; |a%| Y1_, 421, k=n
Irrational type, s < n y(a®l1a%1 2= aj )
(lay|® -~ |ag |% | Xjpq | %K+ - | X, |27k <n
Irrational type, s = n xp, (la®|; ]a®| Z;‘l=1 al;’

Proof. In the case of the Carathéodory—Reiffen (resp. the Azukawa) pseudometric
use Theorem 4.4.4 and Lemma 4.5.3 (¢) (resp. (4.5.8)).
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To prove the corresponding formulas for » we will need several steps.

Proof for x p,, — the case k < n. The estimate from below follows immediately by
applying #p, (a; X) > A p,(a; X) and the formula for A p,. So the upper estimate
remains.

In a first step assume that Xz 4 --- X, # 0. Put

T = (|a1|°‘1 o |ap | | X g |25 |Xn|a,,)1/r > 0.

In virtue of Exercise 4.4.12, we find functions ¥ = (¥1,...,v¥y) € O(D,C%)
satisfying

1//]'(0) =aj, WJ/(O) =Xj/l', ] =1,...,k, Wj(()) =Xj/‘C, ] =k+1,...,n,
and Wf“ .y = ¢t idp for some 6. Then the holomorphic mapping

D> (p(k) = (WI (A')’ CRRR) Wk(k)’ AWIC-{-I(A)’ ERR) A'lﬁn(k)) € Da

fulfills the following properties: ¢(0) = a and t¢’(0) = X. Hence, #p, (a; X) <.
If X;, = Oforsome jo € {k+1,...,n}, then we have the holomorphic mapping

(]:]i X (]:n—k—l > (21,...,Zj0_1,2j0+1,...,Zn)
= (21,0, Zjg=1,0, Zjg415 - - -+ Zn) € Dy
Therefore,
0= "c’;xcnfkfl((al’---aajo—lvajo+l’---’an)?
(X1, Xjo-1. Xjo41.- .. X)) = 2D, (a: X),
which proves the remaining case. |

Lemma 4.6.3. Leta € D, N C" and X € C" such that Y_}_, “L f/ = 0. Then
xD(x (av X) = 0

Proof. Observe that for j € D the mapping Fj,: C"~1 — C”,
Fu(zi, ... zp—1) 1= (™71, .. o=l pe 1217 @n—12n=1)

belongs to O(C"~!, D,). Then there are a g € Dy and a Z = (z1,...,24—1) €
C"~! such that Fj,(2) = a and F}, (£)Y = X, where ¥ = (X1,..., Xp—1).
Hence,

0= ”Cn—l(f;Y) > J{Da(a;X),

i.e. the proof is finished. |



4.7. Hyperbolic Reinhardt domains 313

Proof for x p,, — the case s < n = k. First we recall that (Proposition 4.5.26)

k , AX
x#p,(a; X) > limsup M.
Cy34—0 [A]

Evaluating the right-hand side leads (by a trivial calculation) to the claimed formula
for % p, (a; X). Hence the estimate from below is verified.
We continue with the estimate from above. In virtue of Lemma 4.6.3, we may

assume that Z;-’zl aja j(’ # 0 and t = o, (recall that r = 1 in the irrational case).
By the symmetry of D, we also assume thata; >0, j =1,...,n.

Now put A9 1= (@)% e DN (0,1) and 7 := Ag > %X
Exercise 4.4.12, we find a ¢ € O(D, D,) such that

p(ho) =a, t¢'(Ao) = X.

. In virtue of

Hence, © > »p,, which gives the desired estimate from above. O

Proof for xp, —the case s = n. We leave this last case as an EXERCISE for the
reader. Use the ideas of the corresponding case for the Lempert function and
Exercise 4.5.18 (e). O O

4.7 Hyperbolic Reinhardt domains

We know that, in general, c¢p (resp. kp) need not be distances. We define

Definition 4.7.1. Let D C C” be a domain and let dp € {¢p,kp, 1?;)}. D is said
to be d-hyperbolic if dp(a,b) = 0,a,b € D, implies that a = b.

In particular, D is ¢- (resp. k-) hyperbolic if and only if ¢p (resp. kp) is a
distance on D (in the sense of metric spaces).

Note that (EXERCISE)

e any bounded domain is c-hyperbolic;

e any c-hyperbolic domain is k-hyperbolic;

e any k-hyperbolic domain is k-hyperbolic.

In the class of pseudoconvex Reinhardt domains we have a complete description
of those domains which are hyperbolic.

Theorem 4.7.2 ([Zwo 1999]). Let D C C" be a pseudoconvex Reinhardt domain.
Then the following properties are equivalent:
(1) D is c-hyperbolic;
(1) D is k-hyperbolic;
(iii) D is k-hyperbolic;
(iv) D is Brody hyperbolic;
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(v) there exists A = [ajxli<jk<n € GIL(n,Z), such that D C ﬂ;’zl C"(«y),
where aj 1= (aj1,...,aj,), and ®4: D — C",

®y(z) ;= (z%,...,z%"), z €D,

maps D biholomorphically onto its image @ 4(D) which is a bounded Rein-
hardt domain of holomorphy.

Proof. Obviously, (i) = (ii), (ii) = (iii), and (v) = ().

Now assume (iii). Suppose D is not Brody hyperbolic. Then we find a ¢ €
O(C, D), ¢ # c. Therefore, kp(¢(A), 9(0)) < kc(A,0) =0,1 € C. Since D is
k-hyperbolic, it follows that ¢ is the constant function ¢(0); a contradiction.

Recall that (iv) = (v) follows directly from Theorem 1.17.11. O

Consequently, this result allows us to speak only of hyperbolic pseudoconvex
Reinhardt domains.

In the general situation there is a reformulation of k-hyperbolicity in terms of
the Kobayashi—Royden pseudometric. More precisely, the following statement is
true.

Lemma 4.7.3. For a domain D C C" the following properties are equivalent:
(1) D is k-hyperbolic;
(ii) for any point a € D and any neighborhood U = U(a) C D there exist
neighborhoods U = U(a) C U and V = V(0) C D such that if ¢ €
O(D, D), ¢(0) € U, then p(V) C U.

(iii) D is x-hyperbolic, i.e. Vaep Ju=v@)cp Fe>0 : %p(z;X) > c[|X
U, X eC”.

|, z €

Proof. (i) = (ii): Fixa and U asin (ii) and choose an r > O suchthatB(a,2r) C U.
Then kp(a,z) > 0 whenever z € dB(a, r). By assumption, kp(a,-) > ¢ > 0 on
0B(a, r) (recall that kp(a, -) is continuous).

Now take a point z € D \ B(a,r) and a piecewise C!-curve a: [0,1] — D,
which connects a and z. Then

Ly (@) > /O " kp (@) (0)di > kp(a.e(i)) = c.

where «(7) € B(a,r), t € [0,10), and a(t9) € dB(a, r). Therefore, kp(a,z) > c.
Hence we have shown that the kp-ball B, (a,c) C B(a,r) C U.® PutU :=
Bip(a,c/2) and V := By (0,c¢/2) C D. Now let ¢ € O(D, D) with ¢(0) € U.
If A € V, then

kp(a.¢(A)) < kp(a.¢(0)) + kp(p(0),9(1) < c/2+kp(0,4) <c.

%Recall that By (a,r) :={x € X : d(x,a) <r}.
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Hence, ¢(V) C U.

(ii) = (iii): Fixana € D and put U := B(a,r) € D. Then choose V =
V() c Dand U = U(a) C U according to the assumption in (ii). If now
¢ € O(D, D) with ¢(0) € U and t¢’(0) = X, then (V) C U.

Fix ans > Osuchthat K(s) C V. Then we conclude that ¢|g(s) € O(K(s),U).
Put ¢(1) := ¢(sA). Then ¢ € O(D, U) satisfying ¢(0) = ¢(0) and ggb’(O) =X.
Hence

xp(z:X) > sxy(z:X)=c|X|, zeU, X eC",

where c is a certain positive number.

(iii) = (i): Fix two different points a, b € D. By assumption, we may choose
a neighborhood U = U(a) C D such that xp(z; X) > c|| X|| for a certain ¢ > 0,
z € U. Fixnow an r > O such that b ¢ B(a,2r) C U.

Leta: [0,1] — D be a piecewise C!'-curve in D which connects a and b. Let
to be that time such that a(¢) € B(a,r) for all ¢t € [0,1) and «(ty) € IB(a,r).
Then

to
L@ = Lap @lo = ¢ [ 1o/ Olldr = er > 0.
0

Hence, kp(a,b) > cr; in particular, D is k-hyperbolic. O

Exercise 4.7.4. (a) Prove that a domain D is k-hyperbolic iff top D = topkp.
Here top D means the standard topology on D, where top k p is the topology on D
that is induced by the Kobayashi pseudodistance.

(b) Prove the following generalization of Cartan’s theorem (see Theorem 2.1.7):

Let D C C" be a k-hyperbolic domain, let a € D, and let ®: D — D be a
holomorphic mapping such that ®(a) = a and @' (a) = id. Then ® = id.
Use (a) to get the bounded situation.

Moreover, we have
Proposition 4.7.5. Any taut domain D C C" is k-hyperbolic.

Proof. Suppose that D is not k-hyperbolic. Then, in virtue of Lemma 4.7.3 (ii), we
finda z’ € D, aneighborhood U = U(z’) C D, asequence A; — 0in D, and a
sequence (¢;); C O(D, D) such that ¢;(0) — z/,but ;(1;) ¢ U, j € N. Since
¢;(0) — zZ’, there is no subsequence which is locally uniformly divergent. And
because of ¢;(A;) ¢ U, j € N, there is no subsequence tending locally uniformly
toag € O(D, D); a contradiction. |

To get another large class of k-hyperbolic domains we prove the following result
which is due to [DDT-Tho 1998].
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Proposition 4.7.6. Let u: D — [—00, 00) be upper semicontinuous and locally
bounded from below. Then

D:={zeDxC:|ze"Ct) <1}
is a k-hyperbolic domain.

Proof. In virtue of Lemma 4.7.3 it suffices to show that xp is locally positive
definite, i.e. for any point z’ € D there exist U = U(z’) C D and ¢ > 0 such that
xp(z;:X) > c||X|,z e U, X € C2.

By assumption we have

g(r):=inf{u(Q): |A| <r} >—00, re(0,1).

Fix s € (0,1),z" € (sDx C) N D, and X € C?, X # 0. Now choose an analytic
disc ¢ = (¢1,¢92) € O(D, D) such that ¢(0) = z’ and t¢’(0) = X for a certain

t € (0, 1). In virtue of the Schwarz lemma we have | (0)] < 1 —[z1]*> < L.
Put s¢ := 1212;' Note that 5o < 1. Suppose |¢1(Lo)| > so fora Ao € D. Then

the Schwarz lemma implies that

¢1(Ao) —2/1
1 —z1¢1(Ao)

Put 2 := {4 € D : |¢p1(1)| < so}. Then |p2(A)| < ¢ 860 1 € £, and
K(1/2) C £2. Thus, |¢5(0)| < 2¢78(0) (Schwarz lemma). Hence

[Xa| | o .
— min
se_g(so) -

lp1(Ao)| — |2} ] _ 5o |z | _So—s 1

T 1—|lpi(Ro)llzy] T 1=solzj| = 1—s0s 2

Aol z‘

tzmax;|xl|, X[ =: ()X

7| g
Since ¢ was arbitrarily chosen we have

®p(z; X) = t()|X], (z,X)e€ ((s[D xC)N D) x C2.
Hence, D is k-hyperbolic. |

The result allows us to present a k-hyperbolic pseudoconvex domain which is
not c-hyperbolic. Thus the general situation is more complicated than the one inside
the class of pseudoconvex Reinhardt domains.

Example 4.7.7 ([Sib 1981]). Choose a sequence (a;); C D of pairwise different
points a; such that any boundary point { € 9D is the nontangential limit of a
subsequence of (a;);. The reader is asked (EXERCISE) to construct such a sequence.
Moreover, we choose natural numbers m; and n;, j € N, such that

e n; <mj, ] (S D\l,

oo 1 laj|
* Zj:]n_jlog7<—00,
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o K(aj,3¢7/™) N K(ax,e™* ™) = @, j #k,
o K(aj,3¢7/™) CD.
Finally, we define

21 A —ajl
A) = — {—' L log—— ¢, AeD.
u(A) an max Jjm;,log 5
j=1

Then u € C(D) N 8H (D) (EXERCISE). In particular, u is locally bounded from
below. Therefore, by Proposition 4.7.6, we see that

D:={zeDxC:|z"®) <1}

is a k-hyperbolic domain. Observe that D is even pseudoconvex (EXERCISE).

On the other hand, let f € H*°(D). Then f(z) = Z;";l hj (zl)zé, where the
hj’s are holomorphic on D. Then, using the Cauchy inequalities and the maximum
principle for holomorphic functions leads to ; = 0, j > 1. So f depends only on
the variable z;. In particular, ¢p ((z1, z2), (z1,0)) = O whenever z = (zy1, z2) € D.
Hence, D is not c-hyperbolic.

4.8 Carathéodory (resp. Kobayashi) complete Reinhardt
domains

Let D C C” be a bounded domain. Then we know that (D, ¢p) (resp. (D, kp))
are metric spaces in the usual sense. In general, let dp € {cp, kp}. We define

Definition 4.8.1. Let D C C” be a given domain.

(a) D is said to be d-complete if it is d-hyperbolic and any dp-Cauchy
sequence (z;)jen C D converges in the standard topology to a point z* € D,
ie.|z; —z*|| = 0.

(b) D is said to be d -finitely compact=" if it is d -hyperbolic and if forany a € D
and any r > O the dp-ball By, (a,r) is relatively compact in D in sense of the
standard topology of D.

l27

Remark 4.8.2. (a) Observe that if D is d-finitely compact, then D is d-complete
(use that dp is continuous).

(b) Any c-complete domain is d -complete.

(c) Any c-complete domain is a domain of holomorphy (EXERCISE).

(d) Recall that if D is k-hyperbolic, then top D = top k p. Therefore one may
formulate k-complete (resp. k-finitely compact) by using top k p instead of top D.
Note that in case of ¢ there are examples showing that the topologies top ¢p and
top D are different (see [Jar-Pfl 1993]).

?TThis notion is taken from standard differential geometry; see the theorem of Hopf-Rinow.
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(e) For a c-hyperbolic plane domain D we have: D is c-complete iff D
is c-finitely compact. This result is due to [Sel 1974] and [Sib 1975] (see also
[Jar-Pfl 1993], Theorem 7.4.7).

(f)| 2] Inthe case of adomain D in C”,n > 2, itis still an open question, whether
c-completeness implies c-finitely compactness.|? | On the other hand, in the class
of general complex spaces there are counterexamples; see [Jar-Pfl-Vig 1993].

(g)If F € Bih(D1, D) andif D; is d-complete, then D5 is d -complete, where
d e{c.k}.

Dealing with the Kobayashi distance we have that both notions are the same.

Proposition* 4.8.3. Let D be a k-hyperbolic domain in C". Then the following
properties are equivalent:

(1) D is k-complete;
(ii) D is k-finitely compact.

Here we will not present a proof of this result. But we mention that the former
result is a particular case of a result where one deals with continuous inner distances
(note that k p satisfies these properties). The main idea is taken from differential
geometry. Details may be found in [Jar-Pfl 1993], Theorem 7.3.2.

Next we mention the following necessary conditions for a domain to be k-com-
plete.

Lemma 4.8.4. Any k-complete domain is taut. In particular, it is a domain of
holomorphy (use Exercise 1.17.21 and the solution of the Levi problem).

Proof. Take a sequence (¢;);jen C O(D, D). Suppose that this sequence is not
locally uniformly divergent. So we find compact sets K C D and L C D such that,
without loss of generality, ¢;(A;) € L, where A; € K. Fix apoint a € L and an
r € (0,1) such that K C K(r). Then, for any A € K(r), we have

kp(pj(A),a) < kp(p;j(A),9;(4;)) + kp(p;(4)).a)
< p(A,Aj)+suplkp(z,a) :z € L} < C(r).

Hence,
U ¢ (K(") € Biy(a.C(r)) € D.
JjeN
What remains is to apply Montel’s theorem. |

In case of Reinhardt domains even the following converse statement is true.

Theorem 4.8.5. Any hyperbolic pseudoconvex Reinhardt domains D C C”" is
k-complete.
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In order to be able to prove Theorem 4.8.5 we need the following localization
result due to Eastwood (see [Jar-Pfl 1993], Theorem 7.7.5).

Lemma 4.8.6. Let D C C”" be a bounded domain. Assume that for any b € 0D
there exists a bounded neighborhood U = U(D) of b such that any connected
component U’ of D N U satisfies the following condition: ifa € U’ and U’ >
b* — b, then ky:(a,b¥) — oo. Then D is k-complete.

Proof. Suppose the contrary. Then we find a b € dD and a k p-Cauchy sequence
(z/)jen C D such that z/ — b € dD. Let U = U(b) be the neighborhood
whose existence is known from the assumption. Choose R > O suchthat U UD C
B.(R) =: V. By Exercise 4.7.4, U is open in topky, i.e. Bg, (b,2s5) C U fora
certain positive s.

Then we find a j, € N such that

kp(z/,z% <s/3 and z/ € By, (b.s/3). j.L= jo.
Fix a j > jo. Then there existk € N, ¢, € O(D, D),and A, € D,v = 1,...,k,
such that

01(0) =270, 9,(A) = ¢u41(0), v=1,....k—1,

k
ok (Ag) = 27, Zp(O,)t,,) < s/3.

v=1

Let A € Bp(0,5) CDand1 <v < k. Then

ky (v (1), b) < kv (9u(A), 9u(0) + kv (9u(0),27) + ky (27, b)
k

<p0)+ ) kv(9u(0), 9u(Ap)) + /3
n=v
k
<s+ Z pO,A,) +s/3 <2s,
n=1
ie. p(Bp(0,5) CU,v=1,... k.
Note that B, (0, s) is a disc with center 0. We choose a biholomorphic dilatation

y: D — Bp(0,5) and put @, := ¢, oy € O(D, D N U). Observe that

§1(0) =2, G,y ' Aw) = Gut1(0), p=1,....k—1,
() = 27,

and Zﬁzl pO0,y t(Ay) < ¢ ZZ:l p(0,1,) < cs for some ¢ > 0 which is
independent of j. Note that, by construction, the points z/, j > jo, belong to
one connected component U’ of D N U. Hence, kU/(sz,z-") <cs,j > josa
contradiction. O
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Proof of Theorem 4.8.5. By the hyperbolicity condition we may assume that D is
bounded and D C D". The proof is done by induction. The one-dimensional case
is obvious (use the explicit formulas from Section 4.4). Now let D C C", n > 2,
and assume that the theorem is true for all smaller dimensions. We will show that D
fulfills the condition in Lemma 4.8.6.

Soletus fix ab € dD. There are different cases to discuss.

Case b € C%: Let us choose a polycylinder P(b, ) € C%. Put

Vi={zeC":|lzx| = bl <r, k =1,...,n}.

Then V is a Reinhardt neighborhood of b. Denote by V' a connected component
of D N V. Then V' is a Reinhardt domain of holomorphy and fulfills the Fu
condition. Fix an a € V' and a sequence V' > b¥ — b (if it exists). In virtue
of Theorem 1.13.19, there is a function f € O(V’, D) such that f(a) = 0 and
| f(b*)| — 1. Therefore,

kV/(a,bk) > tanh™! mV/(a,bk) > tanh™! |f(bk)| — 00,

i.e. b fulfills the condition in Lemma 4.8.6.

Case b € ¥ \ {0}: We may assume that b = (by,...,b,0,...,0) = (b',0) €
C’j x C"k wherel <k <n-—1.

First assume that D N V; # @, k + 1 < j < n. Then, by Corollary 1.11.16,
prex (D) =: D' C CF is a Reinhardt domain of holomorphy and b’ € dD’. Fix
a € D and D 3 b*¥ — b. Then prek (b*¥) — b'. By induction hypothesis,

kp(a,b*) > kp (prex (a), prex (¥)) — oo,

i.e. b satisfies the condition in Lemma 4.8.6 with U = C”.

Assume that there is a jo € {k + 1,...,n} with D N V;; = @&; without
loss of generality, let jo = n. Then D > z + z, defines a holomorphic map
F € O(D,Cy4) and F(D) is bounded. Therefore, F(D) C K« (r). Note that
K.« (r) is k-complete. Hence, ifa € D and D > b¥ — b, then

kp(a,b*) > kg, (F(a), F(b¥)) — o,

i.e. b fulfills the condition in Lemma 4.8.6 with U = U(b) = C".

Case b = 0: If D NV}, = & for a jo, then one argues as just before. On the
otherhand, D NV; # @ forall j = 1,...,n is impossible, since D is a Reinhardt
domain of holomorphy. |

In case of Carathéodory finitely compactness we have the following reformula-
tion in terms of bounded holomorphic functions.

Lemma 4.8.7. Let D be a c-hyperbolic domain in C". Then the following prop-
erties are equivalent:
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(1) D is c-finitely compact;

(ii) for any a € D and any sequence (z;)jen C D without accumulation points
in D there exists an f € O(D,D) with f(a) = 0 and sup{|f(z;)| : j €
N} =1

In particular, any c-finitely compact domain is H°-convex.
Proof. Obviously, (ii) implies (i). For (1) = (ii) just apply Proposition 1.13.18. [

Remark 4.8.8. According to this result one can conclude that a lot of smooth
pseudoconvex domains whose boundary points are general peak points are c-finitely
compact. For example, any strongly pseudoconvex domain is c¢-finitely compact.
Recall that a boundary point a of a domain D is said to be a general peak point if
for any sequence (z;);en C D, z; — a, there exists an f € @O(D, D) such that
supt] f(z/)] : j € N} = 1.

In case of Reinhardt domains the following geometric characterization is true
(see [Fu 1994] and [Zwo 2000b]).

Theorem 4.8.9. Let D be a pseudoconvex Reinhardt domain in C".

(a) If D is hyperbolic, then D is Kobayashi complete.
(b) The following properties are equivalent:
(1) D is c-finitely compact;
(i) D is c-complete;
(iii) there is no sequence (z;); C D having no accumulation points in D
such that Y72 | gp(2),2j+1) < 00;
(iv) D is bounded and satisfies the Fu condition.

Proof. (a) Note that D is biholomorphically equivalent to a bounded pseudoconvex
Reinhardt domain. Hence, from the very beginning we may assume that D is
bounded.

Suppose that D is not k-finitely compact, i.e. there exist a pointa € D N C%,
an R > 0, and a sequence (z;)jen C D such that

kp(a,zj) <R, jeN, and z; —»z* €dD.

Assume for a moment that z* € C7;. Without loss of generality, we may assume
that z* = 1 € dD. Then, because of Remark 1.4.1, we find an @ € R” \ {0}
such that D C Dy and 1 € dD,. Again, without loss of generality, let o be of the
following form: oo # Oand ag41 = -+ = o, = 0, where 1 < k < n.
Thus we have Dy = D(q, ... q;) X C" k. Applying the product property for the
Kobayashi distance we get

kp(a.zj) = kp,(a.zj) = kpg, (@ 2Z;) =1;,
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where @ := (ai,...,ax) and Z; = (zj1,....2Zjx), j € N. Because of the
formulas of the Kobayashi pseudodistance for elementary Reinhardt domains this
yields that r; — o00; a contradiction.

Therefore we conclude that z* is lying on some of the axes. Assume, without
loss of generality, that zy---zy # O and z; | = --- = z; = 0 for a certain
k €{0,...,n — 1}. There are two cases to discuss, namely:

() Jeetk+1,..13 - e N D =g;

(i) Ye=k+1,.n: VN D # @.

Assume first (i). Let D’ be defined as the projection of D in {-th direction.
Hence D' is a bounded domain in C and z; € dD. In particular,

D' C K(z},R)\ {z}} foracertain R > 0.
Therefore, using Theorem 4.2.42 and Corollary 4.4.2, we get
kp(a,z;j) > kp(ag,zje) — o0;

a contradiction.
In the case (ii), if K = 0, then z* = 0 € D; a contradiction. So we only have
to discuss the case when k > 0. Then

kp(a.zj) = ke, (0)(Prex (@), prex (2))).

Note that prex(zj) — prex(z*) € d(prex (D)) and the limit has no vanishing
coordinates. This means we are back in the situation we started with; a contradiction.

(b) The implication (i) = (ii) is trivial, (ii) = (iii) isa consequence of mp < gp,
the triangle inequality for ¢p, and the growth of tanh™! at 0. Finally (iv) = (i)
follows directly from Theorem 1.13.19 and Lemma 4.8.7.

So it remains to prove (iii) = (iv). Suppose (iv) is not true. In case that D is
not bounded we know that D is an unbounded hyperbolic pseudoconvex Reinhardt
domain. Then, in virtue of Proposition 1.17.12, we conclude that D is algebraically
equivalent to a bounded pseudoconvex Reinhardt domain that does not satisfy the
Fu condition. Hence for the rest of the proof we may assume that D is bounded
and does not fulfill the Fu condition. So, without loss of generality, it suffices to
deal with the following situation:

DNVi#@, DNV, =9, 1<j<k,
DNV, =g, k+1<j<¢,
DNV, # o, {+1<j<n,
where 1 < k < £ < n. In case when £ < n we can even simplify the situation.

Namely, put D := {zeC!:(z,0) € D). Obviously, D is bounded and does not
fulfill the Fu condition. Moreover, note that D has property (iii).
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Summarizing we may assume, without loss of generality, that

DNV, #2, DNV, =@, 1<j<k,
DNV, =g, k+1<j<n,

where 1 < k < n. In particular, D C C”. If necessary use a dilatation to obtain,
in addition, that 1 € D.

Note that log D remains bounded in all positive directions and in the last n — k
negative directions, but it is unbounded in the first k negative directions. Hence,
by Lemma 1.4.17, we find V = (—r,r)" C logD and v € R™ \ {0} such that
V+RyvelogD. Notethatv; =0, j =k +1,....n.

Without loss of generality, we may assume that v; < 0, j = 1,...,£ < k,
vi =—l,andv; =0,{+ 1 < j <n. Hence
(eMe™! e*2ef2, . e¥te' X1 e*)e D, t>0, xeV.
Put « := —v. Then there exists an & > 0 such that
(ek,,uze'l"‘z, .. .,We’l‘”, l....,1) e D,

A, pnjeC, Red <0, e7® <|ujl<e®, j=2,....L
Put

A={pu= (2, .... ;) eC1:e7® < il <ef, j=2,....4},

Hrp :={AeC:ReA <R}, R=>0,

F:CxA— Ct, F(A, ) := (ek,uze’laz,...,ugem‘).
Note that F is a locally biholomorphic mapping and Dg := F(Hgr x A) is a
pseudoconvex Reinhardt domain (EXERCISE). Moreover, we have Dg /" Deo 1=

F(C x A) C C%, when R — oo, and D is a pseudoconvex Reinhardt domain.
Hence, we get

kp(F(=1,1,....1), F(A,1,...,1)) <kc(-1,A) =0, AeC.

In virtue of Theorem 4.2.42 we know that k Do 18 continuous. Therefore,

kp (F(—=1,,1,....1),2) =0, z€DoNFCx{,....1)}) =: M.

Note that Do x {1} € D but (0,...,0,1) ¢ D, where 1 € C" .
Choose positive numbers 7; such that Zj‘;l rj < oo. To get a contradiction to
(iii) it remains to find points z; € Dy, j € N, such that z; — 0 and

gp((zj. 1), (zj+1.1)) < gpo(zj.zj4+1) <rj, J €N
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Recall that k Dy 1s continuous on D x Dg and that

kpo(F(=1,1,....1),2) \{ kp(F(-=1.1,....1),2) =0, zeM.

R—00

Then, by Dini’s theorem, we conclude that this convergence is locally uniform.
Hence we find a sequence (R;);,0 < R; /' oo, such that

ic“;gkj (F(=1,1,...,1), FA, 1,...,1)) <r;, —2<ReA<-—l.

Now note that the mapping ¥ g: Do — Dg,
VR(2) 1= (z1eR, 222 R . ze%R),
is biholomorphic. Therefore,
ki, (F(=1=Rj,1,....1), F(A,1,....1))
=k,*3Rj(F(—1,1,...,1),F()k+RJ-,1,...,1)) <rj,
—2—Rj; <Reld <—-1-R;.
Put
uj(A) :=loggp,(F(-1—-R;,1,...,1),(F(A,1,....1)), A€ Hy.
Then u; € SH(Hy). By Exercise 1.14.10, we conclude that
uj(A) <logrj, ReAd <—1-—R;.

Therefore, we may take z; := F(—1—R;,1,...,1) as the points we were looking
for. Hence the proof is complete. a

Corollary 4.8.10. Let D; C C", j = 1,2, be biholomorphically equivalent Rein-
hardt domains. If Dy is bounded and satisfies the Fu condition, then D, is bounded
and it satisfies the Fu condition.

Remark 4.8.11. Moreover, for a pseudoconvex Reinhardt domain D the following
properties are equivalent: (i) D is c-complete, (ii) D is ¢'-complete, where ¢y,
denotes the so-called associated inner distance, i.e.

cj)(a,z) :=inf{L., (o) : @: [0, 1] = D continuous
and || - ||-rectifiable, «(0) = a, a(l) =z}, a,z € D,

where

N

Lep (o) = sup{ZcD(a(tj_l),a(tj)) TNeN, O=t<t)<---<ty = 1}.
ji=1

See [Zwo 2001].
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We conclude with a few remarks on completeness for pseudoconvex balanced
domains.

Remark 4.8.12. Let D = Dy, be a bounded pseudoconvex balanced domain in
C". Then:

e If D is k-complete, then / is continuous.

e For any n > 3 there exists a bounded pseudoconvex balanced domain with
continuous /2 which is not k-complete.

° Whether such an example does exist in dimension 2 is open.

° It is also an open problem whether there exists a characterization of a
¢- (resp.k-) complete pseudoconvex balanced domains D = Dy, in terms of prop-
erties of the Minkowski function /.

For more details see [Jar-Pfl 1993].

4.9* The Bergman completeness of Reinhardt domains

In the last section of this book we briefly introduce the Bergman metric for bounded
domains in C” and present (without proofs) a full characterization of Bergman-
complete bounded Reinhardt domains due to Zwonek ([Zwo 1999a], [Zwo 2000]).
For more details on the Bergman metric we refer the reader also to [Jar-Pfl 1993],
[Jar-Pfl 2005].

Let D C C" be a domain. Then Li(D) is a Hilbert space with the scalar
product ( f, g)L%(D) = [p f(2)8(2)dA2,(z) (cf. Example 1.10.7 (c)). Recall

that the mapping Li(D) > f + f(a) € C is a continuous linear functional.
Therefore, by the Riesz representation theorem, there exists a uniquely defined
Kp(-,a) € Lfl(D) such that

(ﬁ&%ﬂhﬂm=ﬁf@&ﬁﬂwhﬂﬂ=ﬂﬂ f e L}(D).

The function Kp: D x D — C is the Bergman function for D. Recall from
the Hilbert space theory that there is another description of the Bergman function
via a complete orthonormal system (¢;)jeny C L3 (D), where N C N.?® Namely,
we have

Kp(z.w) = ) ¢i(2)@;(w). (z.w) € D x D,
JjEN

where the convergence here is meant as the one in the Hilbert space Li (D).
In the case of a Reinhardt domain D C C” there is a complete description of
those monomials z* which belong to Li (D). To be able to formulate this result we

28Note that L%l (D) is a separable Hilbert space; therefore, it has a countable complete orthonormal
system.
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have to introduce some terminology. Leta € D N C%. Put
C(D,a):={veR"”:loga+ Ryv €log D}.

Observe that €(D,a) = €(D, b) whenever b € D N C”. Hence we are allowed
to set
€(D):=C(D,a), whena € DNC..

Lemma* 4.9.1. Let D C C" be a pseudoconvex Reinhardt domain. Then for an
o € 7" the following conditions are equivalent:

) z% e Li(D);

(i) (¢« +1,v) <0, v e €(D) \ {0}.

Therefore, for a pseudoconvex Reinhardt domain its Bergman function can be
written as

Kp(z,w) = Zaaz"‘iﬁ“,

where the sum is taken over all « € Z" such that (¢ + 1,v) < 0, v € €(D) \ {0},
and the a,’s have to be determined.

Remark 4.9.2. Note that there exist domains Dy C C2, not pseudoconvex, such
that dim Li(Dk) = k, k € N (see [Wie 1984]). It is not known whether

dim L2(D) = oo for any pseudoconvex domain D in C2 with L2(D) # {0}.[?]

The above equation immediately leads to Kp(z,w) = Kp(w,z), (z,w) €
D x D. Moreover, it can be understood in the sense that Zle ¢j(z)@; (W) con-
verges to Kp (z, w) locally uniformly (in the case when N = N) (EXERCISE). Note
that this partial sum is a function which is holomorphic on D x D. Therefore, by the
Osgood theorem, D x D > (z,w) — Kp(z,w) is holomorphic. In other words,
we may say that Kp is holomorphic in the first variable and antiholomorphic in the
second variable on D.

Remark 4.9.3. There are effective formulas for the Bergman kernel for standard
domains like the Euclidean ball, the polydisc, or the minimal ball; for more details
see [Jar-Pfl 1993] and [Jar-Pfl 2005]:

| _
K[Bn(z,w)zﬂ(l—(z,w)) 1, z,w € By;
b1

1 n
Kpn(z,w) = — [[a-zw)™. z.weD"
=1

The following result describes the behavior of the Bergman kernel under bi-
holomorphic mappings.
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Proposition* 4.9.4. Let F: D — G be a biholomorphic mapping. Then
KG(F(z), F(w))det F'(z)det F'(w) = Kp(z,w), z,w € D.

Remark 4.9.5. It should be mentioned that there is a similar formula in case when
the mapping F' is not biholomorphic but proper holomorphic (see [Bel 1982] or
[Jar-Pfl 1993]).

Exercise 4.9.6. Calculate K7, where T is the Hartogs triangle, i.e. T = {z € D? :
|z1] < |z2}

In the following we put kp(z) := Kp(z, z); note that logkp € PSH(D). kp
is called the Bergman kernel of D. In case that L%l (D) # {0} one has an alternative
description of the Bergman kernel, namely

|f(2)?

> : feLiy(D)\{0};, ze€D.
IIfIIL%(D)

kp(z) = sup

From this equality it follows that kg|p < kp if D C G C C".
In the study of the Bergman kernel it is important to know its boundary behavior.

Definition 4.9.7. Let D be a domain in C” and let z° € dD. D is said to be
Bergman exhaustive at z° if lim kp(z) = oo.
D>z—z0
There is a vast literature on conditions which are sufficient for Bergman exhaus-
tiveness. Here we only mention the following one which combines properties of the
Green function and Bergman exhaustiveness (compare [Che 1999], [Her 1999]).

Theorem* 4.9.8. Let D be a bounded pseudoconvex domain in C" andlet zy € dD.
Put A,(D):={¢e€ D :gp(z,0) <e '}, wherez € D. If

lim  A2,(A:(D)) =0,
D>z—zg

then D is Bergman exhaustive at zy. In particular, any bounded hyperconvex
domain is Bergman exhaustive.

In what follows we will always assume that kp is positive on D, i.e. for any
pointa € D we can find an f € Li(D) with f(a) # 0. Note that this condition
is always true if D is bounded. Put

n

0%logkp _\1/2
Bp(z; X) :=< Z ﬁ(z)Xij) , zeD, X eC"
jk=1 "7

Then Bp gives a Hermitian metric on D. Bp is called the Bergman pseudometric
on D.
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Example 4.9.9. Here we present effective formulas of 8p for the standard domains
D =B,and D =D":

Be,(z; X) =~n+1ypg,(z;X), (z,X)eB,xC"

n
Por(zX)=v2 | D (r(z: X))’ zeD" X =(X1.....Xy) € C".
j=1
Observe that Bp = /2.

Moreover, we have

Lemma* 4.9.10. Let F € Bih(D,G). Then Bg(F(z); F'(z)X)) = Bp(z; X),
zeD, X e C".

Hence, in the class of domains we are discussing, we have a family (8p)p
of pseudometrics bp which are invariant under biholomorphic mappings such that
Bp = /2 y. Observe that this family is not holomorphically contractible as the
following example shows.

Example 4.9.11. Put F: D> — D?, F(z) := (z1,z;) and X := (1,0). Then
Bp2(F(0); F'(0)X) =2 > /2 = Bp2(0; X) (EXERCISE).

We mention that there is also a different way to describe 8p which is often very
useful.

Lemma* 4.9.12. Let D C C* withkp > 0on D. Then

Bp(z: X) =

)sup{lf/(Z)Xl € Ly(D). 1Sl 2py = 1. f(2) =0},

zeD, X e C".

D\Z

With fp we can measure the length of all tangential vector X € C” at any
point z € D. Therefore, we introduce a new pseudodistance on D, the Bergman
pseudodistance bp, defining

bp(z,w) := inf ; [1 Bp(a(t); o/ (t))dt - o € CL([0,1], D),
0
a2(0) =z, a(l)=wy, z,weD.

It is easy to check that bp is a pseudodistance on D and that bg (F(z), F(w)) =
bp(z,w), z,w € D, whenever F € Bih(D, G), i.e. the Bergman pseudodistance
is invariant under biholomorphic mappings.
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Exercise 4.9.13. Prove that the sequence ((0, %)) jen is a by-Cauchy sequence,
where T is the Hartogs triangle. In particular, 7" is not Bergman complete (see
Definition 4.9.15).

In comparison to the objects we have discussed before we have the following
result (see [Jar-Pfl 1993]).

Lemma* 4.9.14. Let D C C" be such that kp(z) > 0, z € D. Then

(@ yp = Bp;
(b) ¢p <cp <bp.

We should mention that there is no comparison between the Bergman pseudo-
metric and the Kobayashi pseudometric.

Now we start to discuss the notion of Bergman complete domains. To be more
precise we set

Definition 4.9.15. Let D C C” such that kp > 0. D is said to be Bergman
complete if

e bp is adistance,

e any bp-Cauchy sequence (z;); C D (i.e. bp(zj,zx) — 0if j,k — 00)
converges to a pointa in D (i.e. 'li)m z; = a in the topology of D).

j—o00

There is a long history of studying Bergman complete domains. An old result
by Bremermann shows that any Bergman complete bounded domain is necessarily
pseudoconvex (see [Jar-Pfl 1993]).

Proposition 4.9.16. If D C C" is a bounded Bergman complete domain, then it is
a domain of holomorphy.

Proof. Suppose the contrary. Then there are a point a € D and positive numbers
r < R such that

e P,(a,r)C D,

e P,(@a, R)Z D, A

* Vicow) Iicow,@.ry : /IPut@r) = flpya.r)- In particular, by the Har-
togs theorem, the Bergman kernel function Kp extends to P, (a, R) x P,(a, R), or
more precisely, there exists an f: P,(a, R) x P,(a, R) — C such that

i fl[Pn(a,r)Xania,r) = KDl[Pn(a,r)xIPn(a,r)’

e P,(a,R) xPy(a, R) > (z,w) — f(z,w) is holomorphic.

By construction we find apointb € P, (a, R)NdD suchthat[a,b) C D. Apply-

ing that logkp(z) = log f(z,z), z near [a,b), leads to the fact that
Bp(a +t(b—a);b —a) is bounded on (0, 1). Hence, (@ + (1 —1/j)(b —a)); is
a bp-Cauchy sequence tending to the boundary point ; a contradiction. O

Therefore, in order to characterize the Bergman complete domains it suffices to
restrict on domains of holomorphy.
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The most useful sufficient criteria for being Bergman complete is that of Koba-
yashi (see [Jar-Pfl 1993], [Bto 2003], and [Bto 2005]).

Proposition* 4.9.17. Let D @ C" be a bounded domain.

(a) If
L)
im ——
D>z—dD \/kp (Z)
then D is Bergman complete.
(b) Assume for a dense subspace H C LZ (D) that for any sequence (z;); C D,
zj — zo € 0D, and any f € H there exists a subsequence (zj, ) such that

o GOL

k—00 ‘/kD(ij)

Then D is Bergman complete.

<Ifll2py- S € La(D)\ {0},

After a long development the following result was found (see [Bto-Pfl 1998],
[Her 1999]).

Theorem* 4.9.18. Any bounded hyperconvex domain is Bergman complete.

But conversely, there are a lot of Bergman complete domains which are not
hyperconvex; examples will be given later.

In the class of bounded pseudoconvex Reinhardt domains there is a complete
characterization of Bergman complete domains in geometric terms due to Zwonek
(see [Zwo 1999a], [Zwo 2000]). To do so we have to introduce the set

€(D) :={v € €(D) : exp(a + Ryv) C D},
where a € D N C%. Then we have the following result.

Theorem* 4.9.19. Let D be a bounded pseudoconvex Reinhardt domain. Then the
following conditions are equivalent:

(i) D is Bergman complete;
(i) ¢'(D) N Q" = &, where €' (D) := C€(D) \ @(D).

We conclude this discussion presenting two examples.

Example 4.9.20. (a) Put
D :=1{zeC?:|z1?/2 < |z2] <2|z1]?, |z1] < 1}.
Then D is a bounded pseudoconvex Reinhardt domain. Note that

C'(D1) = Rso - (—1,-2).
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In particular, €’(D) contains the rational vector (—1,—2). Hence, D is not
Bergman complete.

We add also a direct proof which may give some idea of how to prove (i) = (ii)
in Theorem 4.9.19. Recall that z¢% € Li(Dl) iff (¢ +1, (—1,—1)) < 0. Therefore,

Kp,(z,w) = Z agz*w® = Z agz®w®*, z,w € D.
aeZ" aeZ
ve®(D)\{0} —3<aj+2a2
(a+1,v)<0

Put ¢(1) := (A,A2), A € Dy. Then ¢ € O(D«, D;) and

kp opM) = > aglAPU = 3" bial, AeD.

—3<ai+2ar Jj>Jo

where jo > —3 and b;, # 0. Therefore,

(1og 3 b,-|,\|2</—10>), A € D,

J=Jjo

2

2 .o/ —
B (M) ¢’ (1) = YN

meaning that Bp, (¢(t); ¢'(t)) is bounded on (0,1/2). Note that lim,\ ¢(f) €
0D1. Hence, bp, (¢(1/2), ¢(t)) is bounded on (0, 1/2) which implies that D, is
not Bergman complete.

(b) Put

Dsyi={z € C*: |z1|V2/2 < |za| < 2J21|Y2, |za| < 1}

Obviously, D, is a bounded pseudoconvex Reinhardt domain. Calculation then
leads to €' (D) = Rsg-(—1, —+/2), i.e. €’(D) does not contain any rational vector.
Hence, D, is Bergman complete. It is easy to see that D5 is not hyperconvex.

Exercise 4.9.21. Put D3 := {z € D, x C : |25|2¢~1/171* < 1}. Calculate log D3,
€(D3), and decide whether D3 is Bergman complete. Is D3 hyperconvex?

Note that D;, j = 1,2,3, does not fulfil the Fu condition, hence it is not
c-complete.
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Symbols

General symbols

N := the set of natural numbers, 0 ¢ N; Ng := NU{0}; N :={n e N:n > k};
Z := the ring of integer numbers;
Q := the field of rational numbers;
R := the field of real numbers;
Reoo :={—00} UR, Rioo:=RU{+4o00};
C := the field of complex numbers;
|x| :=max{k € Z : k < x} = the integer part of x € R;
[x]:=min{k € Z : k > x},x € R;
Rez :=thereal part of z € C, Imz := the imaginary part of z € C;
z := x —iy = the conjugate of z = x + iy;
|z] := v/x% + y? = the modulus of a complex number z = x + iy;
A" := the Cartesian product of n copies of the set 4, e.g. C";
M(@m x n; A) = the set of all (m x n)-dimensional matrices with entries from a set
A CC;
I,, := the (n x n)-dimensional unit matrix;
GL(n,F):={LeMmnxn;F):detL #0}, F e{Q,R,C};
GL(n,Z):={L e M(nxn;Z) :|detL| = 1};
xX<y:exi<y,j=1lL....n x=x1,....%), y = 1,...,yn) € R
Ax = AN {0}, e.2. Ci, (C")y; A% = (A4)", e.g. Cl;
Ay ={a€A:a>0},eg Z4+,Ry; AL = (A)', eg 77, R

={ae€A:a=<0}

={acA:a>0}eg R.o; AL, :=(A4>0)", e.8 RL;

Acog:={ae A:a <0}
A+B:={a+b:acA, beB},a+B:={a}+ B, A,BCX,aeX,Xis
a vector space;
A-B:={a-b:ac A, be B}, AcCC,B cCCl

ik 1= . lf] 7k = the Kronecker symbol;
1, ifj=k
e = (e e,,) :=the canonical basisinC",e; := (§;,1,...,6;4),j =1,...,n
1=1, —(1 LD eNt2:=2-1=(2,...,2) € N*;
(zyw) =31 j=12jw;j = the Hermitian scalar product in C";
W= (Wy,...,Wy), W= (wq,...,wy) €C"
z-w = (Z1W1, ..., ZpWy), 2 = (21,...,2Zn), w = (Wy,...,wy) € C";
ef = (e®1,...,e"), z=1(z1,...,24) € C";

Iz := (2,2)1/2 =(Xi= |zj|2)1/2 = the Euclidean norm in C";
|zlloo := max{|z1],...,|zn|} = the maximum norm in C";
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lzll1 := |z1] + -+ + |zx| = the £}-norm in C";

idgx: A— X,idg x(x) :=x,x € 4;

idyg :=1idg,x if A = X oritis clear what the outer space X is;

#A := the number of elements of A4;

diam A := the diameter of the set A C C” with respect to the Euclidean distance;
conv A := the convex hull of the set 4;

A € X :&= Aisrelatively compact in X;

pry: X XY — X, pry(x,y):=x, or pry: X Y — X,pry(x + ) :=x;
By(a,r) ={xe X :d(a,x) <r},ae X,r >0((X,d)isapseudometric space;
d: X xX > Ry,dx,x)=0,d(x,y) =d(y,x),d(x,y) <d(x,z)+d(z,y));
Bya,r):={xeE:q(x—a)<r},ac E, r>0((E,q) is seminormed space;
q: E— Ry, ¢q(0) =0,9(Ax) = |Alg(x), g(x + y) = g(x) + g (»));

Euclidean balls

B(a,r) = By(a,r) :={z € C" : ||z —a| < r} = the open Euclidean ball in C"
with center a € C" and radius r > 0; B,(a,0) := J; B(a, +o0) := C",
B(a,r) = By(a,r) :=By(a,r) = {z € C" : ||z—a| < r} = the closed Euclidean
ball in C" with center @ € C" and radius r > 0;_ B, (a,0) := {a};

B(r) = Bu(r) := Bx(0,7); B(r) = Bn(r) := By(0,r);

B = B, := B, (1) = the unit Euclidean ball in C”;

K(a,r) :=By(a,r); K(r):= K(0,r);

K(a,r):=Bi(a,r); K(r):= K(,r);

Ki(a,r) .= K(a,r) \ {a}; Ki(r):= K« (0,r);

D:= K(1) = {X € C: |A| < 1} = the unit disc;

T := 0D;

T, :={¢a:teT"}={(C1a1,...,Cnan) : C1,..., 0, € T},a = (ai,...,an) €
cr,

Polydiscs

P(a,r) = Pu(a,r) :={z € C" : |z — allc < r} = the polydisc with center
a € C" andradius r > 0; Py,(a, +o00) := C";

P(a,r) = Pula,r) :=Pula,r); Pu(a,0):= {a};

P(r) = Pu(r) := Pu(0,1);

P, := P, (1) = D" = the unit polydisc in C”;

P(a,r) = Py(a,r) := K(ai,r1) x --- x K(ay,r,) = the polydisc with cen-
ter a € C" and multiradius (polyradius) r = (r1,...,7,) € RZ,; notice that
P(a,r) = P(a,r -1); to simplify notation we will frequently write P, (a, r) in-
stead of P, (a, r) (in particular, in all the cases where it clearly follows from the
context that 7 is a multiradius);

P(r) = Pu(r) := Pu(0,r);

doP(a,r) := 0K(ay,r1) X --- x 0K(an,r,) = the distinguished boundary of
P(a,r);




Symbols 347

Annuli

Ala,r=rt)y={zeC:r <|z—a|<rt},acC,—o0o<r  <rt < 400,
rt>0;ifr~ <0,then A(a,r~,r") = K(a,r"); A(a,0,r") = K(a,r ")\ {a};
A"a,r=,rt) = A(al,rl_,rfr) X - X Alan,r,,r,5),a = (ai,...,ay) € C",
rTo=(rf, .., rt = (rfr,...,rj), —00 < ;7 < rj+ < 400, rjJr > 0,
j=1,...,m;

A"(r=,rt) = AM0,r ", rt);

Laurent series

%=z 2= (21, z0) €Cha = (a1, ..., an) € Z" (00 := 1);
al:=ap!l-o!, o =(a1,...,ay) € Z7;
la| := |aqg| 4+ -+ + |an], @ = (a1,...,0,) € R?;

(g) : a(a—l)"/é(!a—ﬂ—i-l)’ aeZ Bely,
(%) = (gl)(%ﬁ) a=(ar,....an) €Z", B=(P1.....Bn) €Z";

Functions

I/ lla :=sup{|f(a)| :a € A}, f: A—C;

supp f = {x : f(x) # 0} = the support of f;

P (C") := the space of all polynomials f : C" — C;

Pi(C") :={F € P(C") :deg F <d};

C1(£2) := the set of all upper semicontinuous functions u : 2 — R_g;

Y (a) = %(;Tfj(a) —i%(a)), Y (a) = %(a%(a) +i%(a)) — the formal
partial derivatives of f ata;

gradu(a) := (g’Tul(a), cee, 3%((1)) = the gradient of u at a;

DB 1= () oo (L) o ()P oo (LB

Ck(X,Y) := the space of all C¥-mappings f: X = Y, k € Z, U {oo} U {w} (®
stands for the real analytic case);

Ck(R2) := Ck(2,0);

Ck(R2) :={f € Ck(2) : supp f € 2};

el ([a,b],Y) := the space of all piecewise C!-mappings a: [a,b] — Y;

Ay := Lebesgue measure in RN

L?(82) := the space of all p-integrable functions on £2; || ||Lr(g) := the norm
in L?(£2);

L?(S2,1loc) := the space of all locally p-integrable functions on 2;

O(X,Y) := the space of all holomorphic mappings f: X — Y;

O(82) := O(82,C) = the space of all holomorphic functions f: 2 — C;
£®(a) := the k-th complex Fréchet differential of f: £ — C™ at a;

%(a) = lim w = the j-th complex partial derivative of f at a;
Z C+3h—0

a .
Jf(a) := det [%(a)]jk=1 Lf = ) 2 > T
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D% = (%)"‘l 0.0 (%)“" = o-th partial complex derivative;
T, f(z) =) L D®f(a)(z — a)® = the Taylor series of f ata;

a€Z’ ol
d(T, f) := sup{r > 0 : T, f(z) is uniformly summable for z € P(a,r)} = the
radius of convergence of the Taylor series T f;
L,’; (£2) := O(£2) N LP(82) = the space of all p-integrable holomorphic functions
on §2;
O®(2,8):={f € 0(R2) : 15" fll2 < +o0};
O :=U_ voa_ OW)la:
HX(2) = thé3 space of all bounded holomorphic functions on £2;
AK(2) 1= {f € O(R) : Voezn i<k © D*f € C(Q2)}:
Aut(S2) := the group of all holomorphic automorphisms of £2;
Auty (2) :={h € Aut(£2) : h(a) = a};
SH(S£2) := the set of all subharmonic functions on 2, 2 C C;
PSH(£2) := the set of all plurisubharmonic functions on £2;

Lu(a; X) := Z;'l,k=1 aza;—a"z.k(a)Xjfk = the Levi form of u at a.
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